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PREFACE 


The present volume is intended to serve as a text-book of that part 
of the theory of alternating-currents and the allied branches of the 
theory of electricity, which are necessary for a complete study of 
heavy electneal engineenng. In the first chapters the phenomena m 
alternating-current circuits are treated at length For the calculation 
of alternating-currents the symbohc method has been chiefly used, 
because this is the simplest and forms the best connecting link mth 
the practical expressions for the watt and wattless components 
Alongside the symbohc method, however, the graphic has also been 
systematically developed by substituting the corresponding graphic 
constructions for all analytic operations Thus, expressing the well- 
known Kvichhoff^s Laws symbohcally, the equation of any circuit 
appears as the simplest possible analjrtical expressions, and these 
formulae at once supply the graphical method for the complete 
solution of the problem In this way not only can every problem be 
expressed mathematically in the simplest possible manner, but also 
we have the great advantage that the result obtamed by the graphical 
solution shews stiaight away the behaviour of the circuit under all 
conditions 

In the following chapters the measurement of electncj currents, the 
magnetic properties of iron and the electric properties of dielectncs 
are fully dealt ^vith In the last chapter the constants of electng 
conductors and circuits are calculated 

The work has been carefully translated by Dr S. P Smith, 
Lecturer at City and Guilds (Engineering) College, London, and late 
Chiisf Designer at the General Electnc Co , Witton , in addition, 
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INTEODUCTORT. 


1 Continuous Currents 2 The Magnetic Field 3 Eleotromagnetism. 4 Eleo- 
tromagnetio Induction 5 Energy, Work and Power 0 Complex 
Quantities 


In this introductory chapter, only the more important laws governing 
electioniagneitc phenomena will be summansed The electiodahc laws 
referred to in the later chapters will be found discussed in Chapter XIX. 

1. Continuous Currents. If an electnc diff&i&nce of potential (pd) 
exist between the terminals of a conductor, in which there are no 
electromotive forces (e M active, a cui'ient will flow along the 
conductor from the higher to the lower potential If the potential- 
difierence is maintained constant, the ourrent^trength will also be 
constant 

Ohm was the first to prove that, with constant temperature, the 
current-strength in a conductor is directly proportional to the difference 
of potential at the terminals of the conductor 

The ratio of the terminal pressure p to the current i is defined as 
the electric oi ohmic ? esisiancs of the circuit 


Thus 


2 ^ 

1 = “. 


.. ( 1 ) 


The ohmic resistance ? of a uniform conductor of constant cross- 
section IB directly proportional to its length I and inversely proportional 
to Its cross-section q, or ^ 

p IS called the specific i esistance of the conductor 

In the electromagnetic system of units, i has the dimension 

and IS measured m ohms 

ohm= 10i = 10«cas units, 

ampere 10 ^ 


Thus, 
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the several parts of the oircuit equals the algehatc sum of the E.M,F.^s 
admg m the circuit. 

If we consider the phenomena in an eleotnc oondnotor from the 
electrostatic standpoint, then the current % corresponds to the passing 
of a quantity of electricity % per second from a point at potenti^ Pj to 
a pomt at lower potential P^. By moving unit positive electnc charge 
from potential P, to Pg? ^ork done by the electnc forces is Pi - Pg ^ 
hence the work done when current t flows for time t is 

A^i{P^^P^)t 

This energy is converted into heat. The work done in unit time is 
the poweo (w), whence 

w = i{P^-F^)=zh\ , . (3) 

This law was first demonstrated experimentally by Joule, and reads : 
The amouuit of heat produced in a condudat hy a constant cmr&rd m wait 
time vames diiectly as the resistance of the conducto? and as the squaie of the 
ami ent flawing in it. 

If a constant cun’ent % flows in a circuit in which an EMF. 
e— produced by a battery or generator — is acting, the work done 
per second equals and we can say in general that in any part of a 
circuit where the bmf e is present and a current % is flowing, the 
power w = fii will be given out When e and % have the same direction, 
this energy must be supplied from the external sources which produce 
the current. When, on the contrary, e and % oppose one another, work 
will be done by the current and can be used outside m the form of 
meohamcal or chemical energy, and so on 

2. The Magnetic Field. The space in which magnetic actions can 
be observed is called a magnetic field. Without forming any special 
hypothesis about the nature of magnetism, it is nevertheless possible 
to speak of a quantity of magnetism, or of magnetic masses which can 
be regarded as mathematically definite quantities, the magnitude of 
which can be determined by the forces they exert. Like magnetic 
masses repel, unlike attract one another. 

Though actually there is no such thing as free magnetism, it is 
often convenient to substitute for magnetic fields, magnetic masses 
which are assumed capable of acting at a distance For instance, the 
field of a long bar magnet can be replaced, with close approximation, by 
imaginary magnetic masses situated at two points symmetrically placed 
with regard to the axis of the magnet These points — ^known as the 
poles of the magnet — are from 0*8 to 0 86 of the axial length apart 

The force exerted by two magnetic masses, each concentrated at a 
point, on one another, is expressed by CoulomVs Law, 

w 

where i is the distance between the two masses and / is a coefficient 
depending on the system of units and on the medium 
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In the electromagnetic system of units (CGS system) and for a 
gaseous medium or vacuum, /= 1 The mechanical force K has the 
dimension dim {K) = dim {LMT'% 


and 18 measuied in ^ m absolute units. 

860 ^ 

The wilt of nieclianical foi ce 2 s the dyne^ and is defined as that force 
which gives unit acceleration to Unit mass 

The practical unit of force is a kilogram weight, 1 kg == 981000 dynes 
The dimension of the product is 

dim * — — dim , 

consequently magnetic mass has the dimension 
dim.(w) = dim 


Unit niagmtic mass is defined as that mass which, when placed in air, 
exerts a force of one dyne on a similar mass at a distance of 1 cm 
In general, the points in a field where magnetic masses appear 
to be concentrated are designated poles Unit 
magnetic mass in a magnetic field is acted on by a 
mechanical force H This force H is defined as the 
HyT * Jield-sti engih or -intenisity, and has the dimension • 

1 /mechanical f 01 ce\ , 




jf \ magnetic mass / 

P. By a Ime of fm'ee is understood that line the tan- 

Pio s -Line of Foi-ce whioh at any point coincides in direction 

with the field-strength at any point (Fig 3) 

Lmes of force can be represented by means of iron filings strewn on 



Fig 4.— Field of Uar Magnet. 


a sheet of paper placed in the plane of the field The filings then 
arrange themselves in lines which approximate in direction to the hues 
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of force Fig 4 is from a photogi'aph taken with a bar magnet, whilst 
Fig 5 shows the lines of force 
of a horse-shoe magnet 

Constant magnetic forces 
have a potential, which, at any 
point in the field, is given by 




( 6 ) 3 



where m is the magnetic mass 
of the field and i the distance 
from the point considered 
The summation is taken for 
all the magnetic masses pro- 
ducing the field. 

A surface which, at every 
point, IS perpendicular to the 
direction of the field is 
called an equi])otential swface 
Such a surface is the' locus of 
aU points having the same 
potential. 

The element of magTietiG jbm 
passing through a surface- 
element IS the product of 
the surface-element df and 
the normal component of the field-strength, that is (Fig 6) 


Fio. 5 —Field of Horse-shoe Magnot 



and 


df= H cos a df 
d^ 


Fia. 0 


or, 


If we split up any desired surface F into surface- 
elements and take the sum of the fluxes passing 
through the several elements, we get the magnetic 
flux ^ passing though the mface F , 

# = cos a df 


= [h^cos arf/= \HJf 

^ F J if 


A magnetic tube of foice (Fig. 7) is defined 
as the space which is bounded by lines of 
force passing through a closed curve C 
If we draw a number of surfaces thiough 
any point in the tube, then the same 
flux will pass thiough all sections which 
the tube of force makes with these sur- 
faces, for, in an infinitely small tube, for any section, we have 
d^ = H^df= E cos a df^ E df^, 
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where df^ denotes the section which the tube cuts on the equipotontial- 
surface at the point considered 

Gauss and Green’s Theorem can be deduced directly from Coulomb’s 
Law, and may be written. The total numb&i of lines of foice ^ iiasmig 
through any closed smface F equals irr times the stm of the magnetic masses m 
within that swrface From this it follows the flux has the same 
dimension as magnetic mass 

|s'„rf/=$=47r2(m). . . (6) 

Since no flux can pass through the boundary of a tube of force, 
it follows, from Gauss and Green’s Theorem, that the flux passing 
through any section of a tube is quite independent of the position 
of the section, ie the flux insfidc a tube of foice is constant A tube 
enclosing the flux ^ = 1 (a os units) is defined as a unit tube of foice, 
and any tube of force may be said to contain a certain number of unit 
tubes. In a strong field, the unit tubes have a very small cross- 
section. The field-strength at a point denotes the number of unit 
tubes of force of like section which pass through a square centimetre at 
the place in question 

The above properties of the magnetic field hold in general for 
a homogeneous medium, as for instance a vacuum If a body be 



Pig 8. — Weakening of Magnetlo Field duo 
to Introduction of Dlamaguotlo Body 



Pig 9 — Stron^oniiig of Magnetic Field duo 
to Introducmou of Fammagnutic Body 


brought into a vacuum where a magnetic field exists, the field in th< 
body and its neighbourhood will, in general, change in shape anc 
strength If the field is weakened, i e if the tubes of force are widenec 
out, the body is called diamagnetic (Fig. 8) , if the field is strengthened 
i e. if the tubes are contracted, the body is oaMed ^ai amagnetic (Fig 9) 
whilst if the field becomes strongly concentrated, the body is said to bt 
ferromagnetic 

The magnetic conductivity of a substance is called its permeability 
and is denoted by /a 

When a body is brought into a magnetic field, it is said to b 
magnetised by induction, and the ratio 


d^ 

w 


=5 
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is called the ^nagnctzc inditdton or the flux density, is the flux passing 
through the elemental section df of an equipotential surface in the body. 

In a ferro-magnetic substance situated in a uniform field, take two 
cyhndncal cavities, whose axes he in the direction of the magnetic 
force. The one cavity (Fig 10a) is a narrow canal, so long that it may 
be considered as a tube of force, since the lines of force are parallel to 
the axis. If we bring unit magnetic mass into this cavity, in order to 
test the magnetic conditions, it will be acted on by a force equal 
to the field-strength H at this point; this force is much smaller than 



Fio lOo. Flo 106 

Flold sti'enG^ and Induction iualdo a FeiTo-znagnetlo Body 


the above defined induction B , whence it follows that the magnetic 
force inside a ferro-magnetic substance or a magnet is not the same 

as that ^ in a vacuum, but is defined thus : 
df 

The magTietic foi ce, m Jieldsti engthy at a point inside a magnet is the fmce 
which acts on umt magnetic mass when placed at this pointy when the seme 
IS taken in an inflmtely thin cavity cut m the directum of the Ivnes of 
magnetisation 

The second cavity (Fig. 10&) is an infimtely thin crevasse perpen- 
dicular to the direction of the magnetic force. The unit mass, 
when brought into this crevasse, will be acted on by the force B, 
although the magnetic force inside the magnet is, as shown, only H 
In order to explam this phenomenon, we imamne the two end- 
surfaces Fji- and Fs to be respectively charged with north and 


south magnetism These magnetic masses exert a force on the unit 
mass at point P, which can be calculated from Coulomb’s Law 
Denote the magnetic density of the two charges by +7 and —I 


Then the force exerted on P by a surface-element df is 


This can 


be split up into two components — one in the direction of the magnetic 
force, and the other normal to it Component forces normal to the 
magnetic force obviously neutralise one another, whilst the resultant 
in the direction of the magnetic force is * 



cos 0 = 7 d(Dy 
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where doi is the solid angle subtended by df at P Summing up tl 
components of all surface-elements of the surface Fy in the duection i 
S, we get f 

7da>=2irJ, 

j 

the surface is large compared with the height of the cylindo 
The same result is obtained by considering the surface so that tf 
resultant magnetic force of the two surface-charges is 47 r/j and i 
resultant force on the unit mass in the crevasse, we get 

5'+47r7=^, 

where I is defined as the mtens%ty of magnetisatim I is also — as abo\ 
assumed — equal to the density of the surface-charges assumed to cxi.‘ 
on the boundary surfaces F^ and F^, 

The magnetic permeability is 

B 

and has the dimension of a number 

Consequently the' magnetic induction B and the field-strength j 
have the same dimension. The unit of this dimension iii the electn 
magnetic system of units is called a Gauss 
A distinction must be made between the Zf-flux and the Z/-fiii: 
The ^-flux, i.e the flux due to induction, which passes through 
closed surface F, is independent of the magnetic nature of the racdiiu 
in which the surface is taken, that is, Gauss* theorem is, in general 

|/«S’„7/=4jr2(m), . . (6t 

B-flm remains cmistant %n ^^asbing ftmn m 

to the boundary surface between the tw 
substances and /C (Fig 11) Thoi 
since the ^-flux remains the same in passin 
from one medium to the other, wo have 


or, in other words, the 
m^ium to amth&i\ 

Take two points close 



If 


-®ni or giZr„j — 

then that 


Duen that is, ? 

pasmig fioni om medium to the othei, fl 
components of the magnetic force, taJeen uoi nu 
to the boundary s^mface, are discontinuous 
. - ^ The tangential components of the niai 

netic force are continuous in passing from one medium to aiiothci 

whence 



-v 


THE MAGNETIC Fl! 


From Fig. 11, 


tana, 




taD fS^ 


I 

ii I.IBRAI|Y 

> 

NGALOf^^ 


Hence, in j^cissing fi mn ooie medtim to mother the 
aie discontinuous In substances of high permeability therefore, like 
iron, the tubes enter and leave almost perpendicularly to the surface. 

In order to treat magnetic problems mathematically in spifce of the 
discontinuity of the jST-tubes, we assume the boundary surface between 
the two bodies to be replaced by magnetic surface-charges from which 
tubes enter and leave Where the flux passes out of a medium of 
higher permeability, e g iron, these magnetic charges have the positive 
sign (north-pole magnetism) , and were it enters a medium of 
higher permeability, the negative sign (south-pole magnetism). Such 
imaginary charges are called poles 


3. Electromagnetism. A magnetic field is most easily produced by 
means of an electric current Ousted was the first to discover that 
an electric current acted on a freely-suspended magnetic needle by 
tending to bnng the same into a direction pei'pendicular to that of the 
current According to the elemental-law of Laplace, the mechanical 
force K exerted by a current-element on the magnetic mass m at a 
distance ns - mi ds . /^v 

5-sia0 (*) 


This force has a direction normal to the plane passing through the 
element ^Zsand the mass m (Fig 12a) Conversely, the current-element 
IS acted on by the magnetic mass m the opposite direction 



Pia 120- 
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Fig 12b. 


Eloctromagnetio Forces 


Every electric cun’ent produces a magnetic field, which suiTOunds 
the conductor in which the current flows, and acts on all magnetic 
masses m the neighbourhood, conversely, every conductor which 
carries a current is acted on by a mechanical force when brought into 
a magnetic field. This force is expressed by 

IC — Hi ds sin <1)^ ( 7 a) 

where denotes the ar^le between the current-element ds and the 
direction of the field H (Fig. 12^i) 

As mentioned above, the field at any point due to a current- 
element IS perpendicular to the plane passing through the element and 
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the point considered The diiedim of this field can at once be found 
from the follo^viug rule 

Place the palm of the right hand almicj the caruiuctoi so that the fingers 
povnt til the di) ectvyn %n which the cuiv ent 2S fiowing tJwn the thumb points 
in the diiection of the field-strength H at the point P (Fig 13) 

If the conductor (Pig. 12i) is movable, it would be displaced by 
the force K' in the direction as given by following rule 

Place the left hand along the conductm^ so that the fim. eoit&i's the palm of 
the hand and the fing&is point in the diiedim of the cmrent—the thwnb 
will then give the direction in whwh the conductor will tend to move. 

This rule can be used for determining the direction of rotation in 
the case of a motor. 


N<1 


Fkj la—Determlnatlon of Dlreotlon of Plold Fig 14 — Mafinotio Field produced 
due to Electric OuiTent by Oun’ent lii a Stralgnfc Wire 

From formula (7) it is clear that the hues of force produced by a 
stiaight-hne cui'i&nt (Fig 14) are concentric circles, lying in planes normal 
to the conductor, and that the field-strength H at any point ? cm away 
from the conductor is 9- 

r 

For a diaiilai civnent (Fig. 15) the field at the centre is 

where B = radius of the circle. 

From this we can express the dimension of current 
in electro-magnetic units, 

^=dim (length X field-strength) 

,and in the same system of units, umt current is 
that current which — flowing in a circle of unit radius — produces a 
field-strength 2ir at the centre. An ampere la ^ oi this unit. 
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At the centre of a long solenoid (Fig. 16), the strength of the 
field IS j 

_ Aiiriw 


where ziJ = no of turns of the solenoid and z = current in each turn, 
measured in absolute units. 



Flo 10 — (Solenoid 


When ^ IS small, the field-strength may be written 



and IS nearly constant at all points inside the solenoid When the 
current is measured in amperes, we get 

jj_ 0 imw _ 1 2b%w _ vu) 

I 6^' 

iw IS called the ampefie-tm'm of the solenoid, and is of late refeiTed 
to as the magnetomotive foi ce * 

This formula is still more exact if the solenoid be closed (Fig 17) 
to form a ring 

The work done m carrying umt quantity 
of magnetism, placed inside this ring, 
round one complete turn of length L 
against the force is 

EL = 0 4:Tnw 

If the unit quantity is moved over any 
closed curve C, the work done is equal to 
the sum over the whole circuit of all the 
work-elements H dl, i e. 

j B'dl 

This summation is called Ime-mtegiod 
of the magnetic fmce H ov&t* the cm've 0^ and vs eqiml to 0 times the sum 
of all the ampeie-tums livJced mth the mrve C 

Thus, [ Hdl = 0 4:7nw (8) 

Jo . 

Of recent years, it has been customary to start fiom this as the 

* This must not be confused with the obsolete conception of magnetomotive 
force (m M F ), which is used to denote 1 25iWj i e 
M M.F. = 1 J amp. -turns 



Pig 17 —Simple Maffuetlc Circuit. 
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damental law of electromagnetism and not from the diflFerential 
ation in formula (7) , the former can he deduced from the latter, 
jet the toroid in Fig 17 have an iron core, and let a current 
B through the coils, which are wound evenly on the core Then at 
points equidistant from the axis of the nng there will be — on account 
symmetry — the same magnetio force; and, corresponding to this 
le there will he the induction B. Hence the tubes of induction 
duced by the current are concentric and have their path inside the 
y The whole body will be magnetically neutral to all other 
les, i.e. there are no poles, and is therefore termed a closed magnetic 
wiL 

Magnetic circuits as a rule have not a constant section as in the 
3 of the above nng, and have not the same material throughout, 
hat the permeability vanes from point to point. 

Consider, however, one tube of induction of a magnetic circuit — we 
•w that the flux in the tube is constant, and piactically sym- 
ncally distributed over the small surface , then 


ce 

3nce it follows that 




H. 


m 


0 8dl 


sre IS called the magnetic lesistance m 'i elucta'nce of the tube of 


36 under consideration 


^ 


phe magnetic pei'meance of the tube and has the dimension of a length 
several tubes are mterhnked with the same ampere-turas, the 
meanoe of all the tubes can be added and the reluctance R of 
total magnetio circuit with which the ampere-turns iw are 
arlinked is 


e total flux in the circuit is then 


VU) 


„ ampere-turns 

reluctance 

0 electromagnetic unit of flux is called a web&) Formula (9) is 
alar to Ohm's Law for electric currents From this formula and 
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the fact that tubes of luductiou possess constant flux, it follows that 
Kirchhoflf’s two laws hold for magnetic circuits 



Fio 18a. Pio 18& 

Oomparlsou botweon Interlinked Ma^etlo Olroults and Interlinked Bleotrlo Olroulta. 


Pig 18a shows two mterlmked circuits for which these laws hold, 
the magnetic circmts corresponding to the electric circuits of Fig. 182^ 

4. Electromagnetic Induction. When a conductor forms a closed 
circuit in a magnetic field which is vai'ying^ an e.m P will be induced 
in the circuit. This phenomenon, discovered by Fai aday^ is known as 
electrmagmti/i irdtuiimi On the basis of Faiaday's researches, Mascmll 
formulated the fundamental law of electromagnetic induction, which 
expenence has completely verified This law can also be developed 
from the fundamental laws of electromagnetism and the prmciple of 
the conservation of energy MaxwelFs Law is as follows 

ThA E M,F, e viiduced in a closed conducim 0 eq'iuils the late of change of 
the fiAisx, ^ which w mterlMced w4h the conductor C 

Tiua e=-^ (10) 

at 

The current produced in the circuit C by this induced e M F is called 
an induced current, and the field which induces the E.M.F. is called the 
inducing field. The change of flux can take place in various ways, 
eg. by a change of field-strength, whilst the conductor retains its 
position, or by a change of 
position of the conductor in a 
constant field In the first case 
the direction of the current is 
always such as to oppose the 
change m the field-strength — 
hence the negative sign in 
formula (1,0). By means of 
the hand-rule, we get the direc- 
tions of the induced e.m F 's as 
in Figs. 19a and b for mcrease 
and decrease of the field-strength In the second case the E M F is 
induced by a relative displacement of the conductor in the field 

When only a part of the conductor is in the field it is easier 
to determine the induced BMF by means of the elemental-law of 
electromagnetic induction Such a law cannot be proved, and it must 
suffice that from this the fundamental law can be deduced 
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This elemental law is as follows 

If an element els of a cfiicmit he moved in a niagnehc ficldj an E M F unll 
he iiuluced eqml to the flux mt by ds in unit hnWy i e 

... ( 11 ) 

To determine the positive direction of the induced k M F the following 
hand-rule is convenient . 

Flace the right hand in the magnetic field so that the flux entm the palm 

and the thumb points in the 
dweetion in which the con- 
ductor moves — the fingms 
mill then point in the dii oc- 
tion of the imluced E M F 
(o^ of the mirient)^ as in 
Fig 20 

Often the circuit 0 is 
not a simple curve, but 
consists of several turns, 
some of which do not 
embrace the total flux 
In every case, the K M F. 
induced in a turn is pro- 
portional to the change 
of flux in that turn 
Hence, to find the total 
EM.F. induced m a circuit or coil, the sum of all the intor- 

linkages of flux and turns must be taken , thus, in general, 



Fio. 20 —Determination of Dlreotion of B M F Indiiood In a 
Conductor by Sfotion In a Magnetic Field. 


- dt ’ 


(lOtt) 


that is, the E.M F induced in a dranit equals the rate of change of the 
nimbei of inter linkages of the flux wdh the draiit 
E M.F has the dimension 

dim e = dim /field-strength x surfooeX 
\ time / 

=dim. 

The absolute unit of electromotive force is that E M F which is 
induced in a circuit when the number of interlinkages is altered by 
unity in unit time The practical unit has been chosen equal to 
10® times this absolute unit, and is called a volt ^ hence 

e= volts. 

6. Energy, Work and Power. Every mechanical system of forces 
possesses a certain potential energy. Such a system always tends 
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oasume a position of equilibriiun, in which, the potential energy 
11 be a minimnni When the potential energy is decreased, Tyork is 
ne by the system , when the potential energy is increased, energy 
taken from outside, i e work is given to the system 
Electromagnetic forces also possess potential energy, which can be 
termined from the fundamental law of electromagnetism The 
:ential energy of an electno current i interlinked With a magnetic 
d ^ independent of the current is - where ^ is the flux inter- 
ked with the current i, the direction of the flux 
ng the same as that of the flux due to the 
•rent (Pig 21 ) If the conductor carrying the 
•rent i is displaced, or the field is varied, so 
bt the interlinked flux changes from to 
j forces exerted by the field on the current 
1 perform an amount of work A equal to the 
i^iige of potential energy in the system 

^ = 2 ($2 - Fig 21 



iVccordiug as ^3 is greater or less than , the energy of the system 
ireasea or increases, and the work is done by the field forces or 
jnst them. 

f the current is kept constant and the flux va*ried, the work done 
the field on the current m the time-element dt is 


dA — id^, 

L the power exerted by the field at this mstant will be 

d# 

'It 

( 12 ) 

are e is the e.mf induced in the direction in which the current 


w = -n- = i. 


^s. 

f the flux ^ is increased, i.e. if is positive, an BM.F e will be 
jioed which will tend to weaken the flux by opposing the current 
IS w IS p^ositive and work is done by the field This is the case of 
otor On the other hand, if the flux ^ is decreased, an e m f will 
nduced m the same direction as the current i and the power w is 
ative The work is thus done against the field, and we have a 
srator. TFe thiis see that the cfwrrent o/nd induced E M F have the same 
')tion in a genei aim and opposite directions in a motm 
rom formula ( 12 ) and from section 1 , it is seen that the work 
died to a circuit m the element of time dt is always 

dA = eidtf (13) 

re e and i are to be taken positive when they have the same 
otion. 

current and em.f. have constant magnitudes, as is the case 
L continuous currents, the aupphed power is 

w = ei. 
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If the circuit is not a simple one, as in Fig, 21, but has several 
complicated branches, th§n the potential energy of this system is 

where denotes the iiuml^er of interlinkages of tubes of force with 

the current t. The product of cuirent and interlinkages must 

be taken for each current of the system and the sum of the whole found 
If the circuit is movable in space, the electrodynamio forces which 
act on It tend to make the potential energy of the sj^stem a minimum 
Conversely, if the circuit is fixed in space the distnbution of the tiux 
will be such that the number of interlinkages of tubes of force tends to 
become a maximum 

When the flux of the magnetic field is not independent of the current in 
the electric circuit, but its reluctance constant, then the potential energy 
of such a system is - 

The simplest form of such an electromagnetic system is an electric 
circuit together with the magnetic field produced by the current in the 
circuit The energy which is necessary for the production of the mag- 
netic field of the circuit is equal to the potential energy with opposite 
sign Let us calculate this energy. The variation of the energy in the 
time dt is dA=-adt = 

If the reluctance of the fifeld is constant, is proportional to i, and by 
integration we obtain ^ f . 

which is the magnetic energy of an electric circuit with constant 

reluctance. Substituting in this formula the relation I H dl^4:Tnw^, the 
energy of the field per unit volume is expressed by J 



which is quite analogous to the expression for the work of deformation 

This formula for the field energy per unit 
volume holds quite generally for all mag- 
netic fields 

If an iron ring with an air gap, as shown 
in rig 22, IS magnetised by means of a 
continuous current, the energy supplied to 
It will be which will be stored 

in the magnetic circuit This energy exerts 
a force on the magnetic circuit, which staves 
to reduce the reluctance of the latter. In 
the present case this could be accomplished 
by decreasing the air gap. The magnetic 
charges which we can suppose to exist 
on the boundary surfaces possess opposite 
polarity and attract one another Thus 
the force of attraction between these two surfaces stresses the whole 


m a purely elastic body 
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ring like a spring, winch condition only ceases when the current, and 
with it the magnetism and stored energy, disappears. 

The attractive force lietween the two surfaces Q may be easily 
calculated The magnetic charge on a surface exerts a force of ^irl on 
each of the IQ units of the opposite surface Consequently, the force 
of attraction is ^irl^Q 

or, if we put B ^ iwl, 


then 




Power has the dimension 


Stt Stt 


dim (power) = dim. (b.m F x current) = dim (UMT~^) 

The practical unit of power in the 0 G s system is a watt 
Watt = volt X ampere = 10® x 10“^ = 10^ units of power in the electro- 
mf^etic system 

The unit of work in the electromagnetic system is the e/i'g 


1 erg=l cm dyne, 


and the practical unit is the jmde 

1 joule = 10^ ergs 

Thus the powef of one watt corresponds to one joule per sec The 
engineer's unit of w’ork is the hlogramme-oiietre (kgm) or the foot- 
2}omd (ft -lb ) 

Since 1 kg = 2 205 lbs =981000 dynes 

or 1 lb = 0 463 kg = 444000 dynes, 

and 1 metre = 3 28 ft or 1 ft =30*6 cm., 


then 1 kgm = 981000 100 ergs = 9 81 joules 

and 1 ft -lb =444000 30 6 ergs = l 355 joules. 


The practical unit of power is known as a se-poim 

The horse-power in the metric system as used on the Continent is 

1 P s = 76 kgm per second = 76 9 81 = 736 watts , 
and in the English system, 

1 H P = 660 ft -lbs per second = 550 1 365 = 746 watts 

The unit of heat is the caloi le, and is equal to the mean amount of 
heat required to raise the temperature of unit mass of water by one 
Centigrade degree 

The small or girircaloi'ie is equivalent to 0 428 kgm , thus a gm-calorie 
is equivalent to 4 2 joules or the power of 4*2 watts for one second. 

The large or kg-calmie is 1000 times as large as the gm-calone 


6. Complex Quantities. It is well known that any given positive 
or negative number can be represented by a point in the abscissa-axis 
(9X, by talung the direction from the origin 0 towards X as positive 

AO. B 
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neffcUtoe reed oalueg 


posUwerea/ oaUteg 


and the opposite direction ae negative. We can extend this system of 
representation by letting the complex number a+ji, where ^ 

be represented by a point 
in the plane of the co- 
ordinates, which IS obtained 
by setting off the distance 
h along the ordinate at a 
in the X-axis, h being set 
off in the direction of the 
Y-axis when it is positive 
and in the opposite direc- 
tion when it IS negative 
Thm efvefi'y immhm , wheth&i^ 
‘teal 01 tmagiim'y, has a carre- 
spandmg fovni in the plane 
of the co-oidinafes (Fig 23^, 
conversely, every point in 
the plane of the co-ordinates 
corresponds to a definite 
number. 

In the following, sywholic 
expressions for complex 
quantities will be denoted by placing a dot below the letter Thus, in 
Fig. 23, let a = rGOB<}> and 6 = rBin<^, 

where r = and tanc^^-, 



Pio 28 


then the symbohc expression for the point X is 
X= a +jb = ^’(cos +j sm cji) = 

where € = 2 71828 is the base of natural logarithms. 

1 is called the absolute value of the complex quantity A, and equals 
the length of the line joining the origin 0 to the point X is defined 
as the argwmdi of the complex quantity, and is the angle the vector OX 
makes with the axis of positive real values Positive real numbers fall 
on the axis representii^ positive real values, i e to the right of 0 on 
the abso]5sa-axis (see Fig 23), and have the argument zero, whilst 
negative real numbers fall to the left of 0 on the absoissa-axis and have 
the argument ir. 

Similarly, positive imaginary numbers have the argument ^ and lie 


on the positive ordinate-axis , negative imaginary numbers have the 
argument and lie on the negative part of the ordinate-axis 


Two complex numbers which have the same absolute value and 
whose arguments are equal but of opposite sign are called conjugate 
numbers, as, for example, a^tjb and a-jb IVo conjugate complex 
numbers correspond to points in the plane which are the images of one 
another with respect to the axis of real values 
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We must now extend our conception of complex quantities and see 
how the same can be subjected to the process of calculation This 
extension can be so effected, that complex magnitudes can be calculated 
by the same rules as those which govern the operation of real magni- 
tudes, and the fundamental la^s for real magnitudes can be taken 
as special cases of these rules. For this purpose, we deduce the 
following formulae 

Addition and Subtbaction. 

Let X=a^+jl)^ and Y^a^+jh^ 

Then Z=X±Y^a 

= («i +J^i) ± («a +^* 3 ) = Oi ± ^2 +; ih ± ^ 2 ) 

Both X and Y represent a point or a vector in the plane of the 
co-ordinates ^ 

Let a point P in the plane of the co-ordinates be represented by two 
complex expressions, e.g. P^(i-\‘jh=^e+]d, then we must have 
a«=c and h=^d^ 

for the point P has only one abscissa and one ordinate Hence every 
complex equation such as a-\-]l)^C’^ 3 d can always bo split up into two 
real equations This is due to the fact that, stnctly speaking, ; is 
merely a symbol or index, which serves to distinguish between ordinate 
and abscissa magnitudes in analytical expressions 

From the above Theorem of Addition, it then follows directly that 
a = €b^±a^ and l) = \±h^^ 
when X=a^ + ]\y 

and Z=X±,Y=a+^h, 

Hence Z is represented by a pomt whose co-qrdinates are the sum 
of the co-ordinates of X and Y. 

As seen from Fig 24fl, the radius-vector Z is the geometrical sum of 
the vectors X and F, or, in other words, Z is the resultant of the two 
components 'X and Y 


Z 



Pia 84a —Addition Fio 24& — Subtmctioii 

The point Z is obtained by drawing a line from the point X parallel 
and equal to OF, or, m other words, starting from the one component X, 
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the sum Z is obtained iii the same way as when the second component Y 
IB found by starting from the ongin 0 

Similarly the diagram in Fig 24 & represents the process of 
subtraction. 

Multiplication. 


Let 

z= (ii + = rj (008 <^>1 + ; 8IU ^1) = 5 

and 

Y=ao + A=»2(co8 ^2 +j sm <^2) = 

Then 

Z=XY= - h-J>^ +; (fljjig + hyO,^ 

or 



+j (sin <^i0os <f>2 + cos ^jSin <^2)} 


= 1 iJ 2 {cos(^i + <^2) +; 8m(<^i + (^3) } 




that is, the multiplicatioii of two comjflex mmheis is ejected Iry mnlhplying 
the absolute magnitude of the one by that of the oth&i and taking the sum of 
then aogwn&iits 

The product of two conjugate complex quantities is a real quantity 
and equals the sum of the squares of their absolute values , thus 

(a +jh) (a - = 

As seen from Fig 25 , the product of two vectors can be regarded as 
formed from one vector by multiplying the absolute value of one vector 




Pia 20— Division 


by that of the other, and at the same time turning the former vector 
through an angle equal to the argument of the latter vector Such an 
operation is called lotation in geometry, for the vector Z is considered 
to result from the vector X by rotating and by increasing X by an 
amount given by the second vector The rotation is "counter- 

clockwise when <^2 IS positive and clockwise when <^2 is negative. 
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Let the value + 1 be set off along the abscissa axis aud join 1 
Then the triangles 01 Y aud OXX are similar, for we have 

and L(X0Z)=‘<f>,^L(l0r), 

that IS to say, the product Z is farmed fiommui of the factms, e.g fiom X, 
ill tJie sam vMy as the second factor Y is formed fiom wi/ity 


Division. ■ 

The operation of division is the reverse of that of multiplication, as 
seen from Fig 26, that is, the dimuon of two complex mtmhe'is is effected by 
dividing the msokite inagnkvde of the one by that of the oth&i and taking tiie 
difference of then m gwments 

The denominator of a complex quotient is made real by multiplying 
both denominator and numerator by the coujirgate quantity of the 
denommator, for example 

Z_ _ (Oj+^i) {^-J^ 

^-Y-a,+jh- ai + bl ^ 

_ (hS + (Vj - 

or ^ri(cos<#>i+j»sm<^,) 

»3(cos<^2+;sm<^2) 

= ^ {cos {<j>^ - ^ 2 ) +; sin (^i - <^ 2 ) } 

^ 9 


Involution 


From the formula for multiplication, we get 
Z==X*'={a + 7 &)"= {? (cos <l> +j sm 
= r"(cos ncji +j sin TKf)) = 

HencOy to raise a complex number to any power, 
we mmt laise the absolute value to that powei and 
multiply its a'igwment by the index 
*Fig. 27 represents this operation We 
have thus, for example, 

{a + 3 bY = a?-h^ 



Pig 27 — Involution 
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Evolution 

Tcos — + ; sin = !!/re^i. 

\ n ' nj 

Hence, to find tlie loot of a complex Qiumb&i', we take the lOot of the absolute 
value and divide the argument by the index 

It may here be noted that in complex equations it is always allowable 
to substitute -j for provided all terms in the equation are similarly 
treated. For example, to calculate \Ja+jh, put 

Ja+jb^a+jfB, 
then also \/ a —jb = a — f/3 

Multiplying these two equations together, we get 

+ 62 = a- + /32. 

By squaring the first equation, 

a -{-jb = a? — +y2a/? 

or ffl = a 2-^2 6= 2a/?, 

whence a= ±J^{sJa^ + b^’{-a) 

and ±V^(N/rt 2 +p-a) 

Since h = 2ap, it is seen that a and /3 have the same sign when h is 
positive and unlike signs when b is negative Hence 

•J^b =±{Jl {-J¥T¥ + a) ±j Vi - a) } 

Since the above theorems apply equally well to real numbers, it is 
obvious that they are therefore quite general. 
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REPRESENTATION. 
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Effeotive and Maximum Values of Sine Wave Currents 10 Symbolic 
Representation of Sine Wave Currents 11 Power given by Sine Wave 
Currents 12 Symbolio Representation of Power 

7. Sine Wave Currents The simplest alternating-current is one 
whose momentary value can be expressed as a function of the time 
by a sine wave, eg. ^ ^ + 4 ,) 

= J"maxSin + 

where is the anyplitvde of the current, T the time in seconds the amrmt 
takes to jpass though a comjplete oyde o) ])&iiod^ whilst represents the 
number of such cycles the current passes through in one second, and 



Flo 28.— Sluuaoldal Variation of an Altenrntlng-Current. ^ 


IS called the frequency of the current. Fig. 28 shews such a current, 
which obeys a sine law, drawn as a function of the tune 
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With polar co-ordinates, the ame curve is represented by a circle 
(Fig 29), whose diameter OA equals the amplitude OB is the 

momentary value, whilst </> is 

called the phase angle of the 

current The point B moves 
over the circle twice in a cycle ^ 
/ X\ consequently, a) = 27rc repre- 

/ sents the angulai velocity of 

I rotation of the straight line 

\ / } The current passes through 

\ / when 

A whence the phase of the current 

IS given by 


Pig 20 — Repiesentation of a Sluusoldal Ounent by 
Polar Co ordinates 


f — — T 


<j£> _ j of the current are given by the 

magnitude and direction of the vector OA^ the latter represents the 
current completely. Its momentary value is obtained by projecting 
the vector OA on to a straight bne OB rotating about 0 in a counter- 
clockwise direction with the velocity w. The rotating line OB is 
therefore called the h7ne line 

This method of representation rests on the assumption that the 
alternating-current is sinusoidal, consequently, the same can also be 
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applied to an alternating emf which obeys a sme law Such an 
BMP ‘can be produced by the uniform rotation of a rectangular coil 
about its longitudinal axis between the poles of a magnet, as depicted 
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ID Fig 30 The poles are assumed to be sufficiently large, so that the 
field in which the coil rotates is quite uniform 
At the instant considered, the flux passing thcough the surface F of 
a turn IS (Fig 31) 


^ = SF cos (iit ^ 

and since the induced b m f is 




dt' 


the E M F. induced in the tum will lie 

^ d{HF cos <i}t) , 

=EF(j)smo)t 
dt 


Now EF IS the maximum flux em- 
bi'aced by the turn during a revolution, 
denoting this by we get 

e = 27rc^jatLx sin 

The embraced flux ^ is a maximum 


when (i}t = 0 and is zero when = ^ 



Fig Si — Produotlou of a Sinusoidal 
B u F due to Rotation of a OoU In a 
Uniform Kield 


The BMP, induced by ^ is, on the contrary, zero when a>i=0, and 


reaches its maximum when = It is thus apparent that the 

induced b M f is a minimum when the coil is interlinked with the 
maximum number of lines of force, i e. when the coil is perpendicular 
to the field 

This is also in agreement with the pievious statement, that the 
induced B M F vanes directly as the rate of cutting of lines of force, 



for, when the number of interlmkages is zero, the coil is vertical 
^le = and cuts the lines of force at the maximum rate, con- 
sequently, in this position the induced E M F is greatest In Fig 32, 
the flux 4, and the E M F e induced by it, are drawn as functions of 
the time With nsing e is negative , and with falling e is 
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positive ; in other words, the H m f. curve is the differential of the 
flux curve, with the negative sign prefixed. 

If, instead of one turn, there is a coil composed of several turns all 
in the same plane, the induced E M F. will be 

fi = 5’2(i?’)a>8in cot 

If all w conductors in a coil-side are so near together that the same 
flux IS embraced hy each turn, then 

e = sin cot 

Since the field-strength H, the sum of all surfaces 2F of the turns, and 
the angular velocity w are constant, we can write 

fi = ^mi«sin W 

If AT, F and w are in 0 a s units, then e and E will also be in absolute 
units. To reduce to volts, we must write 

10~8 volts (14) 

A cycle in this case coriesponds to a revolution of the coil, and the 
frequency c equals the number of revolutions per second. 

The direction of the em.f induced in the coil at any moment 
can be found from the hand rule on p. 14, and is represented by the 
arrows (Fig 30) 




8. Suirmiation of Sme Wave Ourrents. In Fig 30, all the turns 
of the rotating coil lie in the same plane, and the B M.F 's induced in 

the several turns all reach their zero 
together and all attain their maximum 
together In this case, the e.m.f’s 
are said to be vn plmse with one 
another. 

If the turns are in different planes, 
but arranged about a common axis, 
as in Fig 33, the B M F 's mduced in 
the several turns will no longer have 
the same phase, but, in respect to 
time, they will be displaced in phase 
Denoting the B M f induced in coil I. 

then the HMF induced in coil II 
will have the same frequency as the 
BM.F. induced in coil I, since the 
angular velocity o is the same in the two cases, but its phase will be 
different, thus, = JS'.^sin (<.t - <l>), 



Fig S3 


where is the constant angle by which coil II lag^ behind coil I. 
Thus the E M F 's of coils I and II. are displaced from one another by 
the angle </>, which the coils make with one another m space, whence 
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the angle (j> is called the arigle of phase-displacement between and 
The negative sign before <1^ denotes that 62 lags behind, or reaches its 
maximum after 

Again, the plane of coil III. is displaced from that of coil I. by the 
angle m the direction of the sense of rotation. The E M.F. induced 
in coil III can then be written 

which means that coil III. reaches its maximum emf (or its zero) 
before coil I attams its maximum emf (or its zero) by an amount 
corresponding to the time taken for the system to rotate through the 
angle \p Thus is said to lead e^, and the angle i/' is called the angle 
of lead, in the same way as the angle 4^ above is called the angle of lag 



In"order to obtain the ? esnltant emf. induced in the whole coil, the 
algebraic sum ot the momenta^ y values of the E M r ’s in the several 
turns must be taken In Fig the instantaneous values of the 
three emf’s e^, and e^, and their algebraic sum e, are plotted as 
functions of the time 

We often require the resultant of several emf*b or currents of 
different phase This can be most readily found graphically. The 
several momentary valuete and are obtained by projecting the 
coiresponding vectors and on the rotating vector or 
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time Ime, in accordance with the well known theorem tJie lyiojedmi 
of the 7 mdtant (i e the geameb teal sum) of s&v&i al vectm s a)i a sU aight 
line eqitals the sum of the pt ojeduont of the several vectois oqi the same hue 
From this it follows that the sum of several sinusoidal B.M F ’s, 
which are represented in amplitude and phase by means of vectors, is 


i 


t'lQ 85 Fio 36 




given by the resultant of the vectors of the several e M F ^s (Fig 35) * 
In a similar manner, the sum of several alternating-currents flowing to 
or from a point (Fig 36), i e the resultant of several parallel currents, 
can be found by determining the resultant of the vectors of the several 
currents, as in Fig 37.* Thus 

i = iinax sin (wij + <^) = /, „,ai SUl (W + Sin (o>^ + 

+ max Sin (W+ <^b) 



From Figs 35 and 37 it 
IS seen that the amplitude 
of the resultant bmf. or 
current is not equal to the 
algebraic sum of the ampli- 
tudes of the several com- 
ponents, but depends on 
the phase displacement of 
the latter, so that the geo- 
meinml sum must always 
be taken 

9. Mean, Effective, and 
Majdmum Values of Sme 


Wave Ourrents. Since an 


alternating-current is continually changing its direction, its 7nea7i value 
taken over a whole number of cycles is zero Thus, such a current 


*In Figs 36 and 37, the veotors denoting the amplitudes of the u m r ’a and 
currents are — for the sake of clearness — denoted by £ 1 ^ /i, eto , instead of by 
fimox, etc 
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cannot be used directly for charging a battery, nor can it produce any 
injurious electrolytic effects when flowmg as an earth current 

The mean value of an alternating- current is always understood to 
be the largest mean value which can be obtained during half a period. 




Thus the meaii value of a sme cuwe is 



. . . ( 16 ) 


The mean value, however, is not of great interest in dealing with 
alternating-currents or pressures, for the power does not depend on 
the mean values From Joule's Law, the work done in overcoming 
the resistance 7 of a conductor by a current ^ in time dt is 

dA=ih dt, 

whence the mean heating effect is 

wheie Jeff 75 ibsed to denote the mmnt-sti ength which a conhnuous-aim eni 
must have in m dei' to produce the same heating effect as the altei nahng-mm ent 


Thus 

This IS called the effectwe value (or, in accordance with eq (16), the 
root-mean-square or R.M.S -value) of the alternating-current 








lISc 

621,31913 N131 


Lib B'lore 
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Let 

t = J„„8in (^i}j 

Then 

= - CO® ^)| 


This 13 shewn in Fig. 39 as a function of the time. 



The curve is also a sine wave, but varies with double the frequency 

• ii . "m . n Ki 1 . 'll I 1 . .-1 -i * ^ 


but between zero and so that 



1 cT r® 


whence 

T == — 0 707 T 

^2 “ 1-414 “ 

(17) 

or, effective value 

From eq. (15) and (17), it follows, 



TT I 

T - 1 -n T 

(18) 

The factor 1 11 la called the fon'in facUn* of a sine curve 
Similarly for the emf. 




(17a) 

and 

•®efr ~ 2^2 ”1*1 l-^uiwin • 

(18a) 


On p. 26 It was seen that the maximum emf induced in a coil 
of turns 18 . 2w««$_ 10-8 volts 

From eq. (I7a) it follows further that the effective emf will be 
Eat = J2ircw^^\0-» 

>= 4 44eto^„..10~^ volts. 


( 19 ) 
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Again, since (16«) 

it follows that = volts. (20) 

This last fonnula caii also be simply deduced thus — during one 
complete cycle, the flux ^ passes from its zero to its positive maximum 
value and then sinks again to zero— thus in half a period the flux 
changes twice — similarly, in the negative half-penod, the flux also 
changes twice, so that in a complete penod T the flux changes 
4 times , hence m a second, the flux vanation is 



max) 


whence formula (20) follows directly 

Smce we have made no assumption in deducing this formula as 
to the way in which the flux vanes, it is obvious that the formula (20), 
1 e the value of is independent of the shape of the b.m f curve. 

In practice the eflfective value of an alternating-current or pressure 
plays the most important part Consequently, in what follows we 
shall deal almost exclusively with effective values, and in the diagram- 
matic representation, the vectors will denote such values. If we require 
the momentary values from such a flgure, we have only to multiply 
the projections of these vectors on to the rotating vector by In 
general, we shall denote instantaneous values by small, and effective 
values by large letters, whilst maximum or mean values will be denoted 
by the suflSxes mcuc and mean respectively. 


10. Symbolic Representation of Sine Wave Currents. In place of 
graphical representation of vectors, it is possible to proceed analytically, 
as in Mechanics, by resolving each 


vector into two components along 
axes perpendicular to one another 
One axis — the abscissa-axis — coin- 
cides with the rotating vector OB 
(Fig 40) at the instant ^ = 0 

% = J2I sin (a)^ + cf)) 

= 0 sin tat + sin cos (ot), 

where /, as above explained, denotes 
the effective value of the current 
Thus the momentary value of a sine 
function always equals the sum of 


4 



Fia 40 — Ropresoutatlon of a Sinusoidal 
Current by two Vector Oomponento 


the momentary values of the two 

components into which the vector of the sine wave can be resolved 
As seen from Fig 40, the current z is completely determined by the 
co-ordinates I cos (ja and I sin 4> of the point A 

Just as a complex number can be represented by a point in the plane 
of the co-ordinates, so a point in the plane of the co-ordinates can be 
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represented by a complex number Thus the point A (Fig 40), an< 
consequently the curreut I represented by OA^ can be determmed fror 
I=IcoB<l> - j/sin 

where the vertical co-ordinate is taken as the real axis and the hor 
zontal as the imagmary 41) This method was first introducei 
into electncal theory by MelmhoHz and Bayleigh. 

In the expression for the momentary ouiTent, 

</> is the phase angle, which shews that the current passes through it 

zero value at the instant L ^ le - before the instant ^ = 0. Th 

ay (i) 

greater is, the earher the current passes through its zero, le th 
greater the lead If </> is positive, then, as shewn in Fig 28, the tim 

must be set off along th 
negative direction of the tim 
axis In a similar mannei 
in the vectonal repreaenta 
tion of the current in Fig 4C 
a positive phase angle c 
must be set off from th- 
real axis in the negative direc 
tion of rotation of the tim< 
line In the representatioi 
of this current i by means o 
complex numbers, 

I=I (cos (/> - j sm <j^>) = 

therefore the phase angle ii 
also + , hence, with negative sign, we always obtain a positive phasi 

angle, and vice v&isa 

The system of co-ordinates used m this figure can be regarded ai 
formed from the co-ordinate system in Fig 29, which is the on( 
generally used m Mathematics, by rotating the latter through 90 
in the direction of rotation of the time-line Hence, m representing 
sine wave currents symbohoaUy, we set off the real values alon^ 
the ordinate-axis and the imaginary values along the negative 
direction of the abscissaraxis 

■ The current vector can be given either by its magnitude and phase oi 
by the components of the vector along the two axes The synihoh 
aTpoesswn I imphes these two components, so that the vectoi n 
completely determined from this symbohe expression 

In what follows, we shall denote effective values by simple capita 
letters when they merely denote magnitudes, and by capital letters 
with a dot underneath when the effective value is a vector, 
representing both magnitude and phase This method was applied 
by StemTodz, who has been chiefly instrumental in shewing how 
techmeal alternating-curient problems can be treated symbolically 
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If the vector OA is moved through 90°, in the sense of rotation 
of the time line, to OA' (Fig 41), the co-ordinates of the point A' are 


/cos(<^ - 90") = /sm ^ 

and - I sin (<^ - 90") = I cos 

Thus the complex expression for the vector OA' is 
T = I sincji COB <f> 

=j {/ COS cl> -jl sin cjy) 


We thus see that multiplying a complex or symbohc quantity by j 
corresponds to moving the vector OA through 90" in a counter- 
clockwise direction Similaily, multipljdng by corresponds to 
rotatmg the vector 90" in a clockwise direction 

In order to find the components of the resultant of several currents, 
or E,M P 's, we determine the algebraic sum of the several components 
along the two axes, or, when we proceed symbolically, we can add 
all real terms together and all the imaginary terms together Thus, 
for example, the sum of the cmients 


IS /=a+^^ = ai + fl2+^(^i + ^2) 

This complex equation can be replaced by two real equations (as 
shewn in Section 6), namely. 


b = bj -H ^2 

Until now we have always spoken of the timeJme as revolving ; it 
IS possible, however, to suppose this fixed, and let the plane of the 
co-ordinates rotate about the origin This must then rotate in a clock- 
wise direction* with the angular 
velocity CO, and the projection of a 4^ 

vector rotating with the plane on 
to the fixed vector represents the 
momentary value of the sinusoidal 
magnitude represented by the vec- 
tor revolving with the plane It is 
easy to see that the mutual positmi 
of the vecta) s, also their position with 
respect to the co-ordmate axes, is the 
same whether we have a rotating time- 
line and fiSed system of co-ai dmates 
and mctoi's, or a fixed timedvne and a 
rotating system of co-ordinates and vectors Since it is customary to 
imagine the whole diagram, i e the plane of the co-ordinates and the 



Fio 42 


* This direotion of rotation is opposite to that adopted, since these drawings 
were prepared, by the International Committee for Electrical Symbols 
AC C 
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vectors fixed m regard to it, as rotating, this method will also be used 
in what follows, and the arrow will represent the rotation of the 
diagram — which is always clockwise. Of two vectors, that one always 
leads which is first in the clockwise direction. Thus, in Fig 42, 
Ii is leading /g by the angle 

11. Power given by Sine Wave Currents. It has been shewn 
on p. 16 that the work done in an electric circuit in time dt is 

d.A “ dif 

where e and z denote respectively the B M.F. and current in the circuit 
at the moment considered 

Writing e = sin + (t>i) 

and z=j2lsm(b)t + (li^), 

where JH and I are effective values, the momentary value of the 
power will be *** ~ 

ei == 2EI sin {tat + <#»i) sin 
= EI{cob (01 - 02) ” (2^^ + ^1 + ^ 2 )}* 

From this it is seen that the instantaneous value of the power is a 
function of the time, and varies as a sine function about the mean 



Fia 48 


value EI cos ( 0 j - 02 ) with double the frequency of the current or 
pressure (Fig. 43) Hence the mean value of the power during a 
complete cycle, i.e. the mean ai effedzve povxr, is, 

eidt=EI cos (<^i - <#> 3 ) 

= EIooBf, ( 21 ) 

where 0 = 0i - 03 = phase-angle between the pressure E and current I 
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The product El of emf and current is called the a^armt powei^ 
and IS often referred to as the volt-amperes, cost/) is equal to the 
power-fadm, being the factor by which the volt-amperes El must be 
multiplied m order to obtain the tmepoim JV m watts 
As we have just seen, the power surges to and fro in the circuit — at 
one instant it is positive, at another negative. This surging will be a 
minimum when </)j - ^2 = </> is zero, or cos </> is unity, i e. when current 
and pressure are m phase, for in this case, and in this case only, the 
momentary value of the power is never negative (Fig. 39). In other 
words, although the power is transmitted from the generator to the 
line in the form of pulsations, the line never returns power to the 
generator. The greatest amount of surging will occur when 

= ^ = 

1 e. when cos </> = 0, for now the mean value of the power is zero, and 
the power merely surges to and fro between generator and line, but 



Pig 44 —Periodic VarlAtlon of Prosflure, Current and Power when 0=0i- 02=00* 


no actual transmission of power occurs (Fig 44). In this case, the 
area of the positive part of the power curve equals that of the negative 
part. 

The momentary power can be shewn diagrammatioally by setting 
off the constant magnitude 

El COB (</)j — ^g) = El cos (/> 

on the ordinate axis from 0 to 0 ^ (Fig 45), and describing a circle 
about 0 -^ with radius El Then, if the radius of this circle rotates 
with uniform velocity 2o) in a clockwise direction, the momentary 
power e^ will be given by the ordinate drawn from the end A of the 
radius El on to the abscissa-axis passing through 0 , 
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At the moment i = 0, the radius El has the position 0-^A — its 
component along the ordinate-axis is ~ El cos + <#> 2 ) along the 
abscissa-axis - -^/sin (c^i + (^ 2 ) 



Elcostp 



Fia. 46 


Using the graphic representation of Fig. 46 for b m f ’s and currents, 
and resolving the vectors into components along the axes, we get 

e = ^^E cos <3E>i sm w/ + J2E sm *#>1 cos 
and i = ^21 cos <^2 sm cof + J 2 I sm oo® 

Since also 

W-EIcob^^^ - <^ 2 ) 

= El cos cos ^2 + AV Bin sin 

we see that the resultant pow&i' eqmls the sum -of the powers of the seren al 
components of the vedms From Fig 46, it is also seen that the power 
equals the E M.F. multiplied by the projection of the current on to the 
E M F , or equals the current multiplied by the projection of the E M P 
on the current 

12. Symbolic Representation of Power. If e m.f and current are 
represented symbohcally, we get the following expressions for these 
magnitudes (see Fig 46) 

E = Eqob <l>i -jE sm chi = 

1= /cos c />2 -jl sm (hz = /€ 

where e denotes the base of natural loganthms E and I are absoMe 
magnitudes, whilst - and - (j>2 are called the ai guments of the 
complex quantities To multiply two complex quantities together, we 
take the product of their absolute magnitudes and the sum of their 
arguments (see Section 6) Hence the product of the complex 
expressions for current and pressure is 

^ jgX “ {cos (<^>1 + (^ 2 ) -3 sm {<hi + (hi ) } 
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From this we see that the product of the complex expressions for E 

and I merely gives the complex expression for that part of the 

momentary power which varies after a sine law of double frequency 

(Fig. 46) and has no 

relation to the actual | 

power I ^ 

In practice, however, - fgj 

it IS not the momentary ? ^ / 

power we reqmre, but /' / / 

the mean value El cos V’ 

the apparent power El \ / E 

and the power factor \ / ^ 

cos These are especi- \ / / £ 

ally important when we ^ 

come to deal with curves \ 

of any desired shape ^ . vnoffoahies 

For this purpose, it 

IS best to set off the fig 4 r 

apparent power ^7 as a 

vector at an^le = ordmate-axis (Fig 47) The pro- 

jection of this vector El on to the ordinate-axis then represents the 
effective power El cos Choosing again the oidmafce-axis to represent 
the real and the abscissa-axis the imaginary values, we get the follow- 
ing symbolic expression for the power vector . 

{El) = El cos ^ -jEI sm 0 
= EU~^^=^JV+jfrj 

We can suppose the power vector to be formed from the em.f. 
vector, by simultaneously moving the latter through the angle <f> 2 , 
m the counter-clockwise direction, and multiplying it by the current 
L In other words, the power vector is obtained by multiplying the 
EMF vector by 7e^^. Hence the symbolic expression of the power 
vector IS obtained by multiplying the emf vector by the conjugate 
vector 7' ( = 7e^^) of the current vector 7. The vector F = is the 
image of the current vector 7 = about the real axis 

Let E^E€ = E^ -jE^ 

and 7=7€-^‘^^ = 7 i-;72 

Then {El) = W+jW, = {E^ 

Hence the effective power W { = El 00^4) is 

JV=E,I, + E^, ( 22 ) 

and the so-called iinaginaiy pm&} (El Bin (l>) is 

Wj=EJ^-EX 


(23) 
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In this method of represeutatiorij the imaginary power is positive or 
iie^tive, according as tie current leads or lags in respect to the E M.E , 
and IS zero when the two are in phase If we had proceeded otherwise, 
and called the imaginary power positive, when the current lags, the 
power vector would have been obtained by multiplymg the current 
vector by the conjugate of the e.m.f. vector 

From the foregoing, we see that the symbolic eo^ ession foi the powefi' is 
ootamed by multiplying the symbolic eo^essum foi the pressu/ie vector by the 
sy^twolic eapi ession foi' the image of the cun eni vector with ? e^ect to the axis 
of real values 

The above introduction of the image in the complex expression for 
the power depends solely on the manner in which the E M F , current 
and power vectors are expressed, and has no physical relation to the 
expression for the momentary power. 
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13. Self-Induction. When a current flows in a conductor, a field is 
produced encircling the conductor The flux produced by a 
current t flowing through a conductor of turns is, from equation (9) 




b: 


where is the reluctance of the magnetic path of the flux 4*^, mter- 
hnked with the turns 

If the current changes in strength or direction, the flux changes 
in the same sense, and along with it the stored-up energy 

Consider any conductor, for example a loop 
(Fig. 48). If the flux embraced by the loop is 
varied, an EM.F. e, will be induced in the con- 
ductor, which, in accordance with the law of 
mduction, is expressed by 

d^{iwl) 

dt ~ dt ' 

e, IS called the cornier- ai back-B M,F, of self- 
induction 

Since the same current i flows through each of the turns, 



where the sum of all fluxes produced by the cuiient i is to be taken 
In general, we write 

ST’ 



Fio 48 >^Self -induction of 
aOoil 
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where 


L = 2 



(25) 


The factor L is called the coeffiamit of self-iiuhictmi of the circuit, and 
has the same dimension as magnetic permeance, viz. the dimension of 
a len^h. 

With constant reluctance the fluz will be in phase with 
current i, in accordance with equation (9) If the current vanes sinu- 
soidally, the flux and B M F will also follow a sine law, and since the 
induced e.m.f, e, lags 90“ behind the inducmg flux it will also lag 90° 
behind the current, and we get the curves for i and e, as shewn in 
Fig 49. p, is the exteinal pressure apphed to the coil, and is equal and 



opposite to the E M F The reason e, has the opposite sign to d{Li), 
IS because the induced em.f always tends to prevent any alteration 
in the current sti’ength Thus, in a circuit where the current is rising, 
the counter-E M F will oppose it, and the current will be letaided in its 
growth On the other hand, a falling current is always acted on by a 
counter-E M F which tends to keep the current constant, and so lowers 
the rate of decrease Thus, in an electromagnetic circuit, self-induction 
seeks to prevent any change of current, ]ust as with matter, ineitia 
tends to prevent any change of velocity. 

The energy ilA supplied to the flux durmg time dt is 

dA= -e,idt = idi2{wj^^ 

=i dtE(^^=Li,di=^d{z^) 


If the coefficient of self-induction L is constant, it follows that 
the electrical work which must be expended in raising the cuireut 
from 0 to ^ (excluding heating losses) is 



.(26) 


This work — which is often referred to as the eJectromagmtic eoieigy in 
the circuit — will be given out again when the current sinks from i to 
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zero The coefficient L is measured lu absolute units (cm) — the 
practical unit of self-induction is called the and is chosen equal 

to 10® times the absolute unit 

On page 12, the leluotance of a thin tube of force C was defined as 




<7 



dl 


SO that the flux in the tube can be found directly by dividing the 
ampere turns interlinked with the tube of force by the reluctance 
Thus, i?, IS not measured in absolute units, but in units of the 
absolute, hence / av 

^. 2 ( 1 ) 10 -. 

= . (27) 

where is the flux due to 1 ampere. In calculating i, we may 
use the following definition The coejfiment of self -induction L of a CDCUit, 
in absolute wnits^ is measuiedby the nwnb&) ofintethnJcages 2(4>^«?^) which the 
conducts makes mth the flux pi'oduced by a cuiient of 10 amperes (i e. by 
one absolute unit of current). 


14. Capacity.* If an e m.f. is applied to the plates of a condenser, 
a charge will be taken by the latter. The relation between the acquired 
charge q and the pressure at the terminals of the condenser is 

2=Gp„ 

where C is called the capacity of the condenser If we make 
the capacity will be numerically equal to the electnc charge which 
must be suppbed to the condenser in order to raise the potential 
difference between its termmals to unity. 

If during the time dt the pressure is increased or decreased by dp^^ 
the increase or decrease in the charge, i e the quantity of electricity 
passing along the conductor, will be 

dq — i dt, 


where i is the current in the conductor. 
Hence 


or 


C dp^ — idt 

dp. 


1 = 0 - 


dt 


If the pressure at the terminals of the condenser is altered, the 
current in the conductor is proportional to the rate of change of 
the pressure 


For further information on condensers, see Chap XIX 
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On the other hand, if the rate of change of the current i in the 
conductor is given, the pressure at the condenser will be 

Cidt 

Hence the energy supplied to the condenser during any time element 
will be 

If the current varies periodically, the condenser will be periodically 
charged and discharged The energy stored-up in the condenser 
during charge is given up again during discharge, that is, the charge of 
the condenser surges to and fro in the circuit. 

Assuming that the charging current follows the sine wave 

4 = ^2/801 <at, 

then the pressui'e taken up by the condenser will be 

~ I) 

In Pig 60, the curves of current i and pressure are shewn The 
curve p „ — representing the pressure consumed by the condenser — is 
seen to lag 90" behind the current This is to be expected when it is 



Fig. 60, 


remembered that the pressure rises so long as the current is positive 
and reaches its maximum when the current passes through zero. The 
pressure curve which coincides with the charging curve q is the 
integral of the current curve. 

As the practical unit of capacity, a condenser may be used whose 
terminal pressure rises one volt per second when the charging current 
IS one ampere 

The practical unit of capacity equals 10"^ absolute units, and is 
called a since this unit is very large, it is usual to use the 

micfiofmad^ which equals one-millionth of one farad or 10'^® absolute 
units 
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15. The Pressore Components in a Oircmt carrying a Sinusoidal 
Current. If the current ^ = J2I sin flow along a conductor having 
the ohmic resistance ?, the instantaneous value of the pressure will be 


where 


= IT = sm u)t = J2P^ sm 


The pressure curve is thus a sine wave m phase with the current 
curve 

This IS not the case when the circuit possesses self-induction. If the 

current ^ j. 

i = ^2/ sin (d 


flow in such a conductor whose ohmic resistance is negligible, the 
pressure at the terminals will be 


y d% 


cos (lit 


where 


= ^2P,cos (nt, 

P, = Iu>L==Ix,. 


Here the terminal pressure leads the ourreht i by 90” Instead of 
the resistance, we employ a;, = a)Z=27rcZ in calculating the eflFective 
pressure 

If the conductor possess both resistance and self-induction, the sum 
of the two respective pressures must be applied to the terminals at any 
instant The terminal pressure is then 

Pf ^Pr +Pt = sm + J21x^ cos d. 

Substituting, \/7 2 + 2 + ^ 


and 
we get 

or 


s/?2 + (o,i)S Z. 

<jiL X , . 

tau</>, = — = — , 

? 1 

= ^J2lz, sm (lit cos <l>, H- \/2lz, cos wt sm 
= sm {(i)t + <f),) 

|?„ = N/2P„8in(W + (^,) 


The effective value of the terminal pressure is thus 

P =h 

and the pressure leads the current liy 4^^ 

If a condenser be connected in a circuit, the piessuie at its tenninals is 

idt 
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The current is again taken to be 

^=^/27slll (tit 

Then Po= - cos = — >/2P„ cos (tit 

The effective condenser pressure is therefore 

^'^~(tiG' 

and this pressure lags 90" behind the current 

Lastly, if the current ^ flow m a circuit in which resistance, self- 
induction and capacity are all connected in senes (as shewn m Fig 51), 


Fia fil — Electdo Circuit baylug Healstfmoo, Self-Induction and Capacity in Series 

the momentary value of the terminal pressure equals the sum of the 
several pressures j P# and Thus 


Substituting, 


^ di hdt 

F=i’r+i».+i’. = M + 

= j^r sm (oi + (^L - cos 

, ^ = COS<#>, 






we get 


p = J2Iz sin {(tit 4- <jf>) = ^/2P sm ( wi + cp) 


The pressure wave is also sinusoidal in this case and has the effective 
value I ,2 

This pressure leads the cuiTent by the amount 


(p = tan"^ 
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16, Differential Eanation of a Simple Circuit. The differential 
equation of the pressure, developed in the previous section for a circuit 
possessing resistance, self-induction and capacity (as shewn in Fig 51),' 

jdl {idt 

This represents Kirchhoff’s Second Law in its most generahsed form 
Multiplying all through by % dt, we get the energy equation 


2)1 dt = i^dt + Li^^dt‘{-i 


This tells us that during any time element the energy supplied at 
the terminals of the ciicuit equals the sum of the energy consumed in the 
several parts Differentiatmg the pressure equation with respect to dt^ 
we get the differential equation of the current 

d^it ? d% % 1 dj) /oQ7»\ 

v*-ni*Lc-iv <“> 

which holds f oi any pressure ‘p 

In the previous section it was shewn that a sinusoidal current 
requires a sinusoidal pressure at the terminals of the circuit when 
7, L and C one constant From this the converse follows, tlmt a stmi- 
soidal pessuoe can only produce a sinusoidal cm'ient Hence, we shall 
not consider the general solution of this diffeiential equation, but only 
that for the case when the conditions have become steady, a state which 
18 reached soon after switching in For a sinusoidal pressure at the 
terminals . 


we get 111 eq (28i) 


> = J2P sin wf, 

| = 72 ^Pcost 


The specml integral of this equation is then 

P r 

I 1 




sm mt - tan ^ ( — 


/ cdL 1 \~ 


The current is thus a sine wave, but is not in phase with the 
pressure 

Equation (29) can also be written 

« = 4u«sin (w^ -</>), 


= amplitude of the cufi’ient , 

= angle of phase displacement 


</) = tan 
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The angle of phase displacement is positive, zero or negative 

according as t> 1 >1 

b)L=—r:i or oj=— =. 

<ai(7 <^/TC 

When IS positive the oiirrent lags liehind the pressure, whilst it 
leads when </> is negative 

When a> = -is (2®) 


the current and pressure are in phase, 

ie <^ = 0, 

and the current attains its maximum value 



WTien this occurs the self-induction and capacity exactly neutralise one 
another, and this condition is generally termed “ Resonance ” 

Since m this case the inductance and capacity are in senes, we refer 
to their resonance as po'esswe ^esona/aice'* in contradistinction to 
cuneTit resonamcB, which is used for parallel circuits Using effective 
values of current and pressure, we get 



17 Graphical Representation of an Altemating-current Circuit. 
In Section 16, it was seen how the solution of the differential equation 
can be avoided if we ^tart from the current We shall now see how 
this method leads to a graphical solution A sinusoidal current is 
assumed as given, and we calculate the terminal pressure P From 
eq (28) the momentary valuer of the terminal pressure is . 

rdi [idt , 

Thus the applied pressure p can be split up into three components, 
which are respectively necessary to overcome the ohmic resistance, the 
oouiiter-E.M F. of self-induction and the condenser' pressure When the 

*This frequency is not the natural period of oaoillation of a circuit containing 
considerable resistance, for in this case 

' ‘’“27r \i£7 

Only when the resistance of the oiroiut is negligible is the natural period of 
oscillation equal to the period of supply, when 

1 

^ 2nrs!LG 



EEPEESENTATION OF ALTEEJ^ATING-CUEEENT CIRCUIT 47 


current i is known, each of these three pressures can he calculated. 
In Fig 52, the current curve is drawn 

i — IJ2 sin 

In phase with the current is the curve vr, which represents the pressure 
necessary to overcome, or the pressure consumed by, the ohmic resist- 



Pia 62 — Penodlo Variation of the e.m F.'a In a Circuit. 


ance of the circuit. This curve ir is also a sine wave, since r is 
constant 

The pressure required to counter-balance the back-EMF of self- 
induction e, IS 

P,= -e. = i = + 0 


This curve p,, which must be a sine wave, with sinusoidal current, is 
shewn in Fig 52 leading the current by 90® — whilst the counter-K M F 
e, (not shewn) lags 90" behind the current 
The pressure p^ required to charge the condenser is 



tdt_Ij2 
0 " 0)0 


sin 



Thus the curve p„ is also sinusoidal and lags 90" behind the current 
By summing up the three sine curves i?, p^ and p^ we get the 
resultant sine curve p, which leads the current curve i by the angle 
(Fig 52). Thus the curve p represents the pressure applied to, or 
consumed by, the circmt 

Now, since sinusoidal quantities can be represented by vectors, it is 
possible to represent the phenomena in an alternating-current circuit 
graphically (see Fig 63) The current vector I is drawn at an angle 
^ to the ordinate-axis, which is taken to represent the applied pressure 
P Since the diagram is taken as rotating right-handedly, and the 
current is lagging behind the pressure P, the angle 4> falls to the left 
of the ordinate-axis. The pressure /r consumed hy r is in phase with 
7, and must therefore be set off along VI. The vector representing the 


I 
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pressure required to overcome the self-induction is given by 

iaLI = 27rcLI = a*,/ 

and leads the current by 90“ x, is called the inductive reactance of the 
circuit It has the dimension of an ohmic resistance, and may therefore 

be measured in ohms 

When L is given in henrys 
and c in cycles per second, x, is 
obtained directly in ohms 

= (31) 

Then Ix, is set off 90“ in advance 
of 7 

The vector representing the 
pressure used to charge the 



condenser is 


— and 


lags 90“ 


behind the current Owpodty 
Reactance is analogous to in- 
ductive reactance and is defined 


-Gaoiuetiio Addition of Pressures iu a 
Circuit 


as 




1 

(oC ^TTCCf 

This IS measured in ohms when c is given in cycles per second and C 
in farads. The capacity pressure is set off 90“ behind 7, ie 

in the opposite direction to Ix,» From this we see that inductance and 
capacity act directly against one another, and give the resultant 
component Ix=I{x,-x,) 

or x=x,-x^ = (aL-^ . , (32) 

X is called the lesultmt reactance or simply the leadance of the circuit 

x,’-=x^y then a; = 0 

and resonance occurs In this case the current depends only upon the 
resistance ^ in the circuit and the angle ^ is zero, that is, the current i 
is in phase with the pressure p 

Eetoning to the general case, we see that the vectors 7? and Ix 
combine to form the resultant P (see Fig. 53) along the ordinate-axis, 
at angle </> to 7 

Thus (77)2 + (7a;)a-pa 

P P 

or 7= 


where = la called 

the circuit, whilst 

and 


s/92 

the 


tan ^ 


(29a) 

or apparent resistance of 
(29/0 


cos </> = ; = power factor. 
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When P, 'i and given, I can be at once found by 

dra\ving a semicircle on as diameter, setting off the angle <jt and 
dividing the intercept of 01 on the circle by ? 

As a rule, the applied pressure P is split up into the two components 
7? and Ix at nght angles to one another h is called the resistaTice 
pi essui e and Ix the n eactaiice pi essw e. The effective value of e, is - lx, 
and is called the cmmtei-E MF of self -viiductwii ^ similarly 

- 77 = counter-E M F of resistance, 

-7r,= „ „ inductance, 

„ „ capacity, 

and -Is— „ „ impedance (or total counter-E M.F.). 

From the diagram in Fig 54 — due to Bedell mid CieJme — may be 
seen how the current is affected when the constants r and x==x,-Xg 
are altered, whilst the pressure F is kept constant. From the pressure 
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triangle of Fig 63, the two similar triangles OBC and ABO can be 
deduced by dividing each side of the piesaure triangle by 7 in the 
one case and by r in the other Thus 

62^-, uB^i, 00=-, 

X* 7 

Jr — Ix 

AB = - and 

X 7 

Hence the current 7 is represented by the vector OB, If x is constant 
and 7 vaned, the point B moves over the semicircle on OA — from 
to ^ as 7 decreases from oo to 0 , that is, on the line ABC the point 
A IS fixed so long as a: is constant, whilst the point C moves on the 
ordinate axis when 7 is vaned , thus the phase displacement cj) 
changes from 0 to 90° 
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For aj positive, OA falls to the left, and for x negative to the nght 
oiOU ^ 

If ? is kept constant and x varied from zero to + co and from - oo 
back again to zero, then B moves on the circle on OG — starting from 0^ 
passing through 0 and coming hack to 0 

When aj=0 and r constant, I has its maximum equal to 00^ and 
the two pressure curves and (Fig. 52) have the same amplitude 
A curve which represents the vanation of one magnitude as a 
function of a second is generally called a dmg^ami of the first quantity , 
thus Fig 54 is a ament dtagiam. 


18. Examples. 

1. Given the terminal pressure P apphed to a circuit possessing ^ 
resistance, self-induction and capacity of the following values, in senes 
with one another, 

P = 100 volts , ? = 20 ohms , 

Z = 0 1 59 henry , 60 microfarads. 

To determine and to shew graphically the current /, the phase 
displacement 4^ and the pressures and across the condenser and 
impedance + respectively as functions of the frequency c 

At a frequency of 50, 

£C^ =, = 2ir50 x 0 1 59 = 50 ohms 


and 


^ _ 1x100 

“’'’“2«C?"27r60x50 


= 63-8 ohms 


Hence x — x^--x^=^ - 13'8 ohms, and the total impedance m this case is 
= 13 82 = 24 15 ohms, 

whence the current I is 

tan<^ = *= — -0'64 and <^= -32*40', 

= /3-„ = 4 15 X 63 8 = 264 volts 


The impedance is 

= n/202 + 502 =, 53 8 ohms, 
l 5 r, = 4 16 X 63 8 = 223 5 volts 

In this way, J, P^ and P^, are calculated for different frequencies, 
and are shewn plotted in Fig. 66 

The total reactance of the circuit is zero when the frequency c is 

c = — ^ - =66-5 

2irViC' 2 W 0 159x60x 10-“ 
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At this frequency <^ = 0 and / is a maximum. The pressures 
and nse until the frequency has approximately this value, and then 
fall off Poaax occurs somewhat before and P„niax (and P*,inax) somewhat 
after the frequency corresponding to maximum current. 

2 Let the terminal pressure, resistance and capacity remain the same 
as in 1, and the frequency be kept constant at 50 whilst the reactance 
is vaned Fig 66 shews the current J, the phase displacement 
and the pressures P^ and P„ as functions of x,. 

Ama _ _ 




JOl Ut o/jm 


Fig. m 


When a;, = a;o=63 8 ohms the current reaches its maximum value, 
which is the same as in 1, whilst <^ = 0 In this case P^^^ and P^^^ 
both occur at this same value 

3 r 18 varied whilst P, L and C have the same values as m 1 and 
c — 60 By means of Fig 54, the current I and phase displacement ^ 
can be found for different values of ? These are shewn plotted in 
Fig 57 

19 Resolution of the Ourrent into Watt and Wattless Components. 
Instead of resolving the pressure P into two components, the current 1 
may be resolved into two components along co-ordinate axes, one of 
which IS in phase with the pressure P 


= "^^^^^cos ^tan"i0 sin ii\t - sin ^tan“i^j cos wfj 
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For the sake of simplicity, we write 


= g= cmvdvdance of tlie ai amt 


(33) 


X X 

and ^ = bibsceptaim of the cii m%t (34) 

Conductance and sueceptance have the reciprocal dimensions of a 
resistance and are measured in mhos. 

Thus we can write the current i=iJ2P{gmi cos a>^), that is, the 
current vector OB in Figs 53 and 54 is represented by two components 
Pg and Ph From Fig 58, we see 

tan 6 = -, 

9 

and further, I = = Py^ 

1 ' 

where ^ = admittance of the ciraiat (35) 


F 


Py 


Pb ^ 

Fio 68 — Oiirrent-trlangle Fia 69 — Ciureut triangle 

Rotating Fig. 58 in a clockwise direction through the angle we get 
Fig 59, which IS analogous to Fig 53. 

If it is required that the current in a circuit shall remain constant 
whilst g and h are varied, the pressure must be correspondingly altered 
both in phase and magnitude 

From Fig 60 (analogous to Fig, 54) the pressure P—OB can at once 
be found If h is constant and g varied, the point B will move over 

the semi-circle described on OA, where OA = When I is positive, 

A falls to the right of 0^ and to the left when b _i^uegative. If g is 
kept constant and h altered, the circle described on OC is the locus of B 
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Of the two current components Pg and only the component Pg, 
which IS in phase vnth the pressure, does work. Consequently Pg 
IS called the imtt comjyoQieQit of the (mrmt, or, simply, the watt cim'ent 
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The power is then written 

JV^P.Pg^P^g, . .. (36) 

The second component Ph of the current is called the wattles6 
component of the aimmt^ or, briefly, the wattless cm'ient 

On p 62 we saw that the momentary value of the current equals the 
algebraic sum of the momentary values of the two current components 
From the foregoing, we now see that the efiective value of the cuirent 
equals the geometrical sum of the effective values of the watt and 
wattless components of the current 
Hence, in general, for any circuit containing constant reactances 
and energy-consuming apparatus (resistances), the impressed sine wave 
K M F can always be resolved into two components, viz into the watt 
compoQient h which is in phase with the current, and the wattless 
componmt Ix which leads the current by 90°. 

Similarly, the current can be split up into the watt componmt Pg in 
phase with the pressure, and the wattless component Ph which lags 90“ 
behind the pressure 

' Thus the constants of a circuit can be wntten 

watt component of pressure _ g 
current g'^ + 

= effective resistance in ohms, 


(37) 
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wattless component of pressure _ __ h 
cuiTent ” 

^effective reactance m ohms, .(38) 

watt component of current _ __ ? 

pressure + 

= effectim condvda/nce in mhos, 

wattless component of current _ ^ _ a? 

pressure ~ 7^ + x'^ 

= effeckm misc&ptance in mhos, 


pressure 

current 


;e;=V?’2 + fl;^ = 


= effective im/pedance in ohms, 


current _ _ 1 _1 

pressure ” ” ^J 1 ^ + x^ ” « 

= effective admittance in mhos. 

When several resistances and reactances are in series, it is simplest to 
use ?, X and 5?, for in this case the corresponding pressure components 
can be added directly 

On the contrary, when we are deahiig with parallel circuits, it is 
more convenient to use h and y, since the current components can 
then be added in accordance with Kirchhoff's First Law. 
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ANALYTIC AND GRAPHIC METHODS. 

20 The Symboho Method 21 Rotation of the Co-ordinate Axes 22 Inver- 
sion 23 Craphio Representation of the Losses in the Inipedanoe in a 
Ciioiut 24 Giuphio Representation of the Useful Power m the 
Impedanoe in a Cu-ouit 25 Graphic Representation of Bffioieuoy 

20, The Symbolic Method. Let the instant of tune ^ = 0 be chosen 
ao that the current vector I coincides with the positive direction of 
the ordinate axis We then get the vector 
diagram shewn in Fig 61 If all real values 
are set off along the positive direction of the 
ordinate axis and all imaginary values along 
the negative direction of the abscissa axis, 
we gei^as already shewn — a system of co 
ordinates similar to that generally used in 
Mathematics, when the Tatter system is 
rotated through 90". 

The E.MF vector P is given by the co- 
ordinates Ii and Ix of the point A, or, 
symbolically 

P^Ir-3lx = I{r-jx) 

In order to investigate the meaning of this 
expression for the general case, where I also 
IS complex, we consider the product of the two complex quantities 

/ = / cos ^2 - jl sin <^2 = /(cos <^2 - j Bin 
and s = ? —jx = 2 (cos -j sin <ji>) = 

The product of I and z is 

/3r= /5f{cos(<^2 + sm((^2 + </^)} 

This product is represented by a vectoi which leads the current 
vector by the angle and has an absolute magnitude equal to the 
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product of the absolute values of the two complex quantities This 
vector coincides with the pressure vector , hence we can write for the 
symbolic expression of the pressure 

P = (39) 

where the symbolic expression of the impedance z is 

z = r-‘jx ... . (40) 

Conversely, the symbolic expression of the current I is * 



It IS now possible to carry out all the operations of calculation with 
these symbolic expressions in the same way as with real quantities, 
and when the calculation is finished, the complex quantities are simply 
substituted for the symbolic 

The complex expressions can then be changed into the real 
expressions of the momentary values We have above : 

and P = 72 = 

Then the corresponding momentary values are 

^ = 7max sin {tot + <^ 3 ) = J2I sin {<ot + (l>^) 
and p = Pjoax sin (a>i + <^3 + 0) = J2P sin {<ot + + <^>). 

While the momentary values show directly the amplitude, frequency 
and phase of a current, the complex quantities only show amphtude 
and phase, and no more represent the fiequency than the graphical 
method It is therefore evident that no chied mathematical relation 
can exist between the momentary values and the complex expressions 
The symbolic expression 

P = Iz^I{i -jx) 

shows that the pressure can be analysed into two components, h in 
phase ivith the current and Ix leading it by 90“ 

The negative sign in 2 ; = ? is due to the fact that the figure has 
been rotated in a clockwise direction — if the sense of rotation were 
reversed, the minus sign would then become plus 

Instead of calculating symbolically, we might also proceed graphically 
Like the representation of complex quantities, the graphic represented 
tion IS also a purely symbolic method, in which the vectors can be 
added, multiplied, or divided Up to this stage, we have only used 
vectors to denote current and pressure In order, however, to carry 
out all operations graphically, it is also desirable to repres^ impedance 
and admittance by vectors In Fig 62, the vector 00, with the 
ordinate ?, and abscissa x, represents the impedance 

Z = Q -jx 
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If now the curieut is given by the vector UB^ the pressure vector OA 
will be found by turning the current vector through angle and at 
the same time increasing it in the ratio s If we set off OD equal to 

umty, the two tnangles OGD 
and OAB will be similar, so 
that the pressure vector can 
be regarded as formed from 
the current vector, in the same 
way as the impedance vector s 
IS formed from unity 
Further, assume the current 
I to vary after some definite 
law Graphically this means 
that the locus of the extremity 
B of the current vector OB is 
this line be the curve K m 
Fig 62. Then the pressuie vector P = lz must also obey some 
definite law The locus of the extremity of this vector OA will be 
a curve which is found by multiplying all vectors of curve K 
by the constant impedance z = The curve K-^ must be similar 

to the curve for this graphical multiplication can be considered 
as effected by the curve K being moved through the angle 
about the origin 0, whereby curve K' is obtained, and then all 
the vectors of IC are increased in the ratio z By this process, a 
point B on curve K becomes point A on curve For any two 
such corresponding points as A and B^ the tnangle OAB must have 

OA 

the same shape, since the angle B0A = <i> and = ^ constants 

Hence the curve K. can be regarded as being traced out by the angle 
at A of the triangle A OB, whilst the latter moves about 0, without 
change of shape, and with its third angle B always on the curv'^e K 
If the curve K is formed from a system of straight lines and circular 
arcs, its corresponding curve admits of a veiy simple geometrical 
construction. 

To multiply a straight line we multiply a point on the same, but 
keep the angle constant which the vector from this point to the ongm 
makes with the straight line A circle is multiplied by multiplying 
its centre and the radius, or its centre and any point on the 

circumference 

Let the moment of time ^ = 0 be so chosen that the pressure F = OA 
falls on the positive direction of the ordinate axis (Fig 63) Then 
we can write symbolically ^ 

I=Fy = Fg+jFh . (39a) 

and y = g+jk • • • (^1) 

in which expression the current is given in terms of two rectangular 
components, one of which is in phase with, and the other at 90“ to, 
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the pressure Fig. 64 shews that the current vector is formed from 
the pressure vector in the same way as the admittance y is formed 
from unity Whilst the extremity of the pressure vector moves over 
the curve K (chosen a circle in this case), the extremity of the current 
vector describes the circle In Figs 62 and 64 it has been tacitly 



0 
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assumed, that P, J, z and y are all drawn to the same scale, — that is to 
say, 1 volt, 1 ampere, 1 ohm and 1 mho are all represented by the 
same length, e.g 1 mm— for only m this case are the tnangles OCD 
and OB A similar 

In graphic mdtiphcationy rt is to he noted that the notation of the 
multiplied vectai must he clockmse m cov/nier-clochwise^ accmding as the 
argument of the second factw is negative 07 positive, 

21. Eotation of the Oo-ordmate Axes It follows directly that 
in Fig 62 the curve K -^ — which represents the pressure Pj acting at 
the terminals of a constant impedance — and is similar 

to the curve AT of the current vector I — can be obtained by graphic 
multiphcation At the instant ^ = 0, the current and pressure vectors 
coincide, but are otherwise chosen independently of one another The 
scale of the pressure curve depends on that of the current curve K 
and of the impedance If the impedance scale is chosen so that 
1 cm=; 2 fi ohms, the vectors representing the pressure P^ will be of the 
same length as those representing the current The pressure curve 
IS then obtained by simply rotating the current curve K through 

the angle <^j^ = tan"^^ in a clockwise dmection 

Instead of revolving the vectors, the co-ordinate axes can be moved 
through the angle in a counter-clockwise direction If the current 
curve IS drawn so that 1 c,m = m amperes, this same curve, with 
respect to the new axes, will serve as the pressure cuive to the 
scale I cm = volts 

Rotating the co-ordinate system means that zero time for the 
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pressures occurs ^ T secouds earlier than that for the currents This 
process is shewn in Fig 66. 

Consider now, the special case of a constant terminal pressure P 
acting on the circuit, in which the current I is represented by the 
curve K Set off the terminal pressure P along the real current axis 
The pressure Py = Izy consumed in the line impedance is represented 
by the current curve K with respect to the new co-ordinate axes To 
obtain the diiection and scale of the new real axis (or the pressure 
axis), we draw the current vector for the case when the load is 
short-circuited, and the only impedance in the circuit is Zy This 
IS called the shmt-dicuit cwieiit, and is expressed by 


/x=- = -e^*, 

Zy Zy 


and has thus the direction of the real (or pressure) axis m the rotated 
co-ordinate system. 

Now, wo have just seen that 1 cm represents times as many volts 
m the new co-orduiate system as amperes in the onginal system 

Hence, if is set off m the 
original system, this same vec- 
tor will represent the terminal 
pressure P in the new system 
both in magnitude and direction. 
This direction coincides with 
that of the real axis of the new 
system, since we have taken the 
terminal pressure as real, i e. as 
having no component along the 
ima^ary axis 

Tne load pressure P^ which 
remains after subtracting the 
pressure Py consumed in the 
impedance Zy from the supplied 
pressure P is 

and IS thus given in the new 
co-ordinate system by the distance of a point A on the curve K fiom 
the short-circuit point P^ (see Fig 65) In other words, the curve K 
in the new system is the locus of the apex of the pressure triangle, 
whose two base angles are situated at the origin 0 and the short- 
circuit point Pa respectively 

In many cases it is advantageous to take the opposite dii action 
of the vectors as positive in the new system of co-ordinates This 
IS effected by rotating the co-ordinate system through the angle 

-1-180° in a counterclockwise direction, and removing the ongin 
to the short-circuit point (Fig 66) Such a diagram is known 
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as a Upolwi diagram— 6^ is the pole for currents and the pole for 
pressures 

In Fjg 64 It was seen how the current curve ATj — similar to the 
given pressure curve K — could be formed by multiplying the latter 
by a constant adimttance 
= Here also it 

IS not necessary to draw a 
new curve, if we rotate 
the co-ordinate system as 
above The axes of the new 
system are moved through 

the angle = tan"^-^ m 
9 \ 

the direction m which the 
figure rotates, whilst the 
current scale in the new 
system is 1 Q,m=y^m am- 
peres, where 1 cm = m volts 
m the original system 
An important case is the 
determination of the press- 
ure curve JTof the supplied 

pressure P when the current / is to be constant at all loads. Let K 
be such a curve in Fig 67. Apart from other conductors which may 
be present, let there be a path of constant admittance For the time 
being, suppose all other paths except to bo out out of circuit The 

pressure necessary to produce the 
constant current I would then be 

Po=-=-6~^’ 

“ vi y\ 

be called 




can 


the 'no-load 
pressure, and coincides with the 
axis of real values in the new 
system Moreover, since a dis- 
tance represents times as 
many amperes in the new system 
as volts in the original, the no- 
load pressure vector P^ in the 
original system gives the mag- 
mtude and direction of the 
constant cunent I in the new 
system. 

T\Tien the other branches are in circuit, the current in them is • 


\imaff uahiBs 


Pin 67 




i> 


and 18 represented m the new system by the distance of the point A 
on the curve K from the no-load point (see Fig 67) Hence the 
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pressure curve is the locus in the new system of the apex of the 
current tnangle, whose two base angles are at the origin 0 and the no- 
load point Fq respectively. 

By displacing the origin of the new system to the no-load point Fq 
and turning it through 180°, we get the bipolar diagram she^vn in 
Fig. 68, where 0 is the pole of piessures and Fq of currents 



22. l^ersion. In Fig 69 the vector 00 represents the impedance 
z, and OF the con’Gspondmg admittance y = llz They both make the 
same angle <!> with the ordinate axis In this method of lepiesmtation^ 
resistance and <miduet(mce are set off along the ordinate m leal oms^ and 
reactance and susce])tance along the ahscissa ofi' vmagvnaiy axis The two 

triangles ODC and OEDaie 
similar when z and y are 
drawn to the same scale 
If we set off OE' = OE along 
the impedance vector 0(7, 
then, between the points 
E\ which IS the image of 
E in respect to the ordinate 
axis, and C theie exists the 
simple relation, 

W 0W = z 

Two such points are called 
iiweise points with respect 
to the origin 0, which is 
called the centi e of inv&i'Sfum 
In genial, if t’^^ curves K and are such that the product of the 
lengths OA and OA-^ cut from a straight line passing through a fixed 
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point 0 IS constant, le OA . const =1, the one curve is said 
to be the inverse curve of the othei, whilst I is called the constant of 
mvcfisum and 0 is the inversion centre A and A^ are called corresponding 
points The inverse curve of a straight line is a circle passing through 
the centre of inversion (Fig 70) 

Proof Since triangle OA-^B^ is similar to tnangle DBA, 
then OA-^ OB^ = OB OA ^ 

thus, for any hue OA^ 

OA OA^^OB 0B^ = 1 

Conversely, the inverse curve of a circle which passes through the centre 
of inversion is a straight line 



inverse curve of a circle, which does not pass through the centre 
of inversion, is a circle (Pig 71), and the centre of inversion is 
similarly situated in respect to each of the circles 

Proof 0D^.0B=0B^-0D 

or OD 0D^ = 0B.0B^ = 0A OA^^l. 

If both circles coincide, so that the circle is its own inverse curve, 
then the constant of inversion is 1 = 0-^2 

The theorem is equally true when the point 0 falls \vithin a circle, 
for the proof is quite independent of the position of 0 The point 0 
then falls mside the inverse circle also 

It may be noted that when the point A moves along the curve K in 
a certain sense, the point on curve corresponding to A on curve 
K will move in the opposite sense 

If the two curves cut or touch at point A, the inverse curves will 
also out or touch at the corresponding point A^ 

If the two curves cut one another at -4 at a certain angle, the inverse 
curves will also cut at the same angle at A-^ In order to shew how 
inversion may be applied to the solution of alternating-current pi'oblems, 
consider a circuit along which a constant alternating-current 1 is flow- 
ing, the terminal pressure P must then be varied as the circuit constants 
are varied, and the end A of the pressure vector OA ^vlll describe 
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some curve K (Fig 72) The abscissa of any point on the ciiive 
represents the wattless component and the ordinate the watt component 
of the corresponding B M h\ 

Since the shape of the curve is ind^eiident of the current-strength 
and also holds for 7=1, the vector OA will also represent the imped- 
ance to another scale. With symbolic representation the impedance 

z = T -jx = 5? (cos </) sm </)) = ze 

IS ^ven by a radius-vector of length z making angle -</> with the 
real axis. Since yz—\ the curve iT,, over which the end A-^ of the 
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admittance vectoi* y moves, is given by inverting the curv^e K over 
which the end A of the impedance vector z moves 
b X 

From the relation - = - it follows also that the two radii- vectores 
ff » 

y and z have the same direction, when conductance is set off along the 
ordinate and susceptance along the abscissa (see Fig 72) If the radii- 
vectorea of the admittance curve are multiplied by a constant pressure 
P, the vectors ^Aj will give the current m the circuit to a certain 
scale The ordinates then represent watt currents and the abscissae 
wattless currents The admittance y, corresponding to the impedance 
is II 




Hence, the admittance vector y will he in quadrant I when r:; lies in 
quadrant IV and vice versa — or, if z lies in quadrant III then y lies 
in quadrant II and vice versa Thus we see that the vector y cannot 
coincide with the vector z if the same system of co-ordinates is used 
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K 




for admittance and current vectors as for impedance and pressure 
vectors 

The direction of the j^-vector is the image of the ^i-vector with 
lespect to the ordinate axis Hence, if we wish to apply graphical 
inversion to alternating-currents, we must in evmy case ^shtute tlie 
inmse mw (obtained by inversion of the curve K) by its mage K\ 
mth reject to the ordinate am 

In practice, however, the process of inversion can be simplified as 
follows If the admittance or current curve of a circuit is desired, 
and we wish to derive the same 
by a smgle inversion of the im- 
pedance curve, then, instead of 
drawing the impedance curve 
itself, we draw its image with 
respect to the ordinate axis, the 
desired admittance or current 
curve IS then obtained directly 
by inverting this image 

The process can be best illus- (korenJt 

trated by an example Given a 
simple circuit with constant react- 
ance a; in senes with a variable 
resistance r. The impedance curve I 

is then a straight line K parallel Pia rs 

to the ordinate axis and displaced 

from the same by a distance x (Fig 73) The image of this straight 
line about the ordinate axis is iT'. The inverse curve of the straight 

line K' is the circle Z". of diameter - This circle, whose centre lies on 

the abscissa axis, is then the admittance cuiwe, and when all vectors 
are multiplied by the pressure P, we get the current curve This 
agrees with that in Fig 54, but has been obtained in another way , 

p 

both circles have the same diameter — 

X 

Similarly the impedance or E m F, curve can be constructed by a 
single inversion of the image K* of the admittance curve K For 
a circuit with constant susceptance h in parallel with a variable conduct- 
ance g, the curves K and K' are straight lines parallel to the ordinate 
axis (Fig 74). The inverse curve Zj, representing the impedance 

curve, is a circle of diameter L whose centre lies on the abscissa axis 

0 

By multiplying all the vectors by /, the same pressure diagram is 
obtained as in Fig 60, for both circles have the same diameter 

0 

It often happens that two inversions must be made in order to 
obtain a desired diagram 

In this case it is not necessary to draw the image of the inverted 
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curve, for if the first curve lies in quadrant IV the inverted curve 
vnll lie in I., and the curve obtained after the second inversion will 
fall again in quadrant IV Hence, since both the curve from which 

we start and the curve we 




obtain he lu the same quadrant, 
it 18 more convenient to carry 
out all the operations in the one 
quadrant, whereby the figures 
are also clearer 

In general, therefore we pro- 
ceed as follows Accmdtng as 
m even at an odd nmiber of 
mv&istons must he camjed out m 
order to obtain a paiitmlar 
diagi'am^ U is desiroMe to stait 
from tJie actual diagram, or ti-s 
image. 

Of the two curves which 


represent the impedance and 
admittance of a circuit by polar co-ordinates, the one is always the 
inverse of the other. The constant of inversion I depends on the 
scales for y and z 

Since the ratio of inversion is a function of *the scales, after drawing 
the first magnitude to a convement scale it is possible to choose the 
constant of inversion I so that the inverse figure will also be drawn 
to a suitable scale. This is illustrated by the following example 
In Fig. 72 let the admittance y be set off so that 1 cm = w mhos 
Then, if we vnsh to have the scale of the impedance z such that 1 cm 

equals n ohms, we get 
^ mhos. 


z==n OA ohms. 


Then yz=mriOA^ 0A = 1. 

Hence, the constant of inversion is 

l=OA 0l,=— (42) 

^ m/ri ' ' 

If Fig 72 IS drawn for currents and pressures to the scales 1 cm 
= m amps —7i volts, and /q and Fq denote the corresponding constants 
of the circuit, we have 

I=m, 0A^==F^y amperes 
and F=n, 0 A=IqZ volts, 

whence mOA OA-^ = I^FQyz=I^P^, 

and the constant of inversion is 

l = 02.0A,J-^ (42«) 

1 mm. ' ' 
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f Before leaving inversion, the following theorem may be mentioned 
If we hme two figmes m which any point and any ciocle of the one 
coire^OThd to a point and a cvi cle of the other, then it is always possible, by 
iTW&ision a/nd Tmltiplication, to convert one system into the other 
From this it follows that, by means of the foregoing methods, every 
locus which IS a straight line or a circle can be deduced from other loci 
which are straight bnes or circles 
Since the inverse of a circle is a 
circle, m carrying out the inver- 
sion of circles, instead of proceeding 
point by point, it is simpler to 
calculate the co-ordinates of the 
centre and the radius of the new 
circle 

Example Given a circle K of 
radius (Fig 76), the co-ordinates 
of whose centre M are v and /z — to 
calculate the radius R and the 
co-ordinates p! and v of the centre M' of the circle K\ which is to be 
the inverse of K for the constant of inversion I Drawing the common 
tangent OTR to the two circles, we have 




and + - R^ 

By aid of the similar triangles OM'S', OMS and OTM, OT'M', it is easy 


to shew that 


OT^ + 

u:= a=:=l ^ , 


so that the new circle is determined both as regards magnitude and 



position 

Two circles which are formed 
from one another by multipli- 
cation and rotation correspond 
point for point with respect to 
the ongin of the co-ordinate 
axes, for we pass from two 
corresponding points and 
A 2 (Fig 76) of the two circles 
to two other corresponding 
points and -Sg rotating 
the vectors about 0 through 
the same angle a. 
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The locus of the sum of the corresponding vectors of two oorr^ 
spending circles is also a circle For when the circle is formed 
from K-^ by multiplying by a constant h and rotating tli rough a constant 
angle we have, for corresponding vectors, o,^ and ag of these circles, 

Hence, the resultant vector, 

is always proportional to and displaced from it by a constant angle, 
and consequently moves over a circle 

If two circles correspond in respect of two points on their 
circumferences, the locus of the sum of the vectors of corresponding 



In Fig 77 let K-^ and be the two circles and Dg two 
corresponding points If A-^ and are likewise to be corresponding 
points, we shall then have 

*L D^M^A^ = L DjM^A^ = a. 

The point M is obtained by adding OM^ and OMy Setting off 


MA' equal and parallel to M-^A-^y 
A A ff ,, ,, M^qAoz 

then A is the sum of the two points Aj and A^ In the same way, 
D IS the sum of the two points jD^ and where the angle DMA = a. 

The sum of the two circles and is thus the circle X, 
whose radius is ^ 

+ 27?i^2 cos ^5 


where S is the angle between two corresponding radii of the circles 
and Zg 
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23. Graphic Representation of the Losses in the Impedance in a 
Oircuit. If a current I is transmitted over a circuit whose Ime 
impedance is % = i -jx, the energy con- 
sumed thereby is V=Ih, We shall 
now shew how this energy which 
18 dissipated in the form of heat, can 
be represented graphically for the case 
when the current diagram is a circle 
Let /* and v be the co-ordinates of the 
centre of a circle whose radius is By and 
tt and V the co-ordmates of a point on 
the circle (Fig 78) The equation of 
the circle is 

(u - /u)2 + (v - I/)2 = 

or 

m 2 4- ^2 _ 2ynM — _p2^ 

The heating losses are 

V=jPi 



where, for the sake of brevity, 

p2 

Now V = 0 IS the equation of a straight bne, whilst u and v represent 
the co-ordinates of pomts on it 

The 2 )olaT of the current circle, with respect to the origin Oy has the 

equation 

(jjib + w — = 0 . 

From this, we see that the straight 
line V = 0 IS parallel to the polar 
and bisects the distance between 
it and the ongin Hence the line 

p2 

V = ftM-hi^-^ = Ois called the s&rtii- 

a 

polar of the circle with respect to 
the origin 0 

To construct the semi-polar V = 0, 
draw a circle on OM as diameter, 
where 3f is the centre of the cur rent 
circle (Fig 79). The circle on OM 
cuts the current circle in two points 
which lie on the polar, so that the 
latter can be diawn at once. The semi-polar V = 0 is then the line 
drawn parallel to the polar to bisect the distance OP, 
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For any point on the semi-polar, we have 
V = /iW + V?; - = 0, 


where «, d are the co-ordinates of the point 

For points u, v which do not hd on the semi-polai’, the expression 
for V can be found as follows 

Let the straight line I (Fig 80) have the equation 


u 


V 



Further, p a = h • + b^, 

Hence the equation of the straight line 
/may also be written 

hu + av-p\/a^^ 

A parallel straight line II at distance P 
from the origin has the equation 

hu-\-av- Psja^ + 6 ^ = 0 


For a point on the straight hue J/, 

-1- aVj - = 0 

Hence the equation of the straight line I may also be written 

b(u - u^) ~{-a{v + {P = 0 

Introducing now into the equation of straight line 7, the co-ordiuates 
of a point on straight line 77, we get 

(P 

Returning to the previous case, we see that the linear expression 

fJ.U+W-^=Vy 

A 

for any point u, v in the plane has a value which is proportional to 
the distance of this point from the straight line whose equation is 
obtained when we put the luiear expression of the co-ordinates equal 
to zero The factor of proportionality is + and equals the 
distance of the centre of the circle 31 from the ongin 0 
For any point corresponding to the current 7 on the circle 
(Fig 79), we thus get the loss Fin the impedance, 

V= Ih' =21^^21 ,031 ,A^N, . (43) 

where A-^N is the distance of A^ from the semi-polar. In what follows 
we shall call the semi-polar the loss line. 
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If fclie circle represents the current due to a constant terminal 
pressui*e P, then for the point the total jpow&t W is 

P/ cos = P X ordinate of point 

Until now, it has been assumed that the current scale is unity, so 
that 1 cm corresponds to 1 ampere. If the current scale is 

1 cm = m amps , 

then the loss V is 

watts, (43a) 

and the supplied power W is 

W = Pm X ordinate of point A-^ . 

Heuce the ratio of the scales for loss and power is 

2mrOM 

P ■ 


If the origin 0 lies on the circle, then the loss line V = 0 coincides 
with the tangent at this pomt 0 For the case when the ongm 0 lies 
within the circle, as in l\g 81, the 
pole P of the ongm is found by 
drawing a perpendicular through 0, 
and where this perpendicular cuts 
the circle, drawing tangents to meet 
at P in MO produced The loss hne 
V = 0 then bisects OP at right angles 
as previously Thus, every pomt has 
the same loss line as its pole. 

If the pressure P between two 
points in a circuit is represented by 
a circle diagram and we wish to 
find the loss consumed in a constant 
admittance y=g-{-ifh between these 
two points, we get the same construction as above, for the loss in 
the admittance is jr^p^g 

where P^ can be represented by the distances of points on the circle 
from a loss line V = 0, just as above Hence, for a point on 
the pressure circle whose centre is M, the loss is 

V=2gy=^2gOM A^, ... . (44) 

where 0 is the ongin and A-j!f the distance of the point on the circle 
from the line V = 0 



24. Graphic Eepresentation of the Useful Power in the Impedance 
in a Circuit. With constant terminal pressure P, the power supplied 
to the circuit is 

W=Px watt component of current = P v, 
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where v is the ordinate of the current curve The difference between 
the suppbod power W and the heating losses F, which we shall call 
the useful powm' can also be represented graphically Thus 


where 


V=W-Ih'-Pv-2ry=^ 





Substituting in the same way, 
p 

W = 7 p'« and JV==2iWy 
2? * 


then W = 0 is the equation of the abscissa axis of the system of 
co-ordmatea. Then JF=2r(W-V) 

= 27Wi, 

where Wj = W-V= + ^ =0 


is the equation of a straight line passing through the point of inter- 
section of the loss line with the abscissa axis. 

In general, for any point whose co-ordmates are u and v, the 
expression for has a value proportional to the distance of the point 
{u, v) from the straight line W-^=0, Denoting this distance by 
then , . „ 

-AN 


w. 


Hence the difference between the supplied power IF and the losses 
V is given by the distance of the respective point on the current circle 

from the straight line 




This line = 0 will be denoted 



'' Pi. 

The equation of the power 

f 

line IS obtained by subtracting 
the equation of the circle 

p 

/ 

+ ^ -y=:0 

? 

Y 

from the equation of the cun’eut 


curve 

- 2vv + p“ = 0 

Thus the power line passes 
thiough the intersection of these 
two circles and can be con- 
structed, as m Fig 82, provided 
the current curve and resistance r are known 


Pifj 82. — Hopiesentatlou of Ufloful Powei with 
Impodance iu Series 
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For a point on the current curve, 

+ (*' - !)'• 


w, 


and the power JFj = 2? Wj = 2? MM^ (45) 

or, for the current scale wi, 

watts (46a) 

The points of intersection of the power line with the current circle 
have a definite physical meaning, which we shall now consider. As 
already shewn in Ch II p. 49, the circle about centre with 

p 

radius — would represent the current diagram for the case when only 

the resistance 7 and a vanable reactance x are in the circuit. This 
must hold for the pomts of intersection between power line and 
current curve, for these points he on 
the circle about centre as proved 
At these points, the total supplied 
power IS consumed in the resistance 
7, and the useful power is therefore 
zero One case when this happens is 
when the applied pressure is short- 
circuited through the impedance si 
(short-circuit point), and the other 
case when the load in senes with the 
impedance is is wattless (no-load point) 

The power scales for the diagram 
can be determined as follows Let the 
current curve be drawn to such a scale that 1 cm along the ordinate 
of a point corresponds to watts. Then for a point the supplied 
power (Fig 83) is 

IV = 7 /i „ . = 7n„P-^0 sm [WWj. 

The power line passes through the points where the supplied pressure 
equals the losses. If the point Pj lies on the power hue = 0, we 
have also ^ m,F ^, Bin [WjV], 

where = the scale of the losses. Hence 

_ sin [WWj] 
m„'^ sin[WiV] 

Smce the loss line V = 0 also passes through the points where the 
useful power JV^ equals the supplied power we get for a point P, 



Fia. 83 


(46) 
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where is the scale for the useful power Hence we get the following 
rule for determining the power scales of the diagrtim If kvo jmvcjs aie 
measfiLTed by the p&rpmdiaidm dtstames of a point fiorn the rmespomhng 
straight lines, the scales aie inversely p^opai'tioml to the sum of the angles, 
which the lespechve shaigM lines make wdh the Ime for which the two 
immiied pmms aie eqml Since the perpendicular distance of a point 
from a straight Lne always remaina proportional to the length of the 
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line dmwn at a constant angle to the straight line, the following Rule 
will at once be apparent (see Fig. 84). If koo poivcos aie nwamicd hif 
the distances of a point from the corres^iding skaight hues in the diicHion 
piaiallel to that hmfoi whwh both the measured powois are egml, then the 
two powcfi's will have the same scale. 

Thus m Fig 84, for a point I, 

Jl^EE 

^ PB' 

If the loss does not occur in an impedance in series with the load, 
but, as IS shewn in Fig, 85, in a constant admittiiiico 7 /=//+^/; con- 

^ nected in parallel with the load, 

'• ^ the useful power is 


J I = 

Let the pressure vector P move 
over the circle K in Fig 8G, 
which has the equation 

- 2/i7A - 2w 

and set off the current 1= I along 
the real axis , we can thou write 

Fia Sa—Ropraaentation of Usafnl Powoi with VV'horO -2 

Admltfainoo In Pornllol. V = {Mlt + l/TJ — 

whJst V = 0 18 the equation of the somi-pokr of tho pressure circle 
With respect to the origin, or the bss line 
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Further, jL^; = w, 

^9 

and W = 0 IS the equation of the abscissa axis. 

We now proceed precisely as above, and put 

Wi = W-V= + 

From this we see that with a constant current I the equation 

Wi = 0 

represents a straight line This is the pow&i line of the circuit 

The power line must pass through the points of the circle K for 
which the output is zeio For these points = 0, and consequently 
the whole conductance betweeh the terminals equals g. Now all 
pressure vectors for a circuit with a constant current I and conductance 
g he on the circle drawn about Jlf, with radius 7/2^ in Fig 86 
Hence the power hne = 0 passes through the point of intersection 
of this circle with the pressure circle K. 

For a point on the pressure circle K, 

= A^N=MM^ A^N, 

and the output IF-^ — 'UgMM-^ (47) 

If the points il7, and A-^ are set oflp to the pressure scale 1 cm = volts, 

W^ = 2n^gHM^ ^TAT watts (47a) 

26. Graphic Representation of Eflaciency. Let a straight line 
(Fig 87) from the point P pass through the point of intersection S 
of the three straight lines 
W = 0, W. = 0 and V = 0, 
then for all points on this 
straight line SP the ratios 
between the several powers 
remain constant, which fol- 
lows at once from the 
graphic representation of 
these ratios. 

From this it is seen that 
the efficiency of a circuit 
can be shewn as in Fig 87 
The line EF is drawn 
parallel to the line of 
supplied power W = 0 be- 
tween the power line Wi = 0 and the loss line V = 0 This line EF 
IS then divided into 100 equal parts, as shewn 
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For a point P on the current (or pressure) circle, the percentage 
efficiency i; is given by the point i”, where PS produced cuts EF 
Proof. For every point P on the line SP, we have (Fig. 87) 


Thus 


r JPE’ 

fFT^PF'’ 

W.^^PF'' 


+ W ^ PE' + PF' E'F' 


TF, TF^ 

v%-m^ 


PF' FF 
FF ' EF 


T^Hien the pressure acting on the two terminals of a circuit is altered, 
without altering the circuit constants, the current alters in proportion 
to the pressure, and the ratio between the powers in the several parts 
remains unaltered. 

Hence, the method deduced above for determining the relation 
between two powers in a current-circle diagram holds even when the 
pressure changes its value. In like manner the analogous method is 
applicable for a pressure-circle diagram when the current vanes 



CHAPTER IV 


SERIES CIRCUITS. 

26 Oirouit with two Impedfl,noea m Series. 27. Example I 28. Example II 
29 Several Impedances m Senes. 

26 Circnit with two Impedances in Series As an example of two 
impedances in senes, we have the power transmission line represented 
in Fig. 88. Since this case is one of the simplest and also of consider- 
able practical importance, we shall investigate it fully 



Fig 88 


The pressure which is applied at the supply terminals, is consumed 
by the resistance and reactance of the line and the load at the receiver 
terminals Since the pressure required to overcome- the e m F of self- 
induction of the transmission line leads the current by 90“, whilst the 
pressure consumed by the ohmic resistance of the line is in phase with 
the current, it is obvious that, with constant supply piessure 1\, the 
pressure Po at the receiver terminals depends to a large extent on the 
phase displacement of the load The receiver pressure Pg can be 
resolved into two components, the one Prg, in phase with the current, 
and the other Pcg, leading the current by 90®, where and are the 
constants of the receiver or load circuit Conversely, the cunent I 
can be resolved into two components, one of which is in phase 
with the receiver pressure and the other lags 90“ benmd it. 

Assuming the current / to be given, we can find the receiver 
pressure Pg from its components Ir^ and Ix ^ , similarly we can find 
the pressure drop in the Ime from its components Ix^ Pi is 
the geometrical sum of these two pressures (see Fig 89) Fig 90 
follows at once from Fig 60 


f 
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Since Tj and are constant, tbe pressure ik will be constant so long 
as tbe current remains unchanged Let be kept constant in the 
receiver circuit and ^2 vaned, then extremity P of the vector Pg will 

move over tbe semi-circle on = If ^2 niaintained constant 

and ^3 varied, tbe locus of P is the circle described on dG= — 

9^ 

The assumption of constant current I is of much leas practical 
interest than the case of constant receiver pressure Pg or constant 
supply pressure P^, which we shall now discuss. 



Pins 80 and 00 — Prosemro Diagramfl of Two Clroulta in Bories. 


Since all the vectors in Fig 90 are directly proportional to /, we 
can suppose the diagrams to be drawn for the case /=1 , then the 
vector OF will represent the total impedance ^ in the circuit 
From Fig 89 it is seen that 

,?r = s/(ri+j,)2 + (a;j + 'l!ij)2, 

tan^5 = ?^ = -^j 
' »2 92 



tan<^j = 


ai+a^g 
’i + ’a’ 



s 


, 

N/(»l+r2)‘' + (!Bi + a!2)*’ 


P2 




■Jl + (rj +a^)(^ + JD + 2f^g^ + 2Zyb^ ’ 
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or, by transformation, 


P _ -^1 — P n 

^ s/(l+ + {x^g^ - ^ 


.(48) 


where 

The current is then 

I=Py, = P,J 


+ »'ifl'2 + <hhf + (®i!72 ' 


9\^^l 

(1 + rj^a + + (iri^a " » A)^’ 

and the power at the receiver terminals, 

= -P 2 ^ component of current 

=Plg^ = Pla\ 

If the suaceptance and the supply pressure Pj are constant, the 
power W 2 will have a maximum value The value of for which 
the power in the receiver circuit is a maximtim, is found by 
differentiation , that is, 


or, since the reciprocal of will then be a minimum, we can put 

A. Z' J_\ = A ((1 + ’ iS's + + (^92 - ,, 0 

<^92 Va‘W <^92 ^ 92 J 

92 = ^^9!+(\ + i2y • • ('tS) 

n 

In this case 


dg2 

This occurs when 


A 1 

— = a = 


(50) 


A V2ya(?2«f+ri) 
and the maxim'im powefi' transmitted is 

pa 

^‘'’”“=207as?'+ri)- 

Since, in general, the power transmitted to the receiver circuit can 
bewntten 

and the total supplied power 

W^ = P{ri + r^), 

the effiemey 7] U given hy ’?% = 100-5-%, 

T-i-t-rg 

or, since i? % = 100 — ^ - % , 

l + ii 
^2 

T 

it IS obvious that the efficiency will be a maximum when -l is a 
imuimum. ^2 
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The ratio 

^2 ^3 

has its miuimum value (with constant suseeptance h) when 

9i > 

i.e when — 5g 


Hence the mcmmum effiaency is 


V max /o “ 


100 


100 


92 


(51) 


27. Example I. A load, having constant suseeptance and 
conductance vanable with the load (eg asynchronous motors), is 
fed over a long transmission line, whi^ has both ohmic resistance 




9 ohms 


F- 






Fig 91. 


and self-induction. In order to better illustrate the effect of these 
constants on the receiver pressure they have been chosen larger 
than would be the case in an efficient installation 
We are given (see Fig 91) : 

= 2000 volts ; = 2 0 ohms j 

x^ — 5 0 ohms j ^2 == 

Determine first how the receiver (or load) pressure Pg s^nd the current I 
depend on the load, and secondly, find the efficiency t] and the power- 
factor cos </)^ of the system. 

A simple solution of the problem can be obtained by the graphical 
method of inversion and rotation of the co-ordinate system, whilst at 
the same time we get a clear insight into the worknig of the system 
In Fig 92 the circle is the image of the impedance of the system 
for the case when is vaned The impedance scale is 1 cm = 5 ohms 

Thus OZi=|=^ = 1 076 cm, 

^1111 . 

¥ i- = e ^ cm, 

^ ^ 5 ^2 6 0 05 

The current curve for a constant pressure P, at the supply terminals is, 
as already explained, the inverse curve K of the image K-^ of the 
c^ve representing the total impedance between the supply tenmnals 
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The constant of inversion must now be chosen so that the current curve 
IS drawn to a suitable scale Let 1 cm = 60 amps, tlion for two 
corresponding points Pj and P, which be on the impedance and 
current curves respectively, 


0^1 = 5 ^. 

0P= — I=— — ' 
60 60 z 


12 


, 0/* = 8 = constant of inversion 

In this way the current curve is obtained as circle K with centre 
M Consider the points A and B which lie on this circle The 



vector OA represents the current when 0 ^=^ or 7*2 = 0, that is, 
the current when the receiver terminals arc short-circuited (i c A is 
the short-circuit point). The current represented by OA is theieforo 



The vector OB represents the current when = 0, or 7 g ^ » that is, 
when the load is purely inductive and possesses only the suscoptauce 
(i e i/ IS the no-load point) The no-load current is 



For any load resistance 73, the vector OF gives the cm rent I lioth 
in magnitude and phase displacement 

A c. F 
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The pressure at the receiver terminals is moat simply represented 
by the method given in Section 21, in which we assume a new co- 
ordinate system with origin at A and real axis passin^hrough 0 We 
then choose the pressure scale so that the distance AO represents the 
supply pressure (see Fig 93) 



Fra 98 


Thus /r=— 

whence the pressure scale is 

1 cm = 60~i = 50 . 6 38 = 269 volts. 

For any load point P, the vector AP gives the receiver pressure 
in the new co-ordmate system, whjkb the drop of pressure in the 
line is represented hy the vector PO The pressure drop is given by 
the anthmetical difference of the pnmary and secondary pressures, 

i e. at no-load by A^ -AB = FO, 

on load by AO-AP== FO. 

The increase of pressure-drop from no-load to load is AB-AF=FS\ 
The wattless component of the load current with respect to the 
receiver pressure is Iz,) 

{^S 

Hence the watt component of the load current is 

“ /T7/i = / “ (^JC ^ 

At no-load, and /=/o, 
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whence 0 = /q (Ig - Iq) 

Subtracting this last equation from the previous one, we get 

whilst the wattless component 7,^^ of the load current vanes in mag- 
nitude and direction proportionally to the vector FA, the watt 
component Ijy thus vanes proportionally to the vector 
In the previous chapter, the loss line of the diagram was shewn 
to be given by the semi-polar of the circle K. m respect to the ongin, 
whilst the power line passes through the short^ircuit point A and 
the no-load point F, Accorduigly, the efficiency t] will be represented 
as shewn in Eig 92 

The point on the circle AT, for which the transmitted power is a 
maximum, is given by that point on the circumference of K which is 
at the maximum distance from the power Ime At this point the 
vectors {Ig-I) and (/-/q) are equal in magnitude, hence we must 

/ 1 2 

of ( I +;M i) ^ y ^ 

7^£ 1)2 value of 

The condition for maximum power is therefore 


This IS the same condition as that previously deduced (eq. 49, 
p 79) in another manner 

From the chagram, we can now measure off the several magnitudes 
Pg, 7, 7/ and co8<^^, and plot the same along rectangular co-ordinates 
as functions of the useful power JF^ This is done in Fig 94 
In the above example, we have 

— and = -7^ , 

hence foi maximum power 

fifa = + ih + * 2 )“ = 0 232 mho, 

whence 2(^ 

The maximum efficiency occurs, as shewn above, when 


so that 


g^=b 2 = 0 06 mho, 

100 _100_ 0/ 


As seen from the diagram and curves, for every value of the load 
JF 2 there are two values of Pg* cos<^i. The curves are dra\vn 
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for positive values of the conductance //os i e points on 
circle which lie above the power line For this part of the c 
the transmitted power is positive Points of the current dia^ 
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Pio 94 —Load Ourvefl for Olrculfc In Pig 91 


which lie below the power line correspond to negative values of 
this region the supplied power is negative, le the machines in 
receiver station act as generators The curves for negative va 
of ^2 shewn m Ihg 94, since they possess but little inte 

for us here. 


28. Example II. We now consider a power transmission schc 
in which the line has resistance and inductance, while the power-fa 
cos (j >2 of the receiver circuit remams constant at aU loads For £ 
a system, the formulae deduced on p. 79 con be applied althougl 
this case the variable is not but 
We can write, therefore, 

P P 

1 ^ 1^2 + (^^2 “ ^ 1 ^ 2 )^ 

Pi 

s/( 1 + cos </)2 + «i 2/2 sm <1^2? + </»2 - ^* 12/2 sm 4 

and since I—P^23 

Pj = VfPa + /(^i cos (^>2 + iCj sm <#>2) + I\xi cos <^3 - ^ 1 sm 0 

Prom this we get 

P 2 “ 'n/P^ cos 4^2 ~~ ^'1 ^2}^ ~ 1 4^2 "I" sin 4 ^^» 
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It follows from that equation that the curve of the receiver terminal 
pressure as function of the current is part of an elhpse 
The power in the receiver circuit is 
= PJ[ cos <^2 

= I cos <^2 {V P\ - P{x^ cos (^2 - ^*1 91U 1 COS (f >2 + 

=1% 

__ P\z 2 cos <^2 

■“ (? 1 + 5:2 cos <^ 2 )^ + (ai + sin 
_ P?;3gCOS<fe 

+ 4+ 2^2 (^1 COS 9^2 + Sin <^ 2 ) 

The mcuRimum powei' transmitted occurs when = 0. 

dz^ 

This IB the case when 


+ ®08 <l>2 + iCj sin <^2) -z^{ 2 z^ + 2 (i-^ cos <^3 + sm <^3)} = 0 , 

thus when = ( 52 ) 

that IB, whence the impedstnce of the receiver circuit equals the 
impedance of the transmission hne. 

Substituting this value for z^j we get the following expression for 
the maximum useful power 


T/pr _ -Pi cos <I>Q 

2 *^ 2 (afj - 7 1 008 </)3 + iCi sin <^ 3 )’ 

Assume the same line constants as in previous example 


(63) 


Pj = 2000 volts , == 2 ohms ; iCj = 5 ohms 

For the sake of comparison, we shall develop the diagram for the 
following three cases 


cos <^2 = 0*9, current lagging 
cos = li current in phase, 
cos (j >2 « 0 9, current leading 

111 Fig 96 OAi IS the image of the impedance drawn to the scale 
1 cm = 2 ohms 

Draw the thiee stiaight lines K[, K'{ and A7 through the point 
at angles c^, ^2 and <^2 respectively to the vertical These sti-aight 
lines are the images of the sum of the impedances for the three 

cases under consideration By the inversion of the impedance curves 
AJ, K" and we get the three circles K'y K" and K'", which are the 
current curves of the system The current scale is chosen so that 
1 cm = 76 amps If P^ and P are two corresponding points on the 
impedance curve and curient curve respectively, then 




0P=^I=~ 2000 _ 2000 

75 76 s 76 2 

consequently the constant of m version is OP-^ 0P=lS S, 
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The circles dan be still more simply detenniued if we remeinbor that 
they must all pass through one common short-circuit point A and 
through the origin 0 of the co-ordiuate axes Consequently the 
centres M\ iJ/" and il/"' of the circles must all lie on the line which 
bisects OA at right angles Further, the hues 0M\ and OM*' 
make angles <;/4> s-i^d respectively with the abscissa axis For 



the case = 0 (non-iiiductive load), the cehtre M' falls on the abscissa 
axis The receiver pressure is 

^2 ~ A “ -^^1 ” ^1 ~ ^ ~ “ ■^)f 

whilst the short-circuit current is given by the vector OA For 
a point F on the cuiTent curve, the current (/^ - /) is represented by 
the vector PA When we choose the pressure scale so that the length 
AO^ represents the supply pressure, P-^—2000 volts, then the distance 
AP from the short-cu’cuit pomt A to the respective load point P on 
the current curve gives the receiver pressure It is seen that the 
drop of pressure is greatest for inductive loads. For non-inductive 
loads the pressure drop is not so large, whilst for capacity loads there 
is a pressure nse at small loads, provided 

At no-load, the power-factor cos of the system approaches the 
value co 8 <^ 2 » effect of the line is negligible. As 

the load mcreases, the effect of the line reactance begins to make itself 
felt, and the power-factor cos falls as the inductive or uou-iiiductive 
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load rises Ou the other hand, with capacity load, cos<^i rises until 
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it reaches unity, as the load increases, but falls again when the load is 
further increased 
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Pig OTo.— L oad Cmvea for Unity Powei Factor at Soeondary Terminals 

AJl the circles have the same power line OA with different scales 
The maximum power is obtainecf when the extremity of the current 
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vectoi lies midway between 0 and A on the current curve At this 
pomt the vector of the pressure drop in the line has the same length 
as the vector of the pressure in the receiver circuit ^ thus, 

ie = 

as shown previously by another method 

Each cuneiit curve has its o^vn loss line, which is the tangent to the 
circle at the ongin The efficiency for each kind of load is found in 
the usual way (see Fig 96) 

In Figs 96, 97a, 97b, the curves for /, v and co8(^j, as taken 
from the diagram, are plotted as functions of the load It is seen that 
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the maximum power is greatest for the capacity load and least for the 
inductive Here also, as in Example L, for every load there are two 
corresponding values of each of the respective magnitudes. Of 
these two vdues, that which hes on the full-line curve is the usual 
one — it corresponds to the pomt on the current curve which hes 
between the ongin and the point of maximum power 

Points on the current curve lying below the power line correspond 
to the case when the receiver ciicuit works as generator This part of 
the diagram has not been plotted in the rectangular co-ordinates 

29. Several Impedances in Senes If several impedances, with the 
constants ^ 2 J ^ 3 > connected m senes, 

the resistance of each impedance will require an e M F., component in 
phase with the current, and the reactance an b.m f. component which 
leads the current vector by 90“ 
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To dnve the ouiTent I through the eircmt, a terminal pressure P 
IB required + 

where ^« = ^i + ?*2 + ^8+ ••• = ^('0 

and + aio + aJa + =2(ic) 

The total impedance of a cii cud conmtiTig of sem*al impedances in sei les is 
equal to the geo-met) ic sum of these impedances ^ or, expressed sjnnboli- 

= Sj + jSg + 2*8 + • (54) 

Fig 98 shews the graphical addition of the E M.F ’s necessary to drive 
the current I through the several impedances Since the cuiTent is the 
same throughout the whole circuit, 
the same result would have been I ^ 
obtained by summing up the imped- 
ances of the circuit. 

Assuming that each part of the 
ciicuit IS uniform, i e ? and x are 
uniformly distributed over the re- 
spective portions of the circuit, and 
also that one terminal of the circuit 
has zero potential, then the polygon 
and so on, illustrates 
the distnbution of potential in the 
circuit The potential at any point 
in the circuit is given by the dis- 
tance of the corresponding point P 5 
in the polygon from the ongin, and Fio 98 

the phase displacement of this 

potential from the current I equals the angle which the vector OP 
makes with the ordinate axis The difference of potential between 
two points P-^ and P^ in the circuit equals the distance between the 
two corresponding points on the polygon The straight line PiP^ 
gives this potential difference both in magnitude and direction. 
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PARALLEL OIROUITS. 

f 

30 Ciroiiib with Admittanoea in Parallel 31 Current Jlesonauoe 32 Ecj 
vulenb Impedance of Two Parallel Inipedonoos 



Fig 00 —Circuit wltli Two Admittanoea in PanUlol 


30. Circuit with Admittances in Parallel. We shall now cc 
sider the case in which a pressure p = J2P sin (ot acts at the tennint 
A and B of a compound circuit having two parallel branch 

(Fig 99). We denote t 
curren ts in th ese two branch 
by and /g. These can 
resolved, as shewn abo\ 
into the components I 
and Ph^ By setting ( 
these components, as 
100, we get the currents 
and Jgj hence the 

geometnc sum, the resultai 
current 7^. Let 7, an 
&o be constant^ we can the 
represent what takes plac 
in the cu'cuit when or . 
IS vaned by the diagram m Fig. 101 (cp Fig. If x. is kept coi 
stant, whilst is varied, the locus of will be the semi-circle 
Conversely, when is con- 
stant and vaned, the 
current vector will move over 
circle 0-^BC The semi-circle 
lying to the light of 0^ 
applies to the case when 
18 a capacity-reactance. 

If several admittances 
having the constants 
9^^ ^2 j ^8 j Sind so on, 
are connected in parallel, the 
pressure P applied at the ter- 
minals will send a current 


WaJUUu Qiirent 



Fig 100 —Geometric Addition of Ounents in Two 
Parallel Olroults 
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through each admittance, which can be resolved into a watt com- 
ponent Pg in phase with the pressure and a wattless component Ph 



Pjo 101 — Ouirent Diagi-ani foi Two Parallel On cults 


lagging 90“ behind the pressure Hence the cunent flowing in the whole 

+;&i) + P(.gi + P(ffs +A) + 

=P(gft+A)=Pgt, 

•=2(g), 

it = 6| + fig + ^8 —^(^)> 

whence it follows, that the total admittance of a cDcmt mth several 
admitta/iices coTmected in parallel equals the geometric sum of these admit- 
tances ; or, expressed symbolically, 

yt=yi+yi-^y6+ • 


circuit IS 

1 

where 


31. Zero Susceptance. If two circuits are connected in parallel, 
one of which contains oapaoitv and the other inductance, the current 
in the former will lead and m the latter 
lag 111 respect of the apphed pressure ^ ^ 

Consequently the wattless component 
of the resultant current will be less „ 
than the wattless components of the * 
currents m the branches If the watt- 
less currents in the two branches are , 


^={= 


equal but of opposite sign, the resul- — oiroult for Current Resonauco 

tant current will be in phase with the 

pressure, and the total susceptance will therefore be zero ^ In such a 
case, lesonance is said to prevail in the circuit, and, in distinction to 
pressure resonance — which we have seen (p 46) takes place in senes 
circuits — resonance in parallel circuits is called cwrent i esonance * 

We can wnte the reactance of the two circuits in Fig 102 thus. 


*Ab explained for senes oirouits, tlus condition can only truly be termed 
“ Resonance ” when the resistance of the oscillatory circuit is negligible 
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The condition necessary to give equal and opposite wattless currents in 
the two circuits is r 7 , 


or 








If we draw 0A^=0A,=^h^ = h,m Fig 103, the above condition for 
resonance is fulfilled as soon as the extremity of vector falls on 
the vertical through A^^ and the extremity B, of vector on the 
vertical through A^^ for then the resultant admittance y=0D 
coincides with the ordinate axis The circles on OA'^ and 0A[ are the 
loci of the images of the impedances and z, 



When = we have the same condition for zero susceptance in 
the parallel circuits as for zero impedance in the series circuit (see 
Sect 16) We then get 




‘"0^0 = • • (55) 

When 7 p = /‘^ = 7 j ^ 0, the total susceptance becomes zero in two cases 
Case 1. When 




( 66 ) 


In this case the resultant couductance of the two branches is 


or, since 


= + 


equals double the conductance m one branch. 
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Case 2. When = = = ... (66£&) 

This case is shewn in Fig 104. The resultant conductance of the two 
paths IS here ^ 


Now, since 


= K = 


we get also ^ = ,.A(|_ + i)=rAg+|) 





Pro 104 — Dla^gfram for Zero Suaoeptonoo independent of Frequency 

The resultant resistance between the terminals is therefore 


1 



equal to the resistance in one branch 
This latter example of a circuit with zero susceptance is of special 
interest as the effect is independent of the frequency 


32. Eauivalent Impedance of Two Parallel Impedances. If the 
two impedances and are connected in parallel, and we write 
symbolically . ^ 

[ Vi ^ y2 

then the impedance of the parallel circuit is 

1 

y' 


where 

or 


y=yi+y2 

1 

^1 + 2/2 


« »1 



(67) 
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Tins expression is similar to that for the resultant resistance of two 
ohmic resistances joined lu parallel 

The impedance z can lie determined gi’aphically in a simple manner. 
In Fig. 105, let ^ ^ 


Then OC == + c ;2 “ , 

Make A ODB similai’ to A OAC 

Then = 

OC ^ 

Hence the required impedance z is given by the vector OB. 



Fra 105 — Graphtcal Construction of Equivalent Impeduiioe fur Two PaniUel Impodanoes 


This can also be proved as follows If we write equation (57) in 
the form ^ ^ 




then, for the absolute values, we have 




and for the angles ^ - <^2 = - 4^*9 

or lB0D=^lC0A. 

Prom this we see that the construction of Fig. 106 is correct 

The point D can also be found from the following conatiniction 
(Pig 106) Draw 0M<^ and OM^ perpendicular to the impedances 
^2 and ssj. Determine the points A' and B\ which are respectively 
the images of points A and B with respect to these perpendiculars 
OM^ and OM^ Then we have 

A OAB' similar to A OAB similar to A BOO, 
whence l OAB = l BOO = l DA 0, 

l0BA'=^lB0G=lDB0 

The desired point D therefore lies on the two lines AF and BA' 

1 e, D IS the point where these two bnes cut * 
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For the case when the impedance is altered in amount but not 
in phase — i e its dii ection remains unchanged — the point B moves 
on a straight luie through 0 and B Thus lOBO^lODA remains 



Pig 10(3 — Impediuioe Diagram for Two Parallel Impedanoes. 

constant The point D then moves over a circle described about 
as centre and passing through the points 0, A and A\ Conversely, 
if Zo IS constant and alters in value but not in direction, the points B 
ancf B' remain fixed, whilst the point JD moves over the circle described 
about Mj which passes through 0, B and B\ 
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33, Impedance in Series with Two Parallel Circuits. Having now 
dealt with compound circuits consisting of a number of impedances 
connected respectively in senes and in parallelj we may proceed to the 
more complex case, in which one impedance is in senes with two 
others connected in parallel. 

Almost all the circuits met with in practice may be reduced to such 
a circuit, provided the constants of the circuit ai*e in fact constant 
The case is so generally applicable that it may be termed the Geneial 
JSled't'ic Circuit 


Such a case is met with, for example, when power is transmitted 
over an inductive line to a receiver station, where two admittances are 



joined in parallel Fig 107 shows 
a circuit of this kind, in which 
we have the line impedance 
in senes with two parallel 
branches We may take the case, 
in which the admittance of 
the first branch and also the re- 


” r \ actance of the second branch 

Fra 107-cir^t^^Tm^^nMtnSeri^ remain constant, whilst the load 

resistance r, is varied at will 


The graphical process by which the current curve is obtained for this 
circuit, with constant supply pressure Pi, maybe summansed as follows 
The combined admittance curve of the two parallel branches is first 
obtained (as in Fig 101, p, 91) by graphical addition of the constant 
admittance y„ and the vanable admittance correspondmg to a;« and ^ 
The total impedance of the circuit is now obtained by adding the 
impedance correspondmg to to the combined impedance of the 
two parallel branches, obtained by inversion of the curve of their 
combined admittance 


The third and final step is the inversion of the total impedance 
curve in order to obtain the admittance of the circmt, which multi- 
plied by the constant pressure Pj gives the current curve. This final 
inversion would naturally be unnecessary, if it were required to 
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determine the voltage required to maintain a constant current in 

the circmt i 

This graphical process is analogous to the algebraic calculation witn 
complex quantities, in which we get the combined admittance of the 
paiallel circuits * 1 


and the total impedance of the complete circuit 

1 1 
= + + j 


Hence the total current 


/- A — — 1 


% + - 


1 

— 


The curient diagram (Fig 108) has been drawn for the following 
values «j = 2 -;6 ohms , = Tj -;4: ohms, 

y„ = 0 0033 +j0 02 mho, 

Pj = 1000 volts 



Pio 108 — CoDstruotion of Current Diagram for Circuit In Hg 107 

Take 1 cm = 0 05 mho, and mark off Pj, at a distance = 0 4 cm 
to, the left of 0' and g^ = 0 066 cm above it The vector 0'I>’„ 
represents the admittance y„ Draw = — = 6 cm parallel to 

the abscissa axis, and on it as diameter desonbe the circle K' to repre- 
sent the admittance ya + - By the inversion of the circle K' with 


A C. 


G 
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respect to 0\ vve get the impedance 


1 




- = 

1 1 + !2?q.' 


The impedance scale is 1 cm = 8 ohms, hence the constant of inversion is 


1 = t 

0 05.8 

The inverse circle of K' is K" 


26 


Starting again from point O' and setting off ^^ = 0 625 cm to the 
right and ^ = 0 26 cm downwards, we get the point 0 As 00' repre- 
sents the line impedance is;, , the circle K'\ in respect to point 0^ then 
represents the impedance between the supply terminals If wo now 
wish to have the admittance between the supply terminals to the 
scale 1 cm = 0 025 mho, we must take the inverse of circle K" with 
respect to 0 with the constant of inversion 


I 


1 

8 0 025 


= 6 . 


The inverse of IC is the circle K Since the supply pressure = 1000 
volts, the circle K represents the current 7^ to the scale 1 cm = 0 026 
X 1000 = 26 amps 

The point Pq corresponds to the load = called the 

noAoacl point of the system. The m-locui cuirmt is given hy the 
vector OFq. The point Pg; is tjie slwii-cii cuif point, and correspond^to 
the load ? 2 = ^ shorM emt (ymrent 7^ ^ is given by the vector OPg 

If is the inverse point of the origin O' to the ratio of inversion 5, 

then 00^ corresponds to the oun'ent — l 0^ is thus the short-circuit 

% 

point for the case when the receiver terminals are short-circuited Let 
P be any point on the circle then the vector PO-^ represents a current 

»1 

Hence if we construct a new co-ordinate system with the origin 0^ 
and with the real axis paaaing through 0, and further choose the 
pressure scale so that 0-fi=^P-^ volts, then m this new system 
the vector 0-^P represents the receiver pressure P^ (see Chap III 
Sect 21) In this system of co-ordmates, therefore, the tnangle O^PO 
is the pressure triangle of the installation The pressure drop in the 
transmission line equals the algebraic difference 0^0 - 0,7 At no- 
load, the drop of pressure O-^P^ From no-load to load, therefore, 

the pressure falls 0-^P^ - 




where J„. = /o 


pressure 


IS the no-load current and 
From the diagram, we get 


is the no-load receiver 


\ Oi^o 




Hence, in the original current scale, 


i^=2Epo^p. 

0 P ^ 


For 


To complete the diagram, we draw in the loss and power lines, 
the loss in the impedance we put 

where = 0 is the shortened form of the equation of the loss line (see 
Section 23) This line Vi = 0 is the semi-polar of the ongin 0^ with 
respect to the circle K (Fig 108), and is constructed as pre^uously shewn. 
The loss in the parallel connected admittance is 

‘ _ 

Since Pg ^®re represented by the vector the line for 

the loss 18 the serai-polar of the point 0-^ in respect to the circle 1C 
Writing V„ = 0 for the equation of this straight line, we get 






where is a constant, and the co-ordinates of the point P are 
inserted in the linear expression V„ Similarly, writing the equation of 
the abscissa axis Wj = 0, the equation of the supplied power can be 
written in the form ^ ^ ^ 


where is a constant In this particular case, A-^ is simply equal 
to the supply pressure and Wj is the watt current, or the ordinate 
of the point P, 

The power received by branch 2 of the parallel circuits is 
= 


Since, on the one hand, 

Via = 0 IS i'ii® equation of a straight line passing through the point of 
intersection of and V^ = 0 Thus Vi« = 0 is the resultant loss 

hue of the current diagram 

Since, however, on the other hand, 

then Wg^O is the equation of the useful power line of the circuit. 
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This line W„=0 passes through the point where the resultant loss 
line \/i„ = 0 cuts the abscissa axis Wi = 0 Again, since the powei 
line Wo = 0 passes through the points for which the power in the loarl 
rn IS zero, it is obvious that it passes through the no-load p^“y o 
the shorl^ireuit point and can thus be drawn at once To nna the 
resultant loss line = 0, on the one hand, we have the point of J^^ter- 
seetion of the two loss lines V^ = 0 and Va=0, and, on the other hand, 
the point of intersection of the power line and the abscissa axis, and 
from this follows the construction for the determination of the efficiency 
as shewn in Fig 109 This figure is drawn for the same constants and 
to the same scale as Fig 108 


& 


Pig 100 — Complete Current Difigram 

Since the straight lines Vj = 0, V„=0 and Via=0 must all cut at a 
point, the direction of the straight hne can be found from 

since the ratio of the intercepts of the three lines on any horizontal 
straight line is the same as that of the intercepts on the abscissa axis. 

34 PresBure Itegulation m a Power Transnussion Scheme Until 
now we have always assumed that the pressure at the supply terminals 
was mamtained constant, and have determined the pressure at the 
receiver teminals for various loads In practice, it is often required 
to maintain a constant receiver pressure. This can be accomplished 
by suitable regulation of the supply pressure If, by way of example, 
it is required to maintain a constant receiver pressure P^ at the end of 
a transmission line of impedance then the pressure" at the supply 
terminals must be P — P * r 

* 1 — -^2 . 1^1 

We may take, ky way of example, the case in which the load current 
A = Pzig +;i) IB given by the curve jf m Rg 1 10 
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This curve K to another scale also represents the admittance curve 
of the load due to the constant receiver pressure ‘'^tiich is set olf 
along the ordinate axis. 


Since 


we get 




This IS the short-circuit current in the line under pressure P^ If 
ace the origin to 0^ by making 


we 


0A = pJ^ and AOi^P^"^ 

p 

then the current ~ + /i is given by the vector Oit 


Hence, if we 



Fin no — Pi-oasure Regulation of a Transmission Line 


choose the pressure scale so that the line 0-fi equals the constant 
receiver pressure the line O^P will give the supply pressure Pj 
corresponding to the current vector I-^ = 0P The rise of pressure is 
thus BP 

The supply pressure leads the receiver pressure Pg by the angle 
6^ whilst the current lags behind the receiver pressure Pg by the 
angle <^2 Hence the phase displacement at the supply terminals is 
= If we draw a circle to pass through 0 and 0-^^ and with 

its centre on the abscissa axis, then 

lP,J0C=6 and LP0C={cji^+ d) = <l>^ 

We will now determine graphically the loss and efficiency of the 
transmission bne for the usual case, in which the current curve is re- 
presented by the circle Z" as in Fig 111, 'With the receiver pressure Pg 
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The loss m the hue is 

and IS represented as before by the loss line Vj = 0, the aemi-polar of 
the circle K with respect to the origin 0 
The power given to the receiver circuit is 

where u and d are the co-ordinates of a point F on the circle K The 
power line Wj, = 0 is therefore the abscissa-axis m this case 
The supplied power is 



Since the equation of the circle is 

( M -/*)2 4 -(«- v )2 = i 22 

or + + p\ 

we get for the supplied power 

^\ = P^v+ -f- 27 ^vv - Wj , 

where = 0 is the shortened equation of the power hue 
If now a IS the angle this line makes with the abscissa axis, we have 
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Since the line Wj = 0 mast further pass through the intersection 
of the loss hne with the abscissa axis, it can at onoe be c onatru cted 
(Fig. Ill) The power line is peipendicular to the line A 

circle described about as centre ’^tb radius ^ must pass through 

the short-circuit point 0 -^ , and the power lino = 0 and this new 
circle cut the circle K in the same points. 

To obtain the efficiency of the system at any pomt P on the current 
curve, we now proceed as follows 

Draw a line 0-100 parallel to the power Ime W]^ = 0 between the 
loss line and the power line Wg = 0 , join PS and produce to cut this 
line Marking off the line 0-100 into ten parts to represent 10%, 
20 %, up to 100 % efficiency, the efficiency at the point P may be read 
off directly at the pomt where this efficiency hne is out by PS produced 

36. Compounding of a Power Transmission Scheme. From Fig 110 
it IS seen that the pressure-nse P-^ - P^ only depends on the magnitude 
and direction of the current vector /j, and that Pi, and consequently 



Fia 119 -—Compounding of a TmnsralsHion Line 


Pi - 7^2, Will be constant so long as the extremity P of the cun out 
vectx)r"/i moves over a circle deaenbed about Oj as centre. But the 
current curve K of the load is not a circle as a rule. It is possible, 
however, to connect a machine to the receiver terminals — i e. in parallel 
with the load — whose current /q can be so regulated that the lino 
current vector /i = /2 + -^o describes a circle whose centre is at Oy A 
transmission scheme in which this is the case is said to be comptmnded 
The current /q can be a pure wattless current Such a machine joined 
to the receiver tenninals for the purpose of giving or taking a wattless 
current is called a phase ? egulatoi 

In Fig 112, curve represents the load (current) diagram for the 
constant receiver pressure Pg* The current is represented by 
/a = Ja (cos <^2 +J sill = Pa {g^ +A) = , 
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Oi IS the short-circuit point for the lino of impedance 






Let IC-^ be the circle about 0^ ■whose radius equals the constant supply 
pressuie P^, then is the line current, and consequently /q is the 
lagging wattless current given by the phase regulator 
The line cunent 7, possesses the same "watt current /jjras the load 
cmrent Tij, and in addition it has a leading wattless component 
which can be determined from Fig 112 as follows 

(7,p + P^^^ + {P - 7 

~ + 7,k)^' 

The lagging wattless current supplied by the phase regulator will be, 

Dividing aU through by P, and putting, aa before, ^ = a, we get 

P 1 


— in •— &Q 4" ^ 


'-Vi- 


{9i+g-y, 


(58a) 

where ia the auaceptance of the phase regulator. We write -i. 
because /« is not the lagging wattless current consumed by, but 
produced by the phase regulator Hence, so long as the nght-hand 
mu e<luaition is positive, the phase regulator acts as a capacity 
the wattlMS current pioduoed by the phase regulator consists of 
ivo parts The one part is the wattless current of the load and 
IS mven by the current curve K^as& function of the watt current of 
tiort The other part is the leading wattless current which is 
necessary for the hue The latter is likewise given as a function of 
the watt ciment by the circle Zi, and depends therefore on the value 
Iff pressure P, If P > P be zero for a certain 

~ fill lag at small loads A part of the load wattless 

cuwent can then be snpphed by the line current, and the current of 
cuvrpntTf be correspondingly smaller The wattless 

^ga^ator is always given by the horizontal 
S r.n If these two curves 

nn,;.f r i'‘ “ *’'® °f intersection. Passing beyond this 

negative, le the emrent gimi md oi the phase 

regulator is leading, or that taken m by it is laffmnff the same then 

acte as an inductance and \ becomes poLv^ ^ ® 

trjiT^T+f transmission line and given pressures I\ and P„ the 

' rrsTomf 


„=li-, 


( 69 ) 


■9i 
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The same condition foi maximum power is given by equation (58a), 
since for larger values of the root becomes imaginary In this case, 
the wattless current of the phase regulator is 

■^0 “ + -^ 2^1 “ ^0 “ ^3 ^1 • 

The maximum power is 


= = -^7l) 


■ ( 60 ) 

If the supply pressure Pj is maintained constant, whilst the receiver 
piessure Pg is varied, we get different circles all of which have 
the same radius, and whose centres he on the straight line 00^ at 
distances from 0 proportional to Pg 

The highest points B of these circles, and accordingly the watt 
currents at maximum load, are represented by a parallel to 00^, 
Thus, whilst Po increases as a straight luie function, the watt 
current decreases as a straight line function Hence there is a 

certain ratio a = ^ f or which the maximum power, which can be trans- 

mitted over a line of given constants and attains its highest 
value. This value of a can be found from the condition 

= = 0 OX a = ^ = g-. 

For this maximum, therefore, 


= -\ = h + h^. (61) 

The maximum power itself is 

(62) 

and represents the maximum power which can be transmitted over the 
given line at the given supplv pressure P^ 

It IS also of interest to deteimine the phase displacement at the 
supply terminals of a compounded power transmission scheme Fig. 113 
represents the same diagram as Fig 112, except that the current 
curve ATg of the load and the load curient have been omitted The 
extremity C of the vector of the line cuirent moves over the circle 
described about 0^ This circle is thus the current diagram of the 
line cuiTent. The receiver pressure Pg coincides with the ordinate axis 
The angle P 2 OG is thus the angle of lead of the line current with 
respect to the receiver piessure On the other hand, if we consider 
0-fi sjQ the leal axis of a new system of coordinates in respect to the 
origin Oy, then, as shewn, Pg is repiesented by the vector 0-fi and 
Pi by 0^0 The angle by which the supply pressure leads the 
receiver pressure Pg is thus l 00^0= d If we draw a circle K to pass 
through 0 and 0^ with its centre on the abscissa axis, it will then be 
seen that 00,O=lP^0D=l 0, 
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and the angle COD gives the phase displacement at the supply 
terminals. ^ 

The radius of the circle K is, as already shewn above, ^ Since 

the phase displacement at the supply teimiuals cannot become 

or ^ = “^aiyi = T = 3“i‘i*’i 
-^1 *1 


Oi6'=i’iyi, 

zero unless 



Fia. lia — Phaao Disi)lac0tiaoiit Tjotwoon Curront and Pressure at Pi-imaiy Tomilnala 


When the equality sign holds, the phase displacement only disappears 
for the one load where g-> — gy If the inequality sign holds, the phase 
displacement in the supply circuit disappears at two loads, which are 

f ’aphically determined by the points of intersection of the two circles 
1 and K Between these two load points the current in the supply 
station leads — otherwise it lags 

If it IS required to om -emwpownd the transmission scheme, then 
?! and X. are constants, whilst the receiver pressure Pg increases 
with the load 

If we put, for example, Pa=P 2 ,o + -2',pr,p, 
where Pa^o is the receiver pressure at no-load and is a resistance, 
in this case, the wattless current 7 q is obtained by an equation similar 
to equation (68), 

-^0 ™ (-^ 2,0 + if )^1 “ “ {-^ 2 , 0^1 + + l) 7 rv}^ ( 63 ) 

Hence in an over-compounded system, when 

* ^ w9i * 1 " ^ 


we get maximum power = (Pa. o + 7,^? „') iw 


=P. I 

'' max a, u a ^ I 




or 


( 64 ) 
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36. Losses and Efficiency m a Compounded Transmission Scheme. 
Since the diagram of the line current in a compounded transmission 
scheme is a circle (see above), we can represent the powers and losses 
by straight lines, as shewn m Sections 23 to 25. Since, however, in 
that case we started with the diagram for the supply circuit, wo 
obtained the abscissa axis for the Tine of supplied power. In this 
case, on the contrary, we start from the diagram for the receiver 
circuit, and consequently get the abscissa axis as the line of the power 
given out. 

The loss in the line is = 

and is represented by a loss line which is the semi-polar of the ongin 
with reject to the circle. Denoting the co-ordinates of the current 
curve Zj m Fig. 112 by («, and taking abscissae to the right as 
positive, we then get the equation of the circle K-^ 

(M - + (« + ^ 


The heating losses in the hue are therefore 

1 = 2^’ ^ (^a - l)] = > 

where B-y = %P^^ 

and + = 

This latter is the eq^uation of the loss line The power given out is 

W^^P^v, 

and the power supphed, 

= - aPjflrpit; + P^v + TIQ^- l) 

The straight line \N^ = 0 is thus the line for the supplied power 
As seen from the form of its equation, this hue passes through the 
point where the loss line V^ = 0 cuts the abscissa axis y = 0 In 
order to be able to draw this line = 0, we furthei determine the 
tangent of the angle a which it makes 'with the ordinate axis This is 


tan as 


2u 


As already shewn, the point 0^ is the point of intersection of two 

P 7J 

circles, one of which has the radius ^ and the other ^ 2 ^ These 

2? 1 2a:, 

two circles cut one another rectangularly in the origin 0 and at 
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the point 0^, In Fig. 114 the centres of the two circles are denoted 
by and M^. As seen from this figure, the power line W^ = 0 is 
perpendicular to the hne and is therefore parallel to the line 
The efficiency of the scheme can now be determined from the loss line 
and the two power lines (see the construction in Fig. 114) 

The efficiency of the line depends on the line constants and 

p 

on the ratio and also on the watt current of the load, but is 

1 

independent of the wattless current of the load. In practice, syn- 
chronous machines are used as phase regulators ^ As is well known, 
such machines yield a leading or lagging wattless current according 



as they are over- or under-excited In the former case they act as a 
capacity, m the latter as self-induction In addition to the wattless 
current, the phase-iegulator on no-load also requires a watt cuiTont 
to cover its losses, which form an additional load in the system 
The phase regulator can also be used for other purposes at the same 
tune, e g. as a motor giving out mechanical work or as generator for 
the production of a watt current 

By means of the above diagrams, a whole senes of problems on 
compounding of transmission schemes can be solved. A companson 
of these diagrams with the load diagram of a synchronous motor with 
constant excitation shows the great similarity between the two.f 

*For details of the use of aynclironous machinea as phase regulators, see 
Arnold-la Cour, Wechadati'ovitedvmk^ vol. iv p 447 
t Arnold-la Cour, WtcliseUtromtechniki vol iv p 418 
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MAaNETIOALLT INTEBLINKED ELBOTBIO OIEOUITS. 

37 Magnetic Interlinkago between Two Ciroiuts (Tlie action of a Trans- 
former) 38 Self-, Stray and Mutual Induction of Two Circuits, 
39 Conversion of Energy in the General Transformer 

37. Magnetic Interlinkage between Two Circuits. Until now 
we have investigated only the phenomena which occur in a single 
closed circuit Since, however, the 
K m: F.’a in a circuit are generally due 
to induction, as is the case, for example, 
in all electromagnetic machines and 
transformers, it is of the greatest im- 
portance to study exactly the relation 
between two electnc circuits The 
simplest of all electrical apparatus met 
with in practice is the single-phase 
transformer, which consists of two 
electric circuits — a primary and a 
secondary — magnetically linked to 
one another. In Fig 115 the pnn- 
ciple of a transformer of this type, 

VIZ a nmitle or shell transformer, is 
represented diagrammatically, whilst 
Figs. 116a and h shew photographs of such transformers Both 
primary and secondary, which are insulated from one another, are 
wound on the core in the centre, whilst the two outer cores or 
ma/iUle serve as a return path for the flux The single-phase current 
is supplied to the transformer on the primary side, and is withdrawn, 
transformed, from the secondary side Fig, 116i is a view with part of 
the stampings removed, to shew the windings more clearly. 

Fig 117a shews how the field is distributed m such a transformer. 
I IS the primary winding and II the secondary As a rule, the 
number of turns on the primary is not the same as the number 
on the secondary, although these may be equal The chief part of the 



Fig lie — Diaapum of a Shell Trans 
former 



110 


THEORY OF ALTERNATING-CURRENTS 


Alls passes through the laminated iron core, and thus embraces the 
total turns of each winding Another part of the flux is mtei linked 
with some of the prunary turns or with some of the secondary, but 
not with both, whilst still another part may be interlinked with 
many turns of the one winding, but only with few of the other 

The magnetic force in the air gap for the section aa is represented 
by the curve G in Fig 117b 

In developing the theory of the transformer, it is best to split up the 
field into tubes of force Considering a single tube of force inter- 



PlG 1180. 


Fig. 110& 


linked with primary turns and Wg,, secondary turns, then the flux 
in this tube is proportional to where and denote the 

currents in the pnmary and secondary windings respectively. If the 
number of turns on primary and secondary is the same, the currents 
and ^2 will be very neai’ly equal to one another, but will flow in 
opposite directions 

Now, since . y v . , 

= {h + h)'^2^ + hi'i^lx- '^2x) 

or = (h + 4- - w^\ 


the flux can be split up into two parts, one of which is proportional to 
the magnetising current (^J^ 4 - ^,) and the other either to the primary 
01 the secondary current. The first part of this flux is cafied the 
mam flvx and the second the stmy fltwk 
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The flux of this tube induces an e.mf. m the pnmary winding 
proportional to 


and an E,M F in the secondary proportional to 



I I 

a 


Pro llTfl — Diagnim of Tubes of Poroo In a Shell Transformer Pro 117& 

From this, we see that the main flux of every tube always induces the 
same b m F, in both primary and secondary windings, whilst the 
JC.M F 's induced by the stray flux are proportional to the currents in 
the respective windings. The stray flux has a large part of its path 
in air, and is therefore in phase with the current which produces it 
Most of the main flux, however, has an iron path, the hysteresis of 
which will cause this flux to lag (by an amount equal to the hysteretic 
angle of advance) behind the magnetising current 

Summing up the E m.f ’s induced in each winding, we get, for the 
pnmary circuit, the differential equation 

Pi72sin(a)«+^j) = V-i+5'i^ + w^‘, . (65a) 

and for the secondary circuit 

0 = sin ( w -K ^ 2 ) + V 2 + 
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where and are the respective pnmary and secondary tenninal 
pressures , denotes the sum of the luterlinkages ^vlth the prnn.iry 
stray flux (that is, that part of the primary flux which is not inter- 
linked with the secondary) produced by unit current ni the piiniary. 
Similarly for S-^ and are called the mjffici&iits of dia// itulncfm, 
and are , . ' 

^1-2. Ji - ^ 


R 


(6G) 


where is the reluctance offered to the tube of force which is 
interlinked \nth primary and W 2 g secondary turns is the 

J . . 


S^r, 

— nmm> 




ideal mam flux, whicli is com- 
pletely interlinked ^vitli both 
pnmary and secondary wind- 
ings and induces an R M F in 


both which is propoitioiial to 
the sum of all the interlinkages 
of main flux. 

The above two differential 
equations (65^^ and h) apply 
both to the transformer (Fig 116) and to the circuit shewn ui Pig 1 IK 
In the branch AB^ the current = flows, and requires between 
the terminals A and B the pressure 


Fio 118 — B^iulvolont Olrcult of ii Tnvnefonnor 




at 


which IS equal but opposite in direction to the R M f. - c iiiclucetl liy 
the mam flux in the two circuits This R at f , of course, has the same 
frequency c in both circuits, since they are embraced by the same flux 
and fixed with respect to one another Since lags behind the 

magnetising current \ by the angle ~ 

2 

magnetising current by the angle 


the pressure c leads the 
Hence wo can thus write . 


where 


4 = -E2/a=-5(5’»+A), 

Va 


In ^]s way we may replace the transformer by the oircmt represented 
in. Iig 118, and can treat the same analytically just as any other 
circuit having an impedance m senes with two parallel blanches 
Denoting 2TrcS^ \)y and by a:,, we maT& then write tho 

above aitfereutials as follows ; 


«2 = >a-;a’2- 


( 67 ) 
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When the secondary circuit is open, i e when the transformer is on 
'no-load, h — 0, and the pnmary current equals the magnetising 
current 1^ Since the resistances and reactances, and also the 
magnetising current, of a normal transformer are usually very small, 
It follows that at no-load the secondary pressure will be nearly 

equal to the pnmary pressure assuming of course that the number 
of turns on the primary is the same as that on the secondary, i,e. 

The currents and pressure of a transformer can be best shewn 
graphically, as in Eig 119 Set oft' the mam flux along the negative 
direction of the abscissa axis, 
then the BNF -E induced 
by fails along the negative 
direction of the ordinate axis 
(since the induced H.MF lags 
90“ behmd the inducing flux) 

The flux itself, however, is 
not in phase with the mmf r 
(or magnetising current), but ^ 
follows the same at the angle 

This lagging of the 

flux behuid the magnetising 
current is due to the hysteresis 
and eddy cunents, caused by 
the continuous reversal of the 
magnetisation m the core, 
which 18 treated more fully 
in Chapter XVIII 

The magnetising current 
can be calculated from the 
circuit constants and set off in 
the diagram Further, if the 

secondary current ^ is known, Diagram of the currants md 

the secondary pressure Preasuree in a Transformer 

be found by geometncally sub- 
tracting the secondary impedance pressure induced 

EMF -E 

Since the current — induced in the secondary ’binding by the flux 
IS alway^i directed so that it tends to weaken the inducing field, 
it IS obvious that a primary current - must be supplied to overcome 
the reaction of the secontiary current on the field, if is to be 
kept constant. Consequently, the current supplied to the primary has 
two components The one component is the magnetising current /„, 
uecessary for producing the field, while the other component is the 
compensating current - /g required to neutralise the reaction of the 
secondary current /g on the mam field Hence the primary current 

AO H 
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ia simply the resultant of the ourrents and - ^ Again, if we add 
the impedance pressure to the pressure which is equal and 
opposite to the bm.f. -E induced by the main flux the primary 
pressure wiU be obtained If we now turn the pressure tnangle 
-F, P2 through 180° to the position P, -Pg, we get a clear view of 
the pressure drop from the primary tenmnal pressure Pj to the 
secondary terminal pressure - Pg The pressime E often tenned the 
E M F. consumed by the counter-electromotive force - P, is required 
for dnving the magnetising current through the circuit, and there- 
fore leads the latter by the angle as shewn m the figure 

The power 

IS consumed by the iron losses in the magnetic circuit, and is dissipated 
in the form of heat 

The phenomena which occur in a transformer occur in every other 
form of electromagnetic apparatus, although in a somewhat modified 
form. In ev&i'y case^ hmem\ m ham the secmidary m'leid mcluml hy 
the mam and the conesponding (mipematiTig cfimmt which (mihines 
mth the magnetmng curient necessa/t'y to produce the Jinx to faun the pnmmy 
emrent The rrmn Jtwc s&ives to tia/rmyd the powei fiom the p'lmary 
side to the seconda'i'y, just as a belt tmnmits the pow&i' fiom one pulley 
to awthei^ 

In the stationary transformer the power PJ^oos^i is transmitted 
from the primary circuit to the main flux Here, in the mam flux, 
the iron losses cos are consumed, so that the power transmitted 
to the secondary circuit is 


P/g cos ^2 = cos - P7„ cos , 

but since PJ„ cos is usually very small, nearly the whole power is 
conveyed from the primary to the secondary 

The frequency of both pnmary and secondary is the same The 
only reason therefore for using a stationary transformer is to effect 
a change of pressure as the power is transmitted from pnmary to 
secondary^ This is achieved by choosing different numbers of turns 
for the primary and secondary windings If there are turns on the 
pnmary side and on the secondary, then the E M.r. induced in the 
latter will be -n 

^ ^ u 

since the flux induces the same E.M F in every turn The 
secondary current is 

r ^1 r r 


where 4 is the compensating current in the pnmary winding This 
follows at once from the fact that the ampere turns of the two 
currents Pg and must be equal and opposite u is the ratio of 
transformation, which in a stationary transformer is the same for 
ourrents as pressures. In the equivalent cmcuit, where the primary 
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and secondary circuits are electncally connected, all secondary 
pressures must be reduced to the primary by multiplying by % and 
secondary currents by dividing by w. The powers remain unaltered, 
since y-p V 

On the other hand, the impedances must be converted in the ratio u- 

_L=A 

/a ” ul, 

By these reductions the equivalent circuit and all the calculations may 
be made independent of the ratio of conversion of the transfomer. 

38. Self-, Stray and Mutual Induction of Two Circuits Neglecting 
the iron losses in a transformer, the mam flux at no-load can be 
written, ^ 

& - ^ 10^1 

R ’ 

where = number of primary turns and i? = magnetic reluctance 
offered to the ideal flux completely interlinked with both primary and 
secondary windings. The emp induced in the secondary winding 
IS then 7 7 


h - “ ““X dt “ dt' 

M = IS called the coeffide^it of mutml iiuhictimi between the primary 
J.O 

and secondary windings Introduoiiig this coefficient into equation 
(65a) we get at no-load . 

P j*y2 8in(a)^ + dj J -f (s^ -f ^ + A 

where denotes the total interlinkages of the piimary funding with 
the flux produced by unit current in this winding This is called 
the Goefficieffit of self-mduction of the pnmary winding. Between the 
coefficients of self-, stray and mutual induction, there exists therefore 
the following relation, 

= + . (68a) 

for the primary winding, and similarly 

i2 = 5, + JIf^ (68J) 

for the secondary winding. 

By multiplying these two expressions, we get 

= (68c) 

Of the flux produced by and interlinked with the primary, the part 

corresponding to is interlinked with the secondary, whilst the 

port correspondmg to is interlinked only with the primary 
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L L 

lu practice, the ratio - J— = -r 

'^z 

IS known as the leakage coe^ffiment^ a name given hy J llopkinson. rr is 
always greater than unity, and represents the ratio hctweeii the lolal 
flux ana the flux which is interlinked with the secondary; **yt^*^* 
other words, the ratio between the total and the iibofnl fiu\ 'Ihe 
flux which is only interlinked with one winding is called /hn 
Both the praraary and the secondary have their own stray flii\cs. 

In electromagnetic machinery, wo have nearly always to <k*ul with 
a mam flux and a stray flux, or with coiTOSponding niagnitiulcs 
VIZ the coefficients of mutual and of stray induction. Tins is due to 
the fact that these fluxes are actually present in the machine, wlnlst 
the fluxes corresponding to the cooffioionts of aelf-imhiction do jud- us a 
rule exist, and consequently are not easy to calcnlato. Moreover, the 
former method of calculation has the advantage that all niaidiines can 
be analytically replaced by equivalent electric circuits, since in tin* 
equivalent ciicuits the only constants which occur are* 




Wo 




and 


On the contrary, the reactance 27rcL^ is not at all confined to nni» 
electric circuit, but is distributed over two circuits in which (lifli‘ront 
enn'onts flow. Consequently, with machines, it is not com enieiit to 
work with the reactance duo to self-induction 

In the case of mams or other similar cn’ciuts however, where little 
or no iron at all is present, the conditions are difteront Hero tlie 
reaction of the currents in neighbounng conductors is often so small 
that the stray flux is larger than the mam flux In such eoflc.s it is 
best to use the coofficieiits of self-induction, and estimate as nearly as 
possible, by approximate calculations and oxporimenis, the (lainiiiiig 
effect of secondary currents in the neighbourhood or in the eondiietors 
themselves 

When a circuit is influenced by a closed secondary circuit m its 
neighbourhood, the differential equations (66a and h) appear in the 
following form : 


njrW-t Ti • y 


and 






((iW) 


Instead of solving these two equations with the unknowns /, and /„ 
each of which would bnng us to a differential equation of the .scLond 
degree for alone or alone, we may demonstrate the damping effect 
of secondary circuits by the following sampler considerations 
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For the sake of simplicity, assume that the resistances and in 
the equivalent circuits are negligibly small compared with the 



Fiq 120 


reactances We then get the circuit shewn m Fig 120 The total 
reactance of this circuit is 



Thus the secondary currents reduce the self-induction of the mam 
conductor, and the greater the ratio of the mutual induction to the 
self-induction of the secondary conductor, the greater is this reduction. 
When ikf is always smaller than and if we take, for 

example, then the total reactance of the mam circuit 

will be / /i\ 2 \ 

Xt = 27rcij^l - « 27rcii^, 

i.e. some 6 % less than when the secondary circuit is not present 
Taking into account the resistances and ? 2 j and also denotmg 

and = 27rciy2 , 

we obtain the total impedance, 



-^2 



01 , neglecting g,,, 
in which expression 



Thus the secondary currents in neighbouring conductors and the eddy 
currents m the conductor itself cause an apparent increase m the 
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resistance and a decrease m the self-induotion of the mam circuit 
This IS also what one would expect, for example, in a round conductor , 
the eddy currents are so directed that at the centre of the conductor 
they flow against the main current, and at the surface ?pith the mam 
current. Owing to this unsymmetncal distribution of the current 
over the section of the conductor, the losses are of coip^se increased, 
and since at the centre of the conductor — where the self-induction 
IS greatest — the current density is least, the total seK-indiiction of 
the conductor will be less than that calculated on the assumption that 
no eddies are present We shall shew in Chap XXI how the effect 
of the eddy currents on the circuit constants can be calculated 

Lastly, it may be pomted out that formula (69) shews clearly 
that the disturbing influences of the secondary and eddy currents 
increase \vath the frequency of the main current and with the dimen- 
sions of the conductor 

39. Conversion of Energy in the General Transformer. In the 
above section we have considered two magnetically-interlinked electnc 
ciromts and have seen that the magnetic flux serves to transmit the 
energy from one to the other If the pnmary and secondary oiromts 
are fixed relatively to one another, the total energy given out hy the 
primary will be taken m by the secondary, neglecting iron losses, 
in many cases, however, the two windings may be capable of motion 
relatively to one another 

For example, the primary winding may be fixed and the secondary 
arranged on a rotating axis in such a way that the magnetic field 
is still Imked with both windings This condition is obtained by 
placing the secondary wmdmg in dots on the periphery of a laminated 
oyhnder and the pnmary in slots on the inner surface of a coaxial 
ring, mside which the oyhnder rotates. In such a machine the inter- 
linkagea of the two windings with the rotating field pulsate with 
different frequencies and Cg. 

For the fixed pnmary winding, the frequency is proportional to 
the speed of the rotatmg field, while for the moving secondary, is 
proportional to the speed of the flux relative to the rotating winding 
In this case the total power given out by the pnmary will not be taken 
in by the secondary. 

If, for example, the main flux #4 induce in the pnmaiy an E M F 
having the frequency , and in the secondary an E M F 

having the frequency 

Then the two e m r ’s have the ratio 

«i®i 

Since m this case also the compensatmg ampeie-tums of the pnmary 
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circuit must equal the ampere-turns of the secondary circuit, we must 
have — where iiiy denotes the number of similar primary 

circuits having the turns and the number of similar secondary 
circuits having the turns On transposmg, this becomes 

and combining this with the above ratio of the E.M.F % we get 


(70) 


We have here z.(A\/„) = z.(^g7g) = ^ 2 J transformer diagram 




power taken in by the secondary circuit is therefore less than 
that given out by the pnmary, in the same ratio as the frequency 
of the secondary current is less than that of the pnmary. The 
difteience 


C c 

cos \p„ = cos rj/^ 

h 

between the power given out by the primary and that taken in by the 
secondary must therefore appear in some other form, since energy 
cannot be lost This difference does not appear in the form of 
electrical but mechamcal energy, and it is thus possible for the 
general transformer to work also as a motor The power transmitted 
from the pnmary circuit to the magnetic circuit therefore appears 
partly as electrical power in the secondary circuit and partly as 
mechanical power. The former (the electrical) part is proportional to 


1 _?2 

^ Cl’ 

i.e. proportional to the velocity with which the secondary circuit 
lags behind the primary, whilst the latter (the mechanical) part is 

proportional to the velocity with which the secondary circuit is cut 
by the main flux. ^ 

Putting 


then 


2 w. ^ 


(71) 


or, with the same numbei of turns on the pnmary as on the secon- 
dary, 1 e 

E^ = sE^ (71a) 


Assuming further that the number of primary and secondary circuits 
IS the same, i e then 


and 


E-, sE. 

■*■2 c 


(72) 
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where denotes the impedance of the secondary circuit reduced to the 
primary Further, let denote the reactance of the secondaiy 
circuit at frequency then 

Hence 

We may therefoie replace the general transformei with relatively 
movable pnmary and secondary circuits by an equivalent electric 
circuit (Fig 121)^ for, by reducing the secondary frequency to that 
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of the primary, the continuity of the transmission of energy remains 
In the equivalent scheme, the power given out by the primary is 


7 = -^3 Y COfl ’ 


Since, however, only the power — 
appears in the secondary circuit as electric energy, the diffeience 


= = (73> 

must appear m the form of meohamcal energy. To alisorb an amount 
of electrical power corresponding to the motor effect of the general 
transformer, we may theiefore employ a resistance in the secondary 
circuit of the equivaleut diagram, having the value 

^20“ ohms. (73a) 


This IS, of course, a completely non-inductive load Hence, in spite 
of the mutual displacement of the pnmary and secondary windings, wo 
can represent the general transformer by a simple equivalent electric 
circuit, whose frequency and pleasure are those of the primary, whilst 
all the formulae deduced for the equivalent circuit hold also for the 
general transformer The ratio of conversion of the pressuies, 
assuming the same frequency in both secondary and pnmary, is 


3 = 

Ea 


whilst the ratio of conversion of the currents is 


/o 
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and since / ^ JL = 

\IJ u, Uil, 

the ratio of conversion of the impedances is 




rn^wl' 


(74) 


tm*nT denote the number of effective piimary and secondary 
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The orditiary form of the general tranaformei is the asynchronous 
motor, which consists of a stationary laminated core, or stator on 
which the primary is wound, and a lotating laminated core, or rotor 
which coiries the secondary \nndmgs The two windings ai e embedded 
in slots in their cores and he directly opposite to one another, and as 
near to the surface as possible so as to reduce the stray flux to a 
minimum Fig 122 shews the photograph of a modern induction 
motor, with the bearing shield removed 
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Emm;pU For = 600 volts, 

x^ = 5 ohms, 

. X 2 = 2 5 ohms, 

/7„ = 0 002 mho, 

^tt = 0*01 mho, 

' the curves in Figs 123^ and b have been plotted for the following 
powers as functions of the slip s , 

: - 
! 
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Fio 123a. 


1. The power supplied' to the primary = P^I^ooa 

2. The primary copper loss 

3 The iron losses V^ = E^g . 

4 The power transferred to the secondary 

W=W^-r^-F^ = EI^aoirp^ 

5. The secondary copper loss F^=T ^'2 

6. The mechanical power W^ = P^„(^-'i\=}F{l-s). 
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In Fig. 1235 the scale of the abscissa axis has been increased, in 
order to shew the curves more clearly in the neighbourhood of 
synchronism. 



Fig 1286 


As seen from these figures, the general transformer works as 
motor between s = 0 and s=l, le between rest and the speed at 
which no EMP's are induced in the rotor circuits This speed 
(le s = 0) IS called the synchronous speed, being that speed at which 
the secondary circuit is at rest relatively to the main flux, as the rotor 
rotates s^Tichi OTioiish/ with the main flux s is called the since 
this ratio shews how much the secondary slips relatively to the mam 
flux. 

Prom s = 0 in the negative direction the geneial transformer works 
as a generator and supplies electrical energy to the mams , and from 
s = 1 in the positive direction it works as an electric brake, receiving 
both electrical and mechanical power, both of which are dissipated in 
the transformer 
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40. Traaismission of Power over Lines containing Capacity. For 
transmitting alteiiiating-curreut over long distances, overliead lines are 

usually employed. The capacity 
of are compara- 

vvvuvvu I I tively small, except at very high 

pressures Often, however, the 
current must he taken along cables 
laid m the earth over parts where 
overhead wiies cannot be used, and 
the capacity of these sections has 
to he considered. A simple and 
approximate calculation of the capacity effects in all such cases can be 
obtained by assuming the total capacity of the conductors and cables 
to be concentrated at the centre of gravity of the distributed capacity 
We thus get the equivalent circuit shewn in Fig. 124, which can be 
treated in the same way as the circuit described in Chap VII By 
way of example, we shall here consider the case where the load 
current at the receiving end of the line is chiefly used for driving 
induction motors The current vector will then move over a curve 
which will be approximately a circle when all the motors are uniformly 
loaded Let this circle be represented by ZJ in Fig 126 and the 
power line by 


By inversion of this circle, we get the load impedance To this 
add the impedance isg, and then a second inversion gives the admittance 
5 ^', which IS in parallel with After adding a further 
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inversion, we get the impedance js', which is in senes with Lastly, 
by adding to z' and once more inverting, we get the load current in 
the supply circuit, which is represented by the circle K All the 
loss and power lines can be now drawn, but it will here suffice if 



we merely ^w the line PaPji for the total losses and the resultant 
power line PqPjc, from which the efficiency and maximum power of the 
system can be obtained. 


41. Condenser Transformers In 1891 Bouclierot proposed to use 
condensers to transform from a constant pressure to a constant current 
or vice versa Such transformers — known as (wideTisei tmoisfoim&is — 
were employed by Boucherot for series circuits— for example, for 
tunnels or gardens lighted by arc-l/tmps or incandescent lamps in 
senes, in which cases this system can be used with advantage 
Three systems proposed by Boucherot are shewn in Figs 126a-c 
They are all for the same purpose, viz for obtaining a constant current 
in the load circuit AB independently of the load, when the supply 
pressure is constant Considering first the scheme shewn in 
Fig 126a, we have 

j ^ 1 = 1 . 


and the total current 
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Tho supply pressure is therefore 

p^=e-i^x^=e(i — 

or P^=E{\-^-jxJi. 


Choosing the reactances and equal, then the current in the receiver 
circmt will he p p 

/,=;J or J, = -h 

That 18, with constant supply pressme the current in the load 
circuit IS constant, and is thus independent of the load resistance 



Pia 12Qf? 


PlO 120i 


The total current is 



i ^= e ( ^ + M, 

but 

J5=’2-F2p 

hence 

J P , P\_ 

or 

•^i = ^V5^+(a%-ah)” 



Thus the total current is a mimmuin when X2 = In this case 

T — — 

“ 3,2 

When the load circuit is open (1 e. no-load) ^2 = 00, and Zj will 
therefore be infinite , whilst when the load resistance is short-circuited, 
(1 e 9 j = 0 ), 7 ^ = 0 In other words, no-load m the load circuit acts as a 
shortiircuit to the supply terminals, and conversely, short-circuit m 



CONDENSER TRANSFORMERS 


127 


the load circuit acts as no-load to the supply circuit For this reason, 
care must be taken that the circuit is not broken when a lamp is 
extinguished This is effected by connecting choking coils m parallel 
with the lamps, or by using a small transformer for each lamp In 
the latter case all danger of short-circuit is removed 

Of the different schemes given above, that lu Fig 126c is the best, 
since here the current is zero when the load circuit is short-circuited 

{z^ = 0), instead of as in the other two cases. 

Recently the condenser transformer has also been used for producing 
pulsations of high pressure and frequency. If, for example, a path 
contammg inductance, resistance and a spark-gap 
IS placed in parallel with the condenser (Fig 127), 
electric pulsations will be set up, provided the 
self-induction is made large enough compared ^ 
with the resistance ^2 When an alternating 
pressure is applied at the supply terminals, a 
large pressure will be set up across the gap and 
will give nse to a spark The pressure then . 
falls immediately, and the spark is extinguished 
by the nsing air warmed by itself. This, how- 
ever, IS scarcely completed when the pressure 
again nses and produces a further spark In ^ 
this manner, sparking will continue, and the 
frequency — which only depends on the con- 

stants of the receiver circuit — will be found to be the natural 
frequency of the circuit, viz 

This frequency is almost invariably much greater than that of the 
applied pressure The oscillations in the receiver circuit produce 
similar oscillations in the supply circuit also. When the natural 
frequency is much greater than that of the supply pressure, the oscilla- 
tions disappear during the time the condenser is discharged 

42. Transmission of Power over Lines containing Distributed 
Capacity. We now come to the most general case of the transmission 
of power by alternating-currents We commence by considering the 
physical occurrences in the conductors and in neighbouring bodies 

Let a constant alternating emf act at the supply teimmals of a 
long two-wire system used for the transmission of a single-phase 
alternating current to the receiver circuit which contains the load. 
At any instant, every point in the line will have its own definite 
potential. Regard the earth as having zero potential In Older to 
give the line its potential, a certain charging current is necessary, 
and, since there are both conductors and didectrics in the electro- 
static field due to the Ime-potential, this charging curient will be 
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dependent on the constants of these bodies, and may be quite con- 
siderable. Moi cover, eveiy conductoi has miperfections in its 
insulation, through which a quantity of electncity proportional to 
the potential difference passes To this latter, we must also add the 
escape of electricity into the air — known as “ silent or glow discharge ” 
(corona). 

This potential — which varies from point to point along the line — 
requires a current due to which an electromagnetic field is formed 
around the conductor Moreover, this current is not constant at 
every section of the conductoi, but vanes according to the quantity 
of electricity required for charging, for insulation leakage and for 
discharge into the air 

The above, however, applies only to what happens at any particular 
instant, for the applied B m Ft is not constant, hut is a function of the 
time For the time being, assume that the pulsating B m.f. follows a 
sine law. 

Both the electrostatic and the electi’omagnetie fields vary with the 
time Owing to the pulsation of the electrostatic field, energy is 
consumed in the insulating media This causes a loss-cuiTent, which 
IS m phase with the potential difference at the respective point The 
presence of foreign bodies m the field causes an increase in these 
displacement cun'ents, to this also belongs elcdwstatic mfl^imce The 
displacement currents can be resolved into two components, one of 
which 16 in phase with the difference of potential, and the other dis- 
placed 90” from it. 

The alternating electromagnetic field induces B M F.’s both in the 
line itself and in outside conductors. The e M b *s induced in the iino, 
1 e the E M F.’s of self-induction, can, under certain conditions, cause 
an unequal distnluition of the current over the cross-section, which 
will cause an increase in the ohmic resistance of the line (skin-ejfed) 
The closed conductors lying iii the electromagnetic field act as trans- 
former secondaries with the transmission line as primary Hence in 
the closed secondanes cuiTent will flow which will react on the main 
conductor (mutual induction). 

These E m.f ’s of mutual induction can also bo resolved into an 
energy component in phase with the cuiTent, and an idle component 
at 90” to the same The latter component decreases the apparent 
self-induction of the line Eddy cun’ents can also be added to the 
currents in adjacent conductors 

The electromagnetic field produces losses m magnetic bodies duo to 
hysteresis , these losses can be approximately allowed for by an 
increase in the ohmic resistance, since the field strength is nearly 
proportional to the current, so long as the field is weak. 

Fig 128 shews a two- wire transmission scheme, representing the 
effects that have just been discussed above 

We now make the assumption, without which calculation is difficult, 
that the conductor is uniform, so that the constants of the conductor 
per unit length can be given. The calculation of these constants is 
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complicated and inexact, since they depend on the frequency, the 
pressure and the atmosphenc conditions 

and Breisig} have shewn, however, how these constants 
can be determined by simple measurements A conductor can be 
represented by four constants, which we may suppose to have been 
experimentally determined 

Since these measurements and calculations must serve as the foun- 
dation in working out new installations, we shall bnefly summarise 
them here, and shew the influence which the constants exert 
Ta denotes the equivalent ohmic resistance per kilometre by which 
the current I must be multiplied in order to obtain the pressure in 
phase with the current This pressure drop is due to the ohmic 
resistance of the line and the watt components of the pressures 
induced by the resultant electromagnetic field 

Xa denotes the equivalent reactance per kilometre by which the 
current I must bo multiplied in order to obtain the emf's which 
the current leads by 90" These E M f ’s are the wattless components 
of the E M F ’s induced by the resultant electromagnetic field 
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gi denotes the equivalent conductance per kilometre by which the 
pressure P must be multiplied in order to get the currents in phase 
with the pressure These currents are due to the losses m the 
insulation and the air, and to the watt components of the displace- 
ment currents induced by the electrostatic field 

hi denotes the equivalent susceptance per kilometre by which the 
pressure P must be multiplied, in order to get the currents which 
fag 90" behind the pressure These currents are the wattless com- 
ponents of the displacement currents induced by the resultant 
electrostatic field 

Writing symbolically, we get 

where I is the single length of the line in kilometres 
Let the pressure at the receiver terminals be 

2)2=P^2Bm (Dt, 

and the constants of the line and load, le g^ ^^d be given , we 
can then calculate the pressure, the current and their phase displacement 


A 0 


U TZ 1891, Heft 36 


I 


•fETZ 1899, Heft 10. 
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at any point in the line When this is clone, vra shall ho al)h‘ to 
find the load on the supply station 

At a point P distant I from the receiver station, wo have a piossuir 
p=Pj2sm{(iit-\-)p) and a current ^ = 7^2 sin + (/)) 

Since the sinusoidal terminal pressure, iiiidci ato.idy condition'^, 
always produces sinusoidal currents and prossuros thioiighoul tin* 
whole system, it is not necessary to deal with momentary vului*s in 
this case, so that, for the sake of simplicity, wo will intrfKlnco tin* 
symbolic eiqpressions P and I and use these for the preliminary 
calculations In the formulae deduced, wo can then r(‘tin’n 1o ihe 
instantaneous values, where these assist in explaining the s.ime. 

Let I be negative when taken in the direction of the How of eneriiv, 
and positive when taken in the opposite direction , then, in tlm element 
dl of the conductor, the increase of min ent is 


dI=P^dl or 

Further, the inmease of premiu in the condiictor-eloinont dl cine to 
the current I is 

dP = J^dl or = 

h dl ly 

By differentiating these two equations, wo get 


and 


/.'Vi' 

dl^ ~ dl 

^P __ d/ "ii_p '*Vi 

dl^ . 


{7f.) 


These two equations are homogeneous linear differential HiuatioiiK 
of the second order, and their indefinite integrals are 




and / = h-sr 1) 

mined thus"^ ^ constants of integration These can ho deter 

^ = 0, P = Ps and 7=/^ 

Substituting these in the above 


Po^A+B 

f2 = ^lf{A-B), 


and 
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or 


and 


^2 + ^2 


A = 


J9 = 


-^2 ”-^2 



Hence 


and /=J /2 



r'^^) . ...(76) 

,-^^0 ( 77 ) 


Substituting, for the sake of brevity, 

we can now measure the values of and /j at the supply teimiimls, 
where 1 = 1^ for the following two cases as suggested by ^ Foanle 
(1) At Tho-loadj 1 e. the receiver terminals are open and the current 
/g in the recen^er circuit is zero, 



- ^-^VVid 


can be called the apparent admittance of the conductor. Further, 
the pressure at the receiver terminals at no-load is 



(78) 


(2) At shcnt-eii(mt^ le the resistance and therefore the prossiiic 
between the receiver terminals is zeio , i o 

P.=o 

and 

Pi;r ^ y Vi 


Zj^ may be called the apparent impedance of the conductor. The short- 
circuit current at the receiver terminals is 


a 


By the division and multiplication of Zj^ and we get 


Vo 


y and - 1 


1 

(72 


(79) 


(80) 
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Then, by introducing (7, and we get the equations for the 
supply pressure and current 

A = (^(^2 + = OP^{\ - + z^l^ 


and 


or 

and 






( 81 ) 

( 82 ) 

( 83 ) 


Since these equations hold m general for the pressures and currents 
in any particular part of the conductor, and the constants G, y^ and 
of this part are independent of anything that lies beyond its limits, 
it will be seen that the equations are sufficient for calculating the 
electric conditions at any part of the line. 

It suffia&wt tJbeiefaie to know the cmstaTiis r^, Qit h ov o/nd 

the eUdi'w condihoTis at any ^poird of the conductor, in older to he able to 
calmdate the electnc conditions foi' any other point of the conductor The 
three characteristic magnitudes of the conductor C, y^ and are de- 
termined by the short-circuit and no-load experiments. 

The calculation of these three quantities can then be caiTied out 

either graphically or analytically In both cases we start from 
We have 

(rd -jxa) h 

Working out the root, we get 

2A./I = + h{i a 

and + = + + 

from which we get the following expressions for X and fi 

and + + I 

The quantities X and p depend only on the electric properties of the 
line per unit length and the frequency, and for a system with uniform 
conductors can be calculated once for all 

Since bi is a capacity susceptance and yi={9i then 5, is always 
positive fJL, whose sign is determined by the product 2X/i, will then 
also be positive as a rule 


( 84 ) 
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In calculating the phenomena in long conductors, it is also useful 
to know the following ratio 




where is a positive angle, 

43. Current and Pressure Distribution in Lines with. Uniformly 
Distributed Capacity. By means of the constants A. and /x, the valiio 
of the current and pressure along the line can also be calculated For 
this, it IS best to start from the equations 






and 


and use the transformation 

^ ^±\i QQQ sin /x/) 

We then get the following expressions for the pressure and cm rent at 
any point in the hne • 

P= + jB€"^)cos /xZ sin ^il 

and {(il6^^-jBe“^^)cos/xZ-y(4€^^ + .5€’^Vn/xZ} 

The two constants A and B represent pressure voctois, and can 
be written 

P , + W ??/2 

=PJ'>‘A 


A = 


and 






Substituting these expressions in the equations for P aiul 7, wo get 

and /= I 
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Turning now fiom the symbolic expressions to the momentary value?, 
the pressure will be 

P^Pa sin (o^t + fd - \Pa) + ^ sin -id- 

and the current 

^ - sin [toi + /iZ - ^ - ^,)] 

1 >^(1 

~ a/t -/iZ -xpa- Uft ~ i'l)] 

These equations shew that at any instant both p and z vary along 
the conductoi after a sine wave If we considei the momentary values 

at the end of the line and at a distance - from the end, it will be seen 

P 4 

that these have opposite values This shews that, m very long con- 
ductors, at different points the pressures oppose one another and the 
currents flow in opposite diiections. 

27r 

Since the eunents and pressures at points along the line l = — 
apart have the same phase, the length of the current and pressure 

• ^TT 

waves is ^ From this it is fiuther seen that the waves require a 
complete period ^ tiaveise the distance — , and since the 

frequency is c cycles per second, the speed at which the wave travels is 

27rc 0) 

~~~P~P 

Hence the cuiieuts and pressures in long lines travel at finite 
velocities which depend only on the constants of the line 

If we neglect the iossea m the line, i e. put t7j = 0 and ? ^ = 0, we have 

P = \/bp)^ = ^TTCsfljfiOi , 

and the speed at which the waves travel wdll be 

27rc 1 , , 

where and G, represent the self-induction and capacity of the line 
per kilometre 

As will be seen later on, the speed at which the electnc waves travel 
along a conductor approaches the velocity of light, viz 300,000 km/sec 
Thus the current and pressure waves pass along a long transmission 
line of 100 km in 1/3000 sec , i e with a frequency of 60, dunng 
c 1 

3000 ”60 which corresponds to a phase displacement of 6“ 

between the momentary values at the two ends 

The expressions for p and i are made up of two parts,, one of which 
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increases with the distance I from the receiver terminals, whilst the 
other decreases in the same direction 

The phase displacement between these two waves at a point along 
the line is + 2/x?, i e. it increases with the distance from the 

receiver terminals. 

The second wave, therefore, can be regarded as the reflection of 
the first wave, the point of reflection lying beyond the receiver 
termmals The second wave lags more behind the first than 

the lag corresponding to the time during which the wave travels from 
the point in question to the receiver terminals and back. 

It is also interesting to note that the resultant pressure wave is 
formed from the sum of the outgoing and the reflected pressure waves, 
whilst the resultant current wave equals the difference between the 
outgoing and reflected current waves 

This IS also clear, for at any point in the line the pressures must 
add, whilst the current must be the difference between that flowing 
towards the receiver terminals and the reflected current flowing back 
to the generator 

In addition, each current wave lags i'l) phase behind the 

pressure wave producing it 

Since the two separate waves move along the conductor Hke waves 
on the surface of water, they can be regarded as progressive waves, 
while the resultant waves are similar ui character to a atatlonaxy wave. 

(a) In the special case where the recevoei t&i'miTials an e open and the line 
losses neghgMe, 


and 


/ 3 = 0 . = 


thus, at any point in the line, 

p = -I- = -^2 A^^ 

and ^ = IP3 [sin -i- pi) - sin (ui -pi)] — Pg lot sin pi, 

whence follows I = 

In this special case, therefore, the resultant current and pressure 
waves possess the same properties as stationary waves with nodes and 
loops well known in acoustics At the points 

7_n ^ 

i — v, -, — , — , — , , 

p p p p 

the current is always zero, whilst between these points it pulsates 
between a maximum and mimmuni At the first points we have 
nodes, at the others loops of the current wave 
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The pressure wave which leads the current wave by 90“ both iii 
space and time has its nodes at the positions Z = _ ^ , and its 

loops at Z = 0, ‘ , 

fi fl fX 

Qtc 

If the length of the line is /i == ^ 1^9, then in this special 

case, wheie A = 0 and Z, is zero, no applied pressure is necessary to 



produce large current and pressure waves in the line , a condition 
we have already denoted as jji esbUi c ? csonaiice 

It may also be mentioned that the ratio of the current to the 

pressure waves is the same everywhere, viz. 

(b) We will also consider the opposite case to no-load in the receiver 
circuit, namely that in which the 7ecctm icmimals me shmt-aicmted ami 
the line losses negligible 

X = 0, = ^2 = 0, 


hence 


and 


P-l2\j^ cos U>i Sill fd, 


% — Z(> sm wZ cos ^iX 


“-WI 


tan id 


In this case also we get a stationary wave, as shewn in Fig. 130, 

in which the current loops occur at Z = 0, , etc, and the 

. TT Stt Stt PPP 

pressure loops at Z = :j^, otc For a conductor whose length is 

of the wave-length, no current will flow iu the short-circuited 
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conductor even with a large applied pressure at the terminals This 
condition corresponds to GW'ienUesmiance 

From the above it follows that staitmimy wa/ves cmi mily he poduccd 
with the lecewer cmmiit eithei opm m slmt-dtcfiitted cmd negligible lioie 
losses When one of these conditions is not fulfilled, the current and 
pressure waves travel along the conductor at a speed approaching that 
of light^in a vacuum 

With normal loads, therefore, it is best to deal with the outgoing and 
reflected waves, and from the ratio between the amplitudes of these 
two waves at the receiver terminals and their phase displacement 
(i/'j “ ^ 4 ), calculate the current and pressure waves over the whole line 
At the receiver terminals, where ^ = 0, the relation between the ampli- 
tudes of the reflected and outgoing waves is 


or 




■p2~ ^ 









The formula shews also that the reflection is only complete when 
Pa — ±Pb fl-iid which IS only the case at no-load or short-circuit 



Fia 180. 


The kind of reflection under normal conditions depends both on the 
load at the receiver terminals and on the line constants 

For the case when the ratio of the resistance of the line to the 
self-induction is the same as that of the conductance to the capacity, 

le when = then 

Xa 0i 

Such a line is by 0. Heaviside termed distortionless. 
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Suppose, further, the load in the receiver circuit is non-inductive, then 


P. 


D _ 7 

2 a 


P 2 



and = = 


Under these conditions, the outgoing waves are reflected at the same 
angle as they amve at the receiver terminals The reflected waves 
are weaker, however, the greater the load, and vanish entirely when 


that IS, when the electrostatic energy due to the receiver pressure 
equals the electromagnetic energy due to the receiver current and 

stored around the line For this 
special case where the reflected 
wave vanishes, 

i? = (Ps + Jj ^ am {u>t + ixl), 


i'l 

A 



Pi a 181 


* = (-^2 + -^2 Vxf )'*'* 



It follows further that the angle 
of phase displacement between 
current and pressure is zero, i e 
cosc/)=l, at every point in the 
hue, which distinguishes the pro- 
gressive wave m the circuit free 
from disturbance from the station- 
ary wave We also see that the 
phase displacement chiefly depends 
on the phase difierence in the 
receiver circuit and to a much less 
extent on the relation between 
the electrostatic and the electro- 
magnetic energy stored m the fields 
around the conductors at a given 
load If these two quantities of 


energy are kept equal, the phase 
displacement between the receiver station and the generator station 
^vill not change much If the electrostatic energy preponderates, the 
phase displacement will be less, and vice versa when the electromagnetic 
energy is the greater In designing long hnes, therefore, it is necessary 
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to see that these two quantities of energy are such as to give the 
best conditions of working In Chap IX we shall see that the 
eflSciency of such a transmission line is highest when = that is, 
when the no-load losses with normal receiver pressure equal the short- 
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circuit losses with normal receiver current, and this is the case when, 
as above, the power factor throughout the line is unity 

In Fig 131 the values of I and P are set off both in magnitude and 
direction along the polar co-ordinates for a power transmission line 
with abnormal conditions The plotted points correspond to/xZ = 16 
The pressure Pg coincides with the ordinate axis 
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The vector lags </)o behind By projecting the radii-vectoies of 
these two curves on to the rotating time-line, we get the momentary 
values of the pressures and currents at every point along the line 
These instantaneous values are represented in Fig. 132 as functions 
of the length of the line for six diflFereiit instants of time taken of a 
complete period from one another. 

From these curves it is clearly seen that the pressure and current 
vary after a sine law along the line, and at the same time we see how 
the pressure and current waves progress along the line 


44. Transmission of Energy over Quarter- and Half-wave Lines. 
We have just seen that very long lines with negligibly small lino 
losses have certain peculiarities The cuiTont and pressure waves are 
stationary when the receiver terminals are either short-circuited or 
open Wo will now see how these hues behave when line losses are 
present 

Qmrt(yt'-wav6 T'l ansmisston Line We will first consider aline whoso 
length IS a quarter of the wave-length of the current and pressure 
waves. Such a line we can call a quarter-wave transmission line 

Then 

whilst X IS not zero. 

It then follows 


j±(«i ^ /i/j sin /i/j) 

and the constant C of the line will be 

‘ 2 2 “ “ " 


<7= 


whilst 


2 

2 


and 


yyi 

= cos (j^l) 


2 


jssure and 
bions 81 anc 

= OPi + Czjila = - P.sin (jkl^) 008 (jkl^) 

y Vi 


The pressure and current at the supply terminals will then be, 
from equations 81 and 82, 


and 


-^1 = ^^2 2 ~ 


-I^em(jkl^)-jP^ 
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From this it is easy to see the influence of the load in the receiver 
circuit and that of the ime losses on the load in the supply circuit 
If we put, for example, A. = 0 , by making the line losses negligible, then 


and 


A- 


Such a line therefore behaves like Boucherot's condenser transformer, 
converting a constant pressure into a constant current, and conversely 
Thus if we wish to increase the current in the receiver circuit, the 
supply pressure must be raised , whilst if the receiver pressure is to be 
raised, the current in the supply circuit must be increased accordingly. 
Since no losses occur in the hne, the supplied energy equals the received 
energy, and since, further, — - Pj^, the phase displacement in the 
supply station equals that in the receiver station 
Examining the effect of the line losses on the load in the supply 
station, these occur in the first two terms of the expressions for 
P^ and /^, VIZ in 

Pg sin and /g sin ). 


Since X\ IS comparatively small, the sine can be replaced by the angle, 
and we get for the two loss components, P^J^h and ^ The line 

losses are thus directly proportional to a quantity which can be 
calculated as follows . \ 7 \ 

1 2 


Since 


2\iJ.=9fli+ku 


and 


=; hflt, 


then 


H Xa h 


Thus 



where i, is to be taken as positive Since we also put cos(7A.?j) = l, 
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If the load in the receiver circuit is non-inductive, which is beat in 


such long transmission lines, and we take 

the phase displacement at the supply station will thus be zero also, 
i.e cos ^ = 1 in both the supply and receiver stations 




and 


^mof^s 



Fia 133.— Load Curves of a Quarter wave Tiousmlsslon Llue 


In Fig. 133, the load curves of the supply and receiver stations of a 
quarter-wave transmission line are shewn for constant receiver pressure, 
and cos <l>^=0 95. 

The supply pressure increases rapidly along a straight line with 
increasing load, whilst the supply current only increases slightly, but 
also along a straight line. The increase in current serves to cover the 
line losses as they increase with the load This method of transmis- 
sion has recently been fully treated by Steinnietz, who illustrated its 
practical value for very long hues. At 60 cycles, the length of the 
transmission by means of the quarter- wave line is about 


300000 

4x50 


= 1600 km. 


Half-wave Transmission Lme Here the length of the line equals 
half a wave-length, i e 
whilst A IS not zero. 

It then follows that 
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The line constant is then 


whilst 


+r<^' 

gA/i 


2 


2 


ITT 

-(A 

II 

J- 

-- € 

yyi 

2 





= -cosOAlj), 




The pressure and current at the supply terminals are, accordingly, 
Pj = CP 2 Ozj^l2 


= -PaCosOA-y+^/ay^sinO^^i), 

and A = C ;-^2 + %^2 

= - /ocos +j?P 2 \j^ sin (jkl^) 

If the line losses were negbgible, i.e X=:0, then we should have 
P^=^ -P 2 and = - /o 

Consequently, the line behaves under steady working conditions like 
a line possessing no resistance, inductance or capacity Taking the 
line losses into account and making the same assumptions as above, 

cos (jk\) = 1 


and 


then 


and 



which are quite obvious. At 60 cycles, the length of a half-wave hue 

IS about = 3000 km The current and pressure vectors in 

Fig 131 correspond to a half-wave transmission line where the 
electrostatic energy predominates The current in the receiver circuit 
lags, whilst that in the supply circuit leads The losses in this line 
are chosen unduly large, as clearly seen from the relation between 
/ 2 P 2 and 
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46. Eamvalent Oircmt of a Power Tranemission Scheme containing 
Uniformly Distributed Capacity m the Line. 

Fmst Fmi of Equivalent Cvicmt In Section 40, the total capacity in 
the line was replaced by a capacity concentrated at the centre of 
gravity We shall now shew that this is allowable in the case of a 
uniform conductor, provided the capacity and the impedances of the 
equivalent circuit are properly chosen. 


0*0 00 


j, 


■H 

i*C 




fililjlili l 
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Consider the circuit in Fig 134 — we have the following equations 

/ \ 

/^ = /„ + /^ = + h + ^2 . 

/, = C'(/, + P,y„) 

Similarly for the supply pressure • 

A = A + -^2 

-p +i -^+p’‘-^+j^ 


and 

or 


or, putting 1 - 




Thus we get the same equations for the circuit in Fig 134 as for 
the uniform power transmission line with uniformly distributed capacity 
(cp equations (81) and (82)), and the effects of the latter can nearly 
all be simply deduced from the equivalent circuit 
The admittance of the equivalent cncuit is 


= cvo = 

and the impedance z is 

- e"'^) 


_ CUs _ 

1 +c o . 


2+4 


(85) 


( 86 ) 



POWER TIUNSMISSION SCHEME 


146 


Second Foim of Equivalent Circuit The equivalent circuit just deduced 
has the form of a three-phase star, as we shall see in Chap XVII. It 
IS shewn there that every star-system can be reduced to an equivalent 
mesh-system. Such a mesh-system is shewn in Fig. 135. Every 


Pifi 135 



uniform transmission line, therefore, can be replaced by a circuit like 
that in Fig 136 The three liranches of this circuit have the constants 

5 = 

G 

^ qVq' 

To prove this we derive the following equations for the equivalent 
circuit 

A = /a + Pay, + [(/a + Pa 3 + Pa]^^ 

= /a(l +^ya) + P2ya(2 + 

Q2 

Here 1 1 +Sa2/o (see eq 80, p 131 ) 

Hence we have 

/, = 04 + (1 + C) = C(/, + F,y,) 

Similarly, for the supply pressure 

= OPa + = 0{P2 + Iz^k) 

We thus get the same equations (81 and 82) for this circuit as those 
deduced for the tiansmission line The following formulae ser\e to 
determine the constants of this equivalent circuit 

n„ _1 hjy^ '' 


C V Za 


2 + + 


where, as before from eq 80, 


1 “ ^kVo 


A,0. 
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From this equivalent circuit, we see that every uniform transmissioi 
line with inductance, resistance and capacity behaves like a line 
possessing only inductance and resistance, provided that two equaj 
capacities are assumed to be in parallel with the load and the 
generators respectively 

If the current diagram of the load for such a line is given 
for a definite Fg, we must first add the constant current P.jjia 
the load current and invert the current curve thus obtained by the 
rules already given, and then add the impedance z By a further 
inversion and adding the cuirent the diagram for the current 
at the supply terminals is obtained for a constant supply prussuro 
Pi One advantage of this equivalent circuit over that deduced 
above is due to the fact that ouly two inversions aio required 
for the current diagram, whilst four are necessary m the other 
On the other hand, if we have to find the pressure diagraiii of 
the generators from the load pressure diagram, the first form is 
preferable 


’ 46 Uniformly Distributed Capacity in Transformers and Alternating- 
current Machines. Not only m high-tension transmission lines, lint 
^ ® ® high-pressure windings of electromagnetic apparatus, dis- 

tributed capacity is met with Under ordinary working conditions, 
however, this is chiefly confined to transformers for very high 
pressures In machines, distributed capacity only becomes dangerous 
on switching in and when sudden load variations occur Since, for the 
9 ^ moment, we are only dealing with steady con- 

jN — 1 1 difcions, we shall only deal here with high-pressure 
transformers ^ 

S_j ^ W Holder steady working conditions, individual 
gn j coils in the transformer windings assume potentials 
o“n ^ considerably higher than that of the surrounding 
L’ iron, which is usually connected to earth , as a 
I i consequence of this, condenser action takes place 
between the high tension coils and the earthed 
m^ses of iron The insulation of the winding 
and the oil or air act as dielectrics Assuming 
* £ that the middle point of the high-tension winding 

for fchVrtrrjprf '' following^uivalent Bchein! 

r capacity m the transformer (Fig 136), when the 

of the windiig^is negkoted As 
ij, tension lines, we denote the impedance per unit length of 

= and the admittance per unit length of the 
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ffi-A= 


In addition, we have here an e M r E. induced 
the winding Denote the pressure at distance i 


per unit length of 
from the earthed 
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point by P, and the current at the same point by then in the 
element dl, the current increase will be ' 


dl= -^Pfdl, 

and the increase of pressure 

dp={E^^f^yi, 

where the first sign refers to the secondary winding of a transformer 
and the armature windings of a generator, whilst the other sign refers 
to the primary of a transformer and the stator winding of a motor. 
By differentiating the last equation and eliminating /, we get 


that IS, the same differential equation as for transmission lines 

The E M F. induced in the winding from outside, has no effect 
therefore on the form of the difierential equation, but makes its 
appearance in the limiting conditions Similarly, by cbfierentiating the 
first equation, we have 




'i 


which differs from the current equation for transmission lines 
It IS best therefore to start from the pressuie equation, 
solution of this is (see p 130) 


P = Ac 


-v^ A 


The 


The limits are 


and give 


hence 


and 


^ = 0, P = 0, 

/ = /i, 

0 = ^+5, 




F a 




A 


p=Pi 


€ • 


Inserting this value of P in the equation 

dP 



148 


THEORY OF ALTERNATINO-CUREENTS 


we get the following expression for I • 


I — Wi r 


p 


If no point of the transformer winding were connected to earth, then 
any point in it might assume earth-potential, and from this both 1 and 
F would then be calculated 

111 this connection it must also he remembered that the several parts 
of the low-tension winding m a high tension transfomier are statically 
charged, since they act as the second plate of a condenser, the first 
plate of which is formed by the high-tension ’Winding These charges, 
however, neutralise one another when the potential of the high-pressure 
winding is aymmetncally distributed with, respect to the neutral point 
If the high-tension winding is not earthed and its potential is uot 
symmetrical with respect to the neutral pomt, the electrostatic charges 
in the secondary 'winding do not neutralise one another, and the whole 
secondary winding can assume a fairlj^ high static pressure with 
respect to earth, when the secondary "winding is well insulated fi om 
earth When the low-tension -windings of high-tension transfomers 
are not earthed, it is still advisable to earth their neutral point through 
a pressure safety de-^ce, such as a water-spray, etc 

Assume further that the winding is the secondary of a transformer 
on no-load , theu the current at the terminals is 


/i = 0, 



Thus the pressure at the secondary terminals of a transformer on no-load, 
which possesses distiibuted capacity, is 


Let us consider the simple case when the resistance and the 
conductance of the winding aie negligible, then 

= V( 'J^G) ( -y wA) --Jio^JLC 


I 


H 

e- 

g- 


>o 

■ 

h 

S 

o ^ 

o 


} € 


and 




Since tan (ajLG is greater than (osfLC for values 

of (iifjLO less than the pressure at the terminals 

"Will always be greater than the E M F. induced m 
the winding 

{h) We now proceed a step further and consider 
the capacities which exist between the several turns and coils ^ they 


Fig 187 
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act like shunted condensers to the winding elements, as depicted 
in Fig 137 Let the condensers be denoted by the admittances 

g„- jb„ = Y per unit lengthy then the increase of current in a winding 

element will be 

dl^ + 

and the increase of pressure 

dp={E,+f^dl 

Thus we get the two differential equations for pressure and ouiTent, 



/, d?P J^J/i 


or 


dV ~ ' Zj 


% 

/, 


and Bimilarly, 


d^J 


=rJ 


dV I 


1 + 


1 — 

yja 


1 + 




n 

’"T 


Since these two differential equations only diflfer from the former 
by the factor 

h , . VX 


1 + ■ 




instead of all the formulae deduced above can also be used for 
this case, if we substitute y'l for //^ 

Thus the capacity between turns and coils acts like an increase 
ill the capacity C with respect to earth In all the formulae, instead 
of yi we have 

, ^ Vi _ Vi 

1 j. ?'« ^ •* 

I I 
n u 

For the case when and are very small, 


Vi ^ ojC 

I “ xj)^ 1 - 
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and the secondary pressuie of the transformei on no-load 

.jm 


^sjLC 


sJl-MC 


jSo long as this expression is of the same nature as that 

found -vnthout considering the capacity between the conductors 
In transfonners the capacity C'u, between the turns is usually much 
larger than the capacity with respect to earth, although in high- 
pressure machines 0 can assume high values compared with 


47. Distributed Capacity m Lightmnff-protecting Apparatus. The 
multi-gap lightning-an’ester of the General Electric Co of Schenectady 
— as iSiewn m Fig 138 — consists of one or more senes of metallic 

cylinders or rollers insulated from one 
another, the first of which is connected 
to the line to he protected and the 
last to eaith, either directly or through 
a resistance When the line is charged 
to a high potential by atmospheric 
electricity, the rollers, which can he 
regarded as the elements of several 
condensers in senes, all become charged 
If now the pressure between two cylinders becomes greater than the 
break-down pressure for the air-gap between, a spark will jump across 
and then across the other eylindeis, whereby the hne is discharged to 
a lower potential If the potential of the line and also the charge of 
the first cylinder be steady and 
uniformly directed, then all 
the cylinders take up the same 
steady charge, and the pressure 
between the line and earth dis- 
tributes itself uniformly over 
all the gaps, so that the poten- 
tial across all the rollers can 
be represented by the dotted 
straight line I in Fig 139 
Since, however, the metallic 
cylinders possess not only 
mutual capacity, but also, with 
respect to earth, all the 
cylinders do not take up the 
same chaige, but the charge on 
the cylinders decreases towards earth, instead of the dotted straight 
hne we get the full-line potential curve II. If, in addition to the 
capacities, the conductance from cylinder to cyhnder and from cylinder 
to earth is considered, we get Pig. 140 as shewing completely the 
circuit of the lightning arrester 

(a) As this circuit is similar in character to the transmission line 



^<xx)cx:)CKDocxx>--^ 

Fia 138 
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in Fig 128, the equations deduced for the latter may also be 
used for the mathematical investigation of the roller hghtuing 
arrester Naturally the differential equations for the transmission 
line are deduced for an alternating potential in the line and not for 







FlO 140 


a steady one Since, howevei, an alteinating potential occurs as 
frequently as a steady, and further, since the differential equations 
for the former can be suitably simplified for the case of a steady 
potential, we shall start with the general differential equations foi 
an alternating potential 


These are 




and 




Here 


yi — (ffi h ~ iUi h 


and 


^J-x= ^ ^ L , 

?/d {9d~J^d) (9d~J^^Pd) 


where all constants refer to one i oiler and I therefore is expressed 
as the number of i oilers by which the respective point is away from 
the roller connected to earth. Usually is of the order farad, 
whilst 0i is about of As seen from these expressions, we have 
neglected the small inductance L of the rollers, which is only of the 
order 2 1 0“** henry, and consequently only begins to have an influence 


on the pressure conditions when the frequency c-^ approaches 

, 27r 

the order — i e. about 35 millions 

'2wJlG^ 

We can therefore neglect self-induction entirely, and thus obtain the 
following differential equations 


dl^ 


cVl , g,-jwC t 
dP 9a 


and 
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The solutions of these equations are 



Inserting the limits 

Z = P = 0, 


we get 0^A-\-B 



{h) Consider first the simple case where the conductance Qi bears the 
same relation to the capacity as the conductance to the capacity 
j then the ratio 

_ 9i 

y<r 9d 


IS a positive real number, and 


.V1‘ -Vl' 


p ® * 

“A (TT 


VI'- 


The pressure, therefore, follows a curve independent of the frequency, 
which also holds for a continuous (steady) pressure 

In Fig 139 the potential curve II is calculated for the case of a 
roller lightning arrester, where (7^ = 4006' and 1^ = 60 cylinders Then 
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With the assumption S = ^ the curient will be 




'Vf' 




It increases with the frequency, i e with w. 

For a steady (continuous) pressure, a) = 0, and the current is a 
minimum, 

Od , ^ y Ud 


+ € 


- 4 .^ 


The pressure between two cylinders is, in general, 




a - 

" +e 


o 

II 

11 

-"■Vi; 

SoJ 


€ 


VfJ 


This is greatest between the first two cyhnders, that is between the 
two nearest the line, and for the example in question appioximately 

V TT p 

*- = ^ If this pressure exceeds the bi eak-down pressure, 

Off 20 

a spark passes between the first two rollers, and so on along the whole 
series, for when the pressure breaks down across the first two, the 
pressure between the second and third is increased, and so on In 
lightning arresters which consist of many cylinders, it is often 
observed that the sparks vanish before all the rollers have been 
passed This is due to the fact that the charge which the spark 
carries with it becomes less from roller to roller, the decrease being 
caused partly by the conductance to earth and partly by the capacity 
of the rollers with respect to earth 

From the foregoing, it is seen that— contrary to a popular view — 
the distnbution of the potential over the gaps of rollei lightning 
arresters, not only with rapidly alternating potentials, but also with 
steady potentials, is quite unsymmetncm, and consequently the 
potential curve in both cases deviates considerably from a straight line 
(c) We will now return to the general case where there is no definite 
relation between the capacity and conductance Here the potential 
does not always follow the difference of two exponential curves, but 
under certain conditions the diflfeience of two sine curves, whose 
amplitudes decrease according to an exponential curve In this case, 
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l/i+bi OiQa + 


There is, however, a case when the potential curve follows nearly a 
straight line, namely when la very small compared with , then we 

put = u-ud therefore P = P^j 

This occurs when either the conductance and capacity to earth are 
very small, or when the conductance from roller to roller is very large 
This latter is the case when sparks pass between the cylinders, for then 
the resistance of the air-gaps becomes a minimum, due to ionisation of 
the air Consequently, across the rollers where small sparks pass, the 
potential curve follows a straight line It ceases to be a straight line, 
however, wlieie the sparks disappear — from this point the curve 
follows the general equation This phenomenon was first noticed by 
Eushmore and Dubois,* and is represented in Fig 139 by curve III 

Usually the conductance to earth in relation to the capacity is 
much smaller than g^ to Consequently, A, and with it the drop of 
potential AP between the first cylinders, increases with thie frequency, 
, This explains why a potential at 

^ a high frequency discharges itself 
across a roller lightning arrester 

Low Resistance | I | According to Eushmore and 

Dubois, au ideal lightning arrester 
skould behave the same wilh all 
1 potentials independently of the fre- 

queacy This is the case with a 
Fio 141 roller lightning protector when the 

potential curve follows a straight 
line This can be obtained, as is done by the G-EC, by placing 
several resistances of different values between the line and the first 
rollers, as shewn in Fig 141 By this means, is made much 
greater than fi, and the potential curve follows a broken curve, which 
does not deviate largely fi'om the straight line I (Fig 139) The 
same authors have also shewil that the discharge currents of low 
frequency pass along the largest resistance, whilst the high frequency 
discharge currents pass along the rollers 

* Proceedings A.LE.E 1 907 
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48. The No-load and Short-circuit Constants of an Electric Circuit 

(a) Mam Eqiuiiimis of tlie G&mal Ciicfiiit In the previous chapters 
we have discussed different kinds of electric circuits firstly, ordinary 
conductors containing resistance and inductance , then, electiomagnotic 
apparatus whose circuits are magnetically interlinked , and lastly, 
circuits containing uniformly diatnbuted capacity ^ Moreover, we 
have seen how all these circuits can be leplaced by a simple circuit 
containing an impedance in senes with two parallel admittances 
This naturally suggests that all circuits are governed by the same 
laws, which is actually the case, whilst to find these laws we have 
but to apply the generalised form of Kirchhoffs Laws and the Law 
of Superposition 

In what follows it will be necessary to show the importance of the 
no-load and short circuit constants of the general electnc circuit, and 
this we shall do under the assumption that the Law of Superposition 
IS always applicable , that is to say, the effect produced in a circuit 
by any cause is independent of any other causes which may be at 
work at the same time in the circuit Thus, a pressure produces the 
same currents in a circuit whether other pressures are present or not, 
or a current causes the same drop of pressure when other cun’euts are 
present as when no other cuiTents are present Further, for the time 
being, we shall assume the applied pressure Pj is a sine wave 

Fig 143 shews the diagram of a general circuit, which may contain 
transformers, converters or any other kmd of alternating-current 
apparatus 

Let the supply pressure act at the terminals FP of the ciicmt, 
whilst at the terminals SS at any part of the circuit suppose we have a 
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load We musfc now study the effect of this load — which dependb 

on the pressure and the current — on the electric properties of 
the circuit The two vectoi*a P^ and are at an angle to one 
another, so that the power — 



First let the whole circuit be unloaded, and the terminals S 8 open, 
and let the supply pressure P|q be so regulated that the pressure Pgj 
coi responding to the load acts at the terminals SS 

When this is the case, the installation is said to be on iio~Imd and a 
current /q be tal?en hy the circuit 

We can then write 

and /o = AoVo, 

where all the quantities are to be taken as symbolic is a 

complex number expressing the relation between the two vectors 
Pj 0 and Po Vq IB a measure of the electric conductance of the circuit, 
and can be called its admittance Thus 


yo=fl'o+A=yo«"^ 

/q is the no-load current of the circuit, and has the watt component 
and the wattless component The losses due to the no- 

load current Iq are then ^/^o = ^o^7o 

We now connect the terminals SS by a conductor, whose resistance is 
aero, and so regulate the supply pressure that the current /g 
corresponding to the load nows between the terminals SS Under 
these conditions — known as bhoit-ciicmt — a current is taken by the 

circuit Symbolically, 


and Pk^ PiK^K> 

62 = ^2^'^^^®* like Cj, complex and expresses the relation lietweeii the 
cuiTeiit voctors and /g is a measure of the apparent electric 
resistance of the circuit, and can be called its imiiedanci. Thus 

»K = '>'s-3Xs=Zsi~^^^. 

Ps is the short-circuit piessure of the circmt with respect to the 
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terminals SS, and has the watt component sitid the wattless 

component The losses due to the short-circuit current are then 

Having considered these two extremes — no-load and short-circuit — 
we now pass on to the normal-load condition For this purpose, we 
can start either from no-load, gradually increase the cuireut 

passing between the terminals SS, without altenug the pressure Po ^ 
or from the short circuit, and gradually increase the pressure Pg at the 
temnnals SS, without altering the current P The pressure Po at 
the terminals SS requires at the terminals PP a pressure vector &1P3 
and a current vector Po = -^io2/o Similarly the current P 

receiver circuit SS requires at the supply terminals PP a current 
vector Cya and a pressure wector Pk=Iik^k Now, since any two 
conditions of the circuit are independent of one another, the load 
condition can be obtained l)y superposing the no-load and short-circuit 
conditions Hence, when the circuit is on load, the pressure at the 
supply terminals is p _p ,p np .t ~ 

and the current 


or, since 

then 

and 


P = P + PiaVo + 

P A ” ^ 2^2 and Pjo = ^2, 

P 1 “ ^iP2 + ^aP^A' 

Pj = O2I2 4 " CiP 2^0 


( 88 ) 

(89) 

These two equations are the chief equatmis of the circuit, and by means 
of them the conditions in the circuit for any load — ^Pg, ig — can 

be determined As is seen from these 
two equations (88 and 89) every circuit 
IS determined by four constants C^, 

C., y. and 2;^ 








P 1 


1 


Fia 143 


It can be shewn, however, that a 
definite relation exists between these ^ 
foui magnitudes, so that only three 
constants are sufficient to determine 
the characteristics of a circuit Consider the circuit represented in 
Fig 143 having the constants 2^, Sg and — we can then calculate 

the constants 0^ and for this circuit as follows 

At no-load this circuit takes a current Pq, where 


Po — ‘ 






= Pio2^o 


The receiver pressure Pg is 


Pa^" Pio “ ~ Pio “ 


Pio! 




■^10 


^ a 
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(90) 

(91) 


Hence, for this circuit, = 1 + 3 ,^ 

and = % 

At short circuit the supply current is 

/l iT ” + fvP^a = 1 ^fl) -^2^2 

and the short-circuit pressure 



+ A JT^l = /] ^ ^ -^1 


whence 

C'2=l+«By, 

(92) 

and 


(93) 


From equations (90) to (93), we get by multiplying and 


^kVc = (*1 + qJ c\ ~ C\ C\ 

0,G, G,C, 

or C'i_6’a(l -yo-5£)=l- • (9^) 


We have thus the relation between y^^ 0^ and Co Such a relation 

might have been predicted, from the fact that me four constants 
yoi ^X 9 ^1 ?2 expressed by the three magnitudes and 

(h) Betffiviination of the C&tistwtiis of a Ommal Cirffidt hy Measuremmt 
Every circuit can be defined by the four constants (7^, y^ and z^, 
and since these can be expressed by three independent constants 
Zo and It is possible to replace every circuit by an equivalent circuit 
similar to that in Fig 143 The above relation (eq 94) holds for 
this circuit, and can therefore be applied generally 

Hence <7iC2(l - = 1 

18 the third chief equation of an electric cnxuit 

From this we see that only three measurements are necessary for 
determining the constants ^7^, 0^^ y^ and Zj^ 

From equation (94) we get 

-^1 

C,G^ = 0^0^^ <*>+'''«> = p , 

‘^K 

where /q and denote the no-load and short-circuit currents for one 
and the same supply pressure 
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111 Fig 144 let OPq be the no-load and OP^: the short-circuit 
current , then 

Also >Pi + ^^=lOFj^P„, 

Jj[ /o COS (</>o - </>jr) I .gg. 

Fiom this it IS seen that the greater the ratio of the no-load current 
Iq to the short-circuit current the greater will be , the angle 
(i^i + V' 2 )> contrary, depends chiefly on 

the difierence (</>(, - ^jc) of the phase-displaoe- ^ 

ment angles at no-load and short-circuit If, 
in addition to and either or 

measured, the other constants 
can easily be calculated from foimulae (94) 
and (95). \ 

In many cases it is impossible, and under 

any conditions difficult, to measure C\ and I 1^ 

directly, since they are both complex quan- fio 144 ' 

titles The alisolute magnitudes of the same 
can be found from the no-load and short-circuit measurements, 

and 0, = ^^ 


The angle is the phase-displacement angle between the supply 
and receiver pressures at no-load, and the angle ^2 phase- 

displacement angle between the supply and receiver currents at short- 
circuit 

These phase-displacement angles are small, and consequently not 
easy to measure When the supply and the receiver terminals are 
a long distance apart, it is even impossible to determine these angles 
exactly by direct measurement Hence we shall shew how these two 
angles" can be simply determined by indirect measurement 

From the three chief equations, we get, by simple transpositions, 



II 

I 

II 

i 

< 


or 

•^2 “ ^2 (-^1 *" 

(88a) 

and 

^ iVo = ^2^(1 “ Vq^k) = ^ 


or 

-^2“ ~^^o) 

(89a) 
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The two equations (88a) and (S9a) are in every way equivalent and 
analogous to the chief equations (88) and (89) Whilst, however, 
by means of equations (88) and (89), it is possible to calculate the 
supply current and pressure Pj for a given receiver load (P^j -^2)? 
the equations (88a) and (89a) enable us to calculate Pg and /g* 
when the load (P^, at the supply station is known 

Let the pressure Pg receiver terminals wit’i the supply 

circuit open , then the current L in the supply circuit is zero, and 
the cuiTent at the receiver terminals is 

whilst the receiver pressure From the receiver terminals, 

Q 

a current 1^^ = = P2 0 77^ ^0 = ^2 oj'i flow into the circuit, 

C/2 

and the pressure at the receiver teiminals is 

Pa 0 = GqP 1 


From this, we get 


91^0 

0, y: 


where y^ is the admittance of the circuit when the supply terminals 
are open 

If we now short-circuit the supply terminals (P^ = 0) and apply the 
pressure at the receiver terminals, the current will be 

I2K— 


and the short-circuit pressure at the receiver temunala is 


Pa^ P2 " 


Zg: is the impedance of the circuit when the supplj^ terminals are short- 
circuited, and we have 


n j 

L/g 


Hence, from the three chief equations we have the following relation 


^1 1^0 , 

Gi~'^E~h’ 

whence we get ^'{'='f'i-i'a = <t>E- 


(97) 

(98) 
(98a) 


From formulae (96) and (98) and can now be easilf calculated 
— for we have 


and 


l^a = KV'i + V^i-^y') 
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In order to determine C'j, Cg, and it is best to carry out three 
of the following four measurements As a check, it is also desirable to 
carry out all four. 

1 With open receiver terminals, measure the supply pressuie Ao. the 
no-load current /q, the no-load losses and the receiver pressure 

Then, since ^0 = ^^ <;&q = cos"^ 

■^10 0 -^ 10 ' 

Vo=9o+A=yo^^'‘- 
Further, C'i=^. 

2. With the receiver terminals short-circuited, measure the supply 
pressure P^, the short-circuit current 1^^^, the short-circuit losses 
and the receiver current Jg Then, smoe 

= 'Y^ and = cos ^ (^p j 
we can find = 


Further, 


Og- j . 


3. With the supply terminals open, measure the pressure Pgo* 
current /„q and the power at the receiver terminals, and the 
pressure at the supply terminals. From the first three measure- 
ments we get ^ jp,, 


<^; = cos' 


-1 


{-rt} 

N' 20-^20' 


and further, 



4 Short-circuit the supply terminals and measure the pressure 
the current I^k and the power at the receiver terminals, and the 
supply current 1^ We then get 



From the four phase-displacement angles <^oj and <!>,; we get 

the angle in accordance with formula (98) 

It often happens that the pressure acting on the supply circuit is 
transformed before reaching the receiver circuit. In this case, Pg and 
/g in the above formulae denote the receiver pressure and current 
reduced to the supply system By this means, the ratio of conversion 
of the transformer is completely removed from all further calculations. 

A.O. ‘ L 
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(c) OJh'ief EqiLati&iis of a Symmtncal Cvimint, Considenng again the 
circuit represented in Fig 143 with the constants and we see 
from formulae (90) and (92) that 


and 


(4=1+ — 1 + ^ 


are equal when js, = Sg = », i e when the circuit is symmetncal about its 
oenti‘e This holds generally, even for comphcated circuits, and we 

= l (94i) 


or 


(72 = 


1 

1 "ya^K 


If Ze a^^d are known, C = (7e^‘^ can be found from the relation between 
Zg; and 0, The two magnitudes Zg and y^ can easily be found by 
measunng the pressure, current and power at no-load and short circuit 
We have 


C 


1 

\/l — yfiZg cos (00 ~ 0 ^) 



Ik 

— Jo cos (00 — 0 jr) 


(99) 


and 


tan 20 = "" 

^ 1 -yo^j:COS(0o-0a:) - /q COS (0o - 0jr)’ 


( 100 ) 


or, measured in degrees, 


0°-28 65 


Jo sin (00 — 0 jr) 
Jff ” Jo cos (00 - 0 ^) 


For this symmetncal circuit, the chief equations are 

P,= (7(Pg+Jg.^), (886) 

/, = a(72+ J,yo) (896) 

and Q\\-y,Zg)^\ (946) 


These hold for the usual cases met with in practice, for eicample 
transformers, induction motors and many power transmission schemes. 

We shall now shew how the magnitudes Pg, fg and 0 jr obtained 
from the short-circuit diagram can be used for findmg the percentage 
nse of pressure, and the magnitudes Aoj Jq and 00 obtained from the 
no-load diagram, the percentage change of current in a circuit, whilst 
both can be used for the determination of the change in the phase 
angle 0 . 


49. Determination of the Pressure Rise in a Oircuit by means 
of the Short-circuit Diagram. If the pressure Pg receiver 

terminals SS is to remain constant from no-load to full-load, the 
supply pressure must be varied accordingly This pressure vanation 
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IB best expressed as a percentage of the no-load pressure The 

change is generally an increase, whence we define 

P - P 
Mo 

as the percentage rise of pressure To calculate this for a symmetncal 
circuit with — we proceed graphically, as in Fig 145 Set off /o 



along the ordinate axis and P^—OA at angle / 2 ' vector 

AC = IqZk at angle to the ordinate axis, where =* tan“^ , then 

* 'K 

OC=Pa + Itex=^ (see eq 88b) 

Then, since 0J = P^ = 

the percentage pressure rise e % can be expressed thus 


7o= 


= Ao 100 = 100. 


■ 10 OA 


On AO as diam^r describe a circle and produce OA to cut this 
circle in P; then AB = I^‘x.k and 

Let 'AP—fixOA and GP^v^OA; 

then, from Fig 1 45, we have 

' = - 1 = s/1 ± 2 ^, + - 1 , 
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and working out this root, 

±2/X;s. + A + I'l _ + vl) + {fix + + 

2 8 

— +» . _ 

2 “ 2 

When /jtj = Vjj. = 0 2, the last tenn /*^ = T(^, ftnd is therefore 
generally negligible 

If we wnte AF=^~0A and CP = ^~OAj 

where fix and Vx not to be taken as ratios but as percentages, then 
the percentage rise of pressure will be 

The negative sign before fix is for the case when the phase angle 
leads and is greater than ^-^x Hence, to determine the percentage 
rise of pressure, we set off (Fig 146) A(J=I^Zx as a percentage of 



Fig 14(5.— Shoi't-ciroiilt Diagram of a Symmetirloal Oirouit foi determining the Percentage 

Preaanre Rlee. 


at an angle ^x the ordinate axis, descnbe a circle on the same as 
diameter, and draw at an angle ^ ordinate axis we then get 




100 


and the percentage pressure rise 


€°/ - '^AP + ^^ 
«/o- -^-^^ + 200 
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This 18 a maximum when <^ = </>a 

W]ien.fe = 0, = and 

2 I 2 

Thus, m this case, « % = 10o|^ + | 

Fig 146 can be appropriately called the shmi-m cmf diagiam 

If we are not deahng with a symmetrical circuit, but with the 
general case, for which the constants (7^ and may considerably differ, 
we substitute the actual receiver pressure JP*, with the phase displace- 

Q 

meiit by a fictitious pressure displaced from the receiver 

C/a’ 

current /g by the angle Then, since, from equation (88), 

^ = -fa + I 

the above formula (101) holds also for the rise of pressuie in the general 

0 t 

case, provided that we use instead of and (^j=0a-Ai/' 

C'a 

instead of in the short-circuit diagram Fig 147 represents the 



Pia 147 — Sliorfc-dicult Diagram of the Goueiul Circuit 


short-ciremt diagram of a general circuit — in this is set off as a 
percentage of F^, 

50. Detennination of the Change of Current m a Circuit by means 
of the No-load Diagram The pressure P 2 at the terminals SS 
requires, as we have seen, a no-load current On account of this 
no-load current, the load cun'ent is greater than the short-circuit 
current Startmg from short circuit, let the pressure be gradually 
mcreased — then will also luciease, and we have now to calculate 
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the percentage increase of current in passing from shoi t-circuit to 
full-load This is, 

For a symmetrical circuit, 

^ = /, + P^ija (see eq. 89&) 

This equation also can be expressed graphically In Fig 148 set 



PlQ 148 


off along the ordinate axis and I^=^0D at angle «/>3 to Set off 

fm-ther DF^^P^y^ at angle to the ordinate axis, where </>Q = tan"^^, 
so that ' y. ^0 

0F=h. 


Further, since 


OD = l 


the percentage increase of current j % can be wiitten 

On DF describe a circle and produce Ol) to cut the circle lu Q , then 
DE^P^h^ and EF=P^g^. 
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Let = 

then the percentage increase of current is ^ 

,7.--f7j''I00.±,^ + 4 <1M) 

The negative sign before /Aq is foi the case when the phase angle <^2 

TT ' 

leads and is greater than „ - <^>o 

Hence, to find the percentage current increase, set off (Fig. 149) 
UF^Pjy^ as a percentage of at an angle to the ordinate axis, 



Pia 149 — No-load Diagram of a Bymmoti*ical Glroult for determlulng the Percentage Ohonge 

of Current. 

describe a circle on the same as diameter and draw DQ at an angle 
to the ordinate axis 

Then we have M=:^«100 , 100, 

■^2 -‘S 

and the percentage increase of current 

This IS a maximum when <f >2 = ^o> When <t >2 = 0, 

^^=1^100 and Vo = :?fl»100. 

■^2 

Hence, in this case 
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We can appropriately call the diagram in Fig 149 the iw-loitd 
diagram 

In an unsymmetrical circuit, 

^ = -^2 + = -^2 -^ 22/0 

Consequently the no-load diagram and formula (102) hold for any 

circuit, provided we use instead of Pg = 

instead of This is done in the no-load diagram in Fig 160, which 
accordingly holds quite generally. 



Fig 160 — No-load LHagTom of the Genoral Olrcult 


When the conditions are such that the results yielded by the short- 
circuit and noload diagrams are inaccurate, we can use an alternative 
method, and find the pressure and current in the supply circuit 
by means of the load diagrams shewn m Figs. 146 and 148. 


61. Change in Phase Displacement. The phase displacement be- 
tween the piessure and current in a circuit change as we pass from 
the receiver terminals to the s^ply terminals. This displacement is 
determined by the vector Pj^= of the short-circuit pressure and 

the vector of the noload current. The angle of phase 

displacement of the load at SS has been denoted by the above — 

similarly we can denote that at the supply terminals Pp by 


Then = 

P I 

for the two vectors and are rotated through the same augle m 

6 / Li 

respect to the vectors P^ and 
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From Figs 145 and 148 we see that 

In order to find the phase-displacement angle at the supply terminals 
for a symmetrical circuit, we must therefore calculate the two angles 

A<^jf and A<^q 

PC 

From Fig 145 we have sin (Ac/)^^) = =. 

OC 

OA P 

Denoting the ratio 


1+^ ^ + ^ 

^100 

1 /A 1 V PO Vga 

and sin(A.^,^)==a=j^. 

We can express sin (A</)^) in the forjn of a senes, thus 


8in(A<^^) = A<^^ 




IS negligible compared with A<^j^, so long as 0 26, which 

6 

IS usually the case where A<^j^ is expressed in circular measure, or when 
measured in degrees we have 

. v^a 180 

^‘^'“TOO • Ir- ’ 

16 A<^jj.= 0 573vjca = ®^^^J^ 

In a similar manner, from Fig 148, 

sm(A^o) = ^> 

or, denoting ==^ by get 
(JJ* -^1 

B= 1 =-L 

^ i^r/c i+y 
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whence the angle of phase displacement at the supply terminals is 

'(103; 

In this formula^ and Vq are to he taken negative when the points 
P and Q respectively he on the arcs BC and EF , this is the case when 
the angle of lag is greater than 4 ^o respectively 

In the case of the general unsymmetneal circuit, we must substitute 
for 111 formula (103), where is the angle between the 
imaginary receiver pressure P 2 aiid tihe receiver current 

It has already been shewn that = - ^2 j hence, for any circuit, 

the phase-displacement angle at the supply terminals is 

^i = «^2 + (fs-V'i) + 0673(^^+^) . (103a) 

62. 'M'fl'giiirmm Power and EfiLcieucy. With constant supply pressure 
Pj^ and load power-factor (1 e cos <#>3 == const ), it is only possible to 
transmit a certain maximum power to the receiver circuit If we try 
to go beyond this by increasmg the load admittance ^ 3 * ^he receiver 
pressure Pg will fall more rapidly than the receiver current will 
rise. This maximum is naturally reached when the drop of pressuie 

1^21 in the cii’cuit itself equals the receiver pressure P' 2 — 7 ^ 

From the equation 

J ^ Pg + == 7T Pa'^2 + p2^£-j 

it follows that, when is constant, the power given out at the receiver 


terminals 


cos <#>2 


IS a maximum when the product of the two absolute values 

P 

is a maximum. Since the sum ^ of these two vectors is constant, 

the product of their absolute values is a maximum when they are equal 
H^nce the condition for maximum power is 

va 

01 ip 

In this case the receiver current is 


V2 
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C 

The vectors % and ^ are displaced from one another by the angle 
Hence the receiver current at maximum load is 


7= “Pi 

26-22^ cos .^2 + A^)’ 

0 

and therefore ^2 mw = cos <^=727 ? cos </>2 
_ Pj cos <^2 

20^^02^^ {I +C0B (</)j- </>2 + ^|/')} 

Now, fiom Eq. 96, p. 169, 

1 ~^o (^0 ~ 

0A~~ Ik 

Hence. = • • • (104) 

» amax 2{l+C0S(<^>jr-</)2 + A^)} ^ 

P P 

Sluce 7^=-4^ and conditions for maximum power can 

O2 C/g 

be written • With ccmstmt sfwpply pessme and load powei-fadoif we get 
maximum power foi the load^ whose no-load amd short-cii cuii presmes are 


Proceeding further, we can now find the load power-factor cos <^2 
necessary for obtaini^ the maximum power at the receiver terminals. 
By differentiating Eq. 104, we find that this happens when 

- { 1 + cos ((/>^ - <^2 + M ') } sin - cos sin (t/)^ - <#>2 + A^) = 0 

or when - <^a = 4- 

Introducing this value of expression for W^^^^ we get 

P[ cos <^2 

' 2UiUaJ&jr(l + cos 2(^) 

p; P? 


W — 

rr 2liiax f 


4C'j2?aCOS <^2 


.(104a) 


To find the effiamay of the general circuit, we calculate the power 
supplied to the circuit at the terminals PP and ciivide this mto 
the power /Pg i^ken out at the receiver terminals The supply power 
IS most easily obtained from the real part of the product of P-^ and the 
conjugate vector of The supphed power W^ is 

= /Po + /Pi + sP^h, 

where Wq = P^q^o = C'lP^^o 

18 the no-load loss when P^ acts at the receiver terminals, and 

W^ = l\^r^=0lllu 
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IB the ahoit-circuit loss when the cun’ent in the receiver circuit is /j 



s =p cos <#>2 + ^ siu <#)a, 

where 

_ /jT -f- /fl OOS (<f>Q -h 
■Tff ” Tfl cos (c^o “ ^k) 

and 

I^ — Iq cos (cj>Q — ^jr) 

or 

^ _ /jtCos - A^) + Iq cos (<#>0 + + A^) 

Ij[ — Iq cos (<j >0 ■“ ^Jt) 


and depends only on the land of load, i e. on cos </)2 
Since the power at the receiver terminals is 

we get the percentage efficiency 


>,% = plOO = 


w,+w^-^ 


100 


cos ^ 




(105) 


Both at no-load and short-circuit the efficiency is zero, for in the 
first case the useful current is zero and in the second case the useful 
pressure In the former case, the sum of all the losses is and m the 
latter 

Starting from no-load and keeping the load power-factor constant, 
the efficiency and the heating losses Wj^ gradual^ nse as the load is 
gradually increased, whilst the no-load Tosses Tv^ decrease. When 
efficiency will be a maximum, for, with a given loss 
1^0+ = const , the product WQW^=C\C\gQis^^]\ is a maximum 
when the two losses are equal. Thus we see 
For a gvom Mnd of load m a aicmt, the effictency is a mmirmn when 
the shmi-arcfnit losses conesponiding to the lo^ ami&nt equal the ow-load 
losses coiiesponding to the load pessuie 
The maximum efficiency for a given load power-factor is 


c% = 


^2 


100 . . 


(106) 


Fui'ther, we find by differentiation that the power factor cos</)2, 
for which the efficiency is a maxiinum, occurs when 

and {Wq + = - PJ^{pmi{/^\p)+qcoB{L\p)}, 

and the maximum efficiency is ' 

o / ^^2 

Vuia>L /o ^ cos (A^) - gam (A^)} -f- 2 WqQos^cI>^ 


(107) 
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Cousidenng equation (107; more closely, we see that the load current 
/g at the absolute maximum efl&ciency is displaced in phase with respect 
to the receiver pressure In general it will be found that lags 
behind or leads Pg almost as much as leads or lags behind 


53. A Transmission Scheme. As an example of the appHoation of 
the no-load and short-circuit di^ams to a symmetrical circmt, we will 
consider a transmission hne This consists of a supply station where 
the pressure is transformed up, the transmission line and the receiver 
station where the pressure is transformed down. We will assume both 
supply and receiver transformers to have the same ratio of trans- 
formation 

(1) No-load measurements 

Pi = 1000 volts, /q = 100 amps., /Fq = 40 K w , Pg = 986 volts 

(2) Short-circuit measurements 

Is: = 1000 amps , = 250 volts, = 80 K w , 986 amps. 

We get Cfi = a2=C'=^^^=1016, 


^i + V^2 = 2i/' = 67 3 


/q sin (<^Q = Q® 12 

Ik~Iq cos (<^q — 



For a load current 73 = 986 amps., the watt and wattless components 
of the no-load current are, in percentages, 

/o ,r/, % = ^ n/100^ - 40^ = 9-31 % 

The no-load diagram is drawn in Fig 151a 
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For a power factor cos ^2 — 0 9 m the receiver circuit, the percentage 
euiTent increase is s 

J% = /^o + ^ = 7-95% 

At ahorb-circmtj the watt component of the supply pressure is 

W 

= 80 volts 

80 

or g-gg = 8 12 % of the constant receiver pressure ^2 = 985 volts The 
wattless component is 

= V2502 - 80^ = 237 volts, 

corresponding to 24*1 % of Pg The short-circuit diagram is shewn in 
Fig 15U The percentage pressure increase with cos <^>2 = 0 9 is 

e%=/^jr + 2^=19-4%. 

In the transmission scheme, the phase displacement between current 
and pressure is increased by the angle 


Hq + 0 673 -I- = 12° 25. 

Hence the supply phase-displacement is 

= <^2 + -j. AijSj,* 25“ 85 + 12“ 25 = 38“*1 

and the power factor at the supply terminals cos = 0 785 
The efficiency of the transmission scheme is 


where 


whence 


^ ^ I I cos <^2 + cos (<f>a + <i>K- <^ 2 ) 

Ijr-Io COB 

^4000 X 0 9 + 100co3ni°-86_^ 
4000 -100 cos 4° 9 


’)7o = 


985 X 986 X 0-9 
40000 + 80000 + 0 946 X 985 x 986 

873 
'1035 


= 84-2%. 


54, A Single-phase Transformer. As a further example, we will 
take the single-phase transformer, which represents the simplest form 
of all electromagnetio apparatus and machines The no-load measure- 
ments taken on a 60 K v.A single-phase transformer were 

^10 = 6000 volts, /(, = 0'4 amp,, = 750 watts. 
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and at short-circuit 

/ijT = 10 amps , Pjc = 250 volts, = 1000 watts 

Hence the no-load watt current is 

j Wq 760 

and the no-load wattless current 

-^0 WL = V/; - J„V='/0 4* - 0 162 = 0-37 amp 

/o IF IS 1 5 % and /q tfz, is 3 7 % of the load current (10 amps ) ; from 
these two magnitudes the no-load diagram (Fig 162a) is obtained 
At cos <^2 = 0 9 the percentage current increase is 

^ % = /‘o + 200 “ ^ loo" “ ^ 

With normal short-circuit current, the watt component of the primary 

1000 
1 K 


pressure is 


P,,,=^=i^ = 100 volts, 


i.e. 2 % of the nomal pressure The wattless component is 
^;^lFA = ^^“•^rF=^/250®-100® = 229 volts 
or 4 58 % of the normal pressure From these two values we obtain 




FiGa 162a and h — No-load aud Sbort-cirouifc Dlngrama of Single-phase Tranafonner 


the short-circuit diagram (Fig 1525) At cos ^2 = 0*9 the peicentage 
pressm'e rise is 




The increase in the phase displacement between pressure and current 
due to transformation is 

A</,0 + A,;,, = 0 573 = 3' 28. 
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The angle of phase difference on the pnmary side is then 
= + + = 85 + 3“ 28 = 29“ 13 

and the power factor at the primary terminals, 

cos <^1 = 0 871, 

whilst cos <^2 ” ^ 

In Fig 153 the percentage increase of pressure and current and the 
increase in phase displacement with constant pressure and current on 






d Oil (^3 4 ^ 4 / 




9\ 

X 

L 'X 

/ Las 

iO ^3 ^3 (^t 

i 

3 

4 

5 


;y 




Pio. 168 


the secondary side are also shewn as functions of cos 

that all three magnitudes vary most in the neighbourhood of unity 

power factor, i.e. cos ^3 = 10 
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THE LOAD DIAGBAM. 

65. Load Diagram of an Eleotno Cu’ouit 66 Simple Conafcniotion of the Tjoad 
Diagram 57 Load Diagram of a Transmission Scheme 68 Load 
Diagram of the General Transformer 

65. Load Diagram of an Electric Circuit As we have seen, the 
no-load and short-circuit diagrams are well suited for luvestigdting the 
working of a short transmission line or modern transformer For repre- 
senting the phenomena, however, which occur in a long transmission 
line or in motors where electric energy is transformed into mechanical, 
these diagrams are less suitable If we have, for example, a motor fed 
from mains whose pressure is kept constant, we require a diagram which 
will enable us to see directly how large a watt current and how large a 
wattless current will be taken by the same at any given load. Further, 
the diagram must shew, at the same time, the efficiency and speed of 
the motor when working at this load and also its overload capacity 
We shall now shew how to construct a diagram from which all these 
quantities can be accurately obtained For this purpose we start 
frotn the equations (88) and (89) of the general electric circuit, viz 

Pi — C^P 2 4 - 

and P\ “ ^ 2^2 “I" ^\P ^0 • 

From these, it follows 

Pi — Ii%K — ^\P 2(1 ” — TTJ 

La 

p 

and since 7-, = — , the current in the supply circuit ^vlll be 

..A 

/a \ 

, Ci 01 

aM n /I v = — 

^^1^2(1 ” ^ 0 ^^) ^ 

AO. M 



178 


THEOEY OP ALTEENATING-CURRENTS 


then the current 7, can be written . 

/i = (A-7i«A)(y«+,%)- 


/, = (A-JA)(y-+.%) ( 108 ) 

/ This equation shews that every 

. ,---r circuit can be replaced by that 

^ 3 3 shewn in Fig 164, since equation 

■? yS yS ^ 0^®) circuit. 

^ however, to 

^ ^ what the two parallel branches in 

“ the original circuit correspond To 

Pig 154 —Ha^yaient oirouit of the the branch with admittance 1/b a 

General Blectrio Olreult. ^Tr i j u 

power JVf, IS supplied, where 

i e. the bcmch with odwAittance m'^esponds vnth reject to pow&i^ to the 
Imd circuit with impedance 

To the second branch with admittance a power JF^ is supplied, 
which, expressed symbolically, equals 


Pig 154 — Hqulvalent Circuit of the 
General Blectrio Oircuit. 


W (» ~ (•? 1 ^ 




This corresponds to a loss which is proportional to the square of the 
pressure This loss includes such losses as iron losses and those which 
occur in the dielectrics of electrical apparatus and machuies Con- 
sidering finally the path with impedance we find in it the loss 

This 18 the copper loss m the circuit, and represents that part of the 
electncal energy which is dissipated in the form of heat 



Pig 166 —Diagram of the Equivalent Cii-oult In Pig 164 


To find the current for a given impedance we first of all 
calculate^rt and y„ and set off the same in a rectangular co-ordinate 
system (Big 156) The negative part of the abscissa axis is taken for 
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the axis of the imaginary values By adding ya Vt. geometncally, 
we get the resultant admittance Since the admittances and 

are in series with the impedance we first find the impedance Zy 

corresponding to the admittance yy Thus 

yr=gY-^A=y/^'' 


and 


Vr t t 


Adding now the short-circuit impedance 2 ^ to Zyy we get the resultant 
impedance z The inversion of z gives the admittance y, which falls 
in the first quadrant Finally, multiplying the admittance y by the 
terminal pressure we get the current in the supply circuit As 
usual, let the pressure vector P, fall on the ordinate axis, so that the 
current vector coincides with the admittance y Then the vector 
OC not only gives the direction of the current in the supply circuit, 
but also its magnitude to a certain scale 



To determine the locus of the current vector P^, we first find the 
curve traced out by the vector when the load is varied This is 

Assume, by way of example, that the phase displacement in the 
load ciromt is constant Then the locus of the admittance 


IS a straight hne Ka (Fig 156) making the angle 
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ordinate axis In order to draw the load diagram for this case, we fiist 
set off the constant admittance 

0A=y^= C'jC'sjj/o = ga 

and draw through A a straight hue Kr at angle (<#>2 + 2 ^ 2 ) ^ 
ordinate axis. The admittance is then represented by tfie vector 
OB drawn to this hne. Then, to find the impedance corresponding 
to we find the inverse of the straight hne Kg with the origin 0 as 
the centre of inversion This inverse curve is not drawn in the fourth 
quadrant, but in the first, since we must return to this latter by a 
further inversion Now, the inverse curve of a straight line is a circle 
passing through the centre of inversion , thus, in this case, the inversion 
circle is K'g and the centre of inversion is the ongin 0, The centre 
of K'b lies on a straight line passing through the inversion centre 0 and 
perpendicular to the line Kg The radn-vectores of the circle K'g from 
0 then give the impedance We now add the short-circuit 
impedance to by moving the co-ordmate system to the nght 

through a distance equal and parallel to Zg The ongin 0' of the new 
co-ordinate system consequently falls in the third quadrant Then the 
vectors drawn to the circle or, as it is now, K^, from this new origin 
give the total impedance z of the whole circuit Finally, still remam- 
ing in the same quadrant, let with centre M on the hne be the 
inverse circle of the circle ICa with U as centre of inversion Then 
the vectors drawn from 0' to this circle K represent both the 
admittance y and to another scale the current /] supplied to the hne 
m magnitude and phase, when the vector of supply pressure Pj 
coincides with the ordinate axis. 

The circle K is the desired current diagram, and on it he the short- 
circuit point Pg and the no-load point Pq, The former is the inverse 
of the point and the latter is obtained by a double inversion of 
the point A, 

In Fig. 157 the final current diagram K is drawn to another scale. 
All points on the upper part of the circle, lying between Pg and Pg, 
correspond to points on the straight line Kg above .^7, i e to load in 
the branch , while points on the lower part of the circle correspond 
to points on the straight hne Kg below -4, i.e. is then negative and 
the branch works as a generator The ordinates of the cirde K shew 
directly the watt currents which the circuit takes in or gives out 
By multiplying these currents by P^, we obtain the power consumed 
in the oiromt. 

The loss and power hnes are now found in the same way as above. 
The line of supphed power W^ = P^I^y is simply the abscissa axis The 
copper loss may be written 

where V;r=0 is the equation of the loss-lme and Bgisa. constant This 
loss-hne is the semi-polar of the circle with respect to the ongin, as 
shewn previously The distance FP from a point P on the circle to 
this loss-hne is proportional to the copper loss 
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Consider the triangle OP^P* The two aides OP ^ and OP represent 
the ahort^iircuit current and the supplied current respectively. 
Let each side of the tnaiigle be multiplied by then OPk^^k^k 
represents the terminal pressure P-^ and OP — I\^k I't® pressure con- 
sumed m Since the three pressure vectors Pi, form a 

v* i\ * 

closed tnangle, the hue P^P will repiesent the pressure vectoi to 

the same scale of pressure This pressure causes a loss V in the 
branch whose admittance is 
As before, we can wnte 

where V„ = 0 is the equation of the loss-line This loss-line is tangent 
to the circle at the point P^ and the loss P‘„ for a point P on the circle 
IS proportional to P*S^, the distance of P from this loss-line. 



Fig 167 — Cuirent Diagiiim of Equhaloiib Circuit lu Fig* 164 


The power-line can now easily be determined Denoting 
by JF,, we have = 

where we wnte = 

to obtain symmetiical notation, Wj = 0 being the equation of the 
abscissa axis 

The line Wa = 0 foi the remaining power after sulitractiiig the 
copper losses, clearly passes through S 3 , the point of intersection of 
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the abscissa axis with the hue of copper loss Vj^ = 0 Further, since 
JFa IS zero at short-circuit, the power-line = 0 passes through the 
short-circuit point 

The power consumed in the branch of admittance yj, is 
where PV = + PaVa = F 

denotes the sum of the losses, which are represented by the line V = 0 
As the equations shew, this resultant loss-line must pass through S 2 , 
the mtersectiou of the two loss-lines = 0 and = 0, and we know 
this point, since we have found both these loss-lines The resultant 
loss-hne V = 0 must further pass through the intersection of the 
abscissa axis W^ = 0 with the resultant power-line Wj = 0 This 
resultant power-line contains the points for which the power m the 
branch is zero, which only occurs at no-load and at short-circuit. 
Hence, the resultant power-line passes through the points Pq and Py^. 
From this we can find the intersection of the power-hne Wj=0 
with the abscissa axis, and the resultant loss-lme V=0 can be drawn 
through the points and jS'g. 

In a branch of the equivalent circuity the supplied power, the losses 
in this branch and the useful power, which is the difference of these 
two, can always be represented by three Hues, which intersect m a 
point It was shewn in Sect 25, that a straight line drawn between 
two of these lines parallel to the third is divided m the ratio of the 
first two powers by a bne from the point of intersection of the above 
three lines to a point on the circle Such a hne can, therefore, at once 
be used to represent the efficiency or the percentage loss m a branch of 
the equivalent circuit. 

In Fig 157 a hne has been drawn parallel to the abscissa axis 
between the hues Vjr=0 and W„ = 0. A line then divides this 

F 

hne in the ratio r~, the ratio of the part nearest the loss-hne to the 


F F 

whole hne being nearest the 

^ 1 -ppr 

power-hne to the whole hne being Startmg from the 

loss-hne Vj^ = 0 and dividing the line drawn parallel to the abscissa axis 
into 100 parts, the division where meets this hne gives the 
percentage loss in the branch 

^ +Vjt 

In the same way (Fig 157) a line is drawn parallel to W„ = 0 
between V^ = 0 and Wj = 0, and the intersection of this with P^P gives 
the percentage loss in the branch 
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To obtain the efficiency of the whole equivalent circuit, the 
procedure is similar Draw a line between Wj = 0 and V = 0 parallel 
to the abscissa axis and divide it into 100 parts, beginni ng a t the 
power-line Wj = 0 Then the intersection of this line with aS'jP gives 
the efficiency, fV W 




We will now consider the relation between the power in the 
equivalent circuit and the power consumed in the original general 
circuit At the beginning of this section we denoted the load- 

impedance of this onginal circuit by . 

Vz 

Also 


and 


Heuce 


^ JjCOS <t>t = Pj/gCOB {<j}^ + 2^3) 


and 




cos ^2 


ooa(<it3 + 2\«'a)’ 
Therefore, the efficiency of the general circuit is 
fF, 

-I r\/\ cos <^>2 _ COS (^2 


^% = w^l 00 


The current in the receiver circuit 


At any point P, 


/Pj cos (02 + 2^2) ' cos (02 + 202) 

Since 202 is usually a very small angle, rj is only slightly greater 
than 7?'. If 202 is known, we can divide the horizontal between the 

power-line Wft = 0 and the loss-line V = 0 into 100 cos02 equal 
^ cos (03-^202) 

parts and read off rj directly inste ad of 77'. 

As shewn above, the line serves for reading off the pressure in 
the receiver circuit for any load. ”” 
can be obtained ]ust as easily from the diagram 

I,.C,irp. 

which can be proved as follows 
For any load, we have 

/j = = /l “ (^1 ” If a 

and at no-load 0 = ^ 0 " ( A “ jt) • 

Subtracting the second equation from the first, we obtain 

Since 

we have 1 +Zj,y^= . 
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We 

or, in absolute values, = G-^^PqP 

This diagram, which enables us to completely investigate the 
properties of any electnc circuit and to study the working of the same, 
we shall refer to as the load dzagiam of the circuit From it we can 
find directly for any load the following values the current /j, and 
phase displacement in the supply circuit, the pressure Pg lu the 
receiver circuit, the total power supplied to the circuit, the power 
taken out of the circuit, i e the useful power, the efficiency r) and 
the percentage losses in the copper and in the iron and dielectncs 

66. Simple Construction of the Load Diagram by Means of the 
No-load and Short-cucTUt Points It now remains to be seen how the 
circle diagram K admits of a simple construction oi calculation. Two 
points on the circle — namely, the no-load point Pq and short-ciicuit 
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point Pj ^ — are already known by experiment or otherwise The 
perpendicular to the line 3 oming these two pomts passes through the 
centre M of the circle In addition to this, the direction of the line 
PqAI from the no-load point Pq to the centre M of the circle can easily 
be determmed as follows 

In Fig 158 the straight line Kg represents the admittance + 
This line, as shewn above, is inclined to the left of the ordinate axis at 
the angle + corresponding impedance is represented by 

the circle The line OMi falls below the abscissa axis, makmg an 

angle with it Then, after drawing 0(7 equal to Zj^ and 

taking the inversion of the circle IQ to such a constant of inversion that 
IQ represents its own inverse curve the points P^ and P^ represent 
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respectively short-circuit and no-load in the circuit. Now, as shewn in 
Sect 48, p 159, ^ ^ OMP, 

Consequently tlie angle ^ which P^M makes below the abscissa axis is : 
^ = <#>2 + - 2(^1 + ^ 2 ) = <^2 - 2^1 

= ^2 “ ^ OPjpP Q — Ai/' 

Usually A^=i/'j-^2 is very small and may be neglected. When 
<^>^0 (le iion-inductive load) the radius PqM makes the angle 
^P/rPq + A^ with the abscissa axis, and lies above it 
If the point lies above 0 on the circle, the opposite sigu must be 
given to the angle OPj^P^ This is the case when the phase displace- 
ment at no-load is^smaUer than that at short-circuit 

In Fig 159, for the sake of clearness, only those hues are drawn 
which are necessary for the determination of the centre M of the circle, 



and are obtained at once from the short-circuit and no-load points, 
when A^ is known or negligible, as the case may be 

When </)2 and A^ are zero, the determination of the centre M of the 
circle IS greatly simphfied, as is shewn in Fig 160 In this diagi-am, 
a vertical is drawn through the no-load point P^ to cut the line OP^ 
The centre of this vertical is the same distance above the abscissa axis 
as the centre M 

From this construction the effect of disymmetry in the circuit on the 
position of M IS clearly shewn The greatest disymmetry occurs when 
= 0, 1 e when = 0 or - {\j/^ -1- ^ 2 ) - 0 tind the centre hes at 

or when = = ^ - (^1 + ’/'a) “ and the 

centre lies at 

The ceiitie 31 cau also be obtamed by another analytical graphical 
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method byjwing the line MG through the ongin as well as the hne 
bisecting at right angles This hne makes an angle a with the 
abscissa axis, the tangent of which can be calculated from the foUowmg 
formula, which is deduced from Fig 1 56 

— /pSiii(<^ “ A^) + /o^rSin(<56jr — +* A^) + /onf2icos(<^jf — ^2 + A^) 

^ cos ((^2 - + h JFL sin (cf>j^ ~ <^2 + A^) - /on. cos (<^jr - ^ ‘ 



Pia 160 —Simple Detomlnatlon of Centre of Circle when <fe=0 


In most cases 0. and 0^ are very little different from unity and still 
less from one another, and therefore A^= - ^ 2 very small angle, 

at most 5” * Hence, neglecting this angle, we ohtam the followmg 
simple formula 

sin <if>2 + /q IF sill (<f>^ — <^) + /q |F 2 i COB — (^2) 

Ik cos (f >2 -h /fl ifi sin — ^ 2 ) ~ -fo T 7 COS — ^ 2 ) 

For a non-mductive load, <^2 = v^’e have then, 

^ -^0 IF sin <l>s + Iq wl cos cf>j[ 

TFi Sin <^ 2 r ~ Iqjt cos <!>£ 

Iq Sin (^0 + 

“'/jr-/oCOS(c/>o + ^jr)‘ 

67. Load Diagram of a Transmission Scheme. As examples of the 
application of the load diagram, we can consider first a transmission 
scheme, consisting of a supply station where the pressure is transformed 
up, a transmission line and a receiver station where the pressure is 
transformed down again. 

The following readings are taken on no-load and short-circuit • 

(1) No-load 

Pj = 1000 volts, Iq = 326 amps., = 40 K w 

(2) Short-circuit 

1000 volts, Ij, = 3000 amps , 900 k.w. 
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The transmission scheme works with a constant power-faotor of 
COB ^ receiver circuit. 

The load diagram la shewn in Fjg. 161 drawn to a scale of 

1 mm = 60 amperes. 



Smce such a scheme can m general be taken as symmetrical, we get, 
by direct measurement from the diagram, 

7yp 

(7=l-06. 

The line 50 mm in length, represents the primary pressure 

Pi = 1000 volts to a scale of 1 mm = 20 volts The receiver pressure 
on no-load is 

Pbo = 20(7 P;;Pj,= 20 X 1*06x 44 5 = 946 volts, 

At P the receiver pressure is 

Pg = 20 X 1 06 X 32*7 = 695 volts. 

The short-circuit current in the receiver circuit is 

1 06 X 60 X 44 6 = 2830 amps. 

68. Load Diagram of the General Transformer. The general 
transformer, whose method of working is described in Section 39, 
can be replaced by the equivalent circuit (Fig. 121, p 120). and ?2 
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are the primary and secondary effective resistances, and So the 
primary and secondary coefficients of stray induction of the trans- 
former The constants and x^ = 27rcS,^ are both reduced to the 
primary circuit 

The usual case of the general transformer is the three-phase induction 
motor The secondary power is here mechanical and equals 



where is tliQ ohmic lesistance equivalent to the load and 

is placed across the secondary terminals The slip s gives the relative 
velocity of the rotary field relative to the secondary >vindiiig Since 
the loss in the secondary circuit due to the rotor resistance ig is 

the total power supplied to the secondary circuit is JV = 


As {ill phases are alike in a polyphase motor, we need only con- 
sider one phase 

The following measurements were taken on such a motor . 

(1) Nchload^ 1 6- synchronism (* = 0), 


the load resistance ? 




infimte 


/(, = 10 1 amps., I\ = 110 volts, TFq = 146 5 watts 


(2) SJuyti-GircuUy i.e. at rest or s= 1, since ?2 



IS zero 


/a = 105 amps,, = 1 10 volts, = 4040 watts. 


Pleiice, we get 


cos<^o= 


cos = 


146 5 
110x101 
4040 
110x106 


= 0-132, 


= 0 35. 


In Fig. 162 the no-load point Pg short-circuit point are 

drawn to the scale 1 mm =2 amps For standard three-phase motors 
we can put A^ = 0, and further, since <^^ = 0, we get the centre of the 
circle by means of the construction in Fig 160. 

The lines of output and of total loss V = 0 can now be 

determined by means of Fig 167, and from these the efficiency ^ is 
obfeiined. • 

Only the slip s, from which the speed of the motor can at once be 
determined, remains to be found from the diagram This is 


yll^ 


Lj 

TV' 
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where W denotes the power supplied to the secondary circuit Hence, 
the slip in per cent is equal to the percentage copper loss in the 
secondary winding, and can be represented in a similar manner to that 
shewn in Fig 167. The construction is as follows 

Draw the loss-line Vo = 0 for the loss Fa = J|9e> and the power-line 
W = 0 for the power W supplied to the secondary circuit Since, as 
we have shewn, the secondary current h is proportional to the 
loss-line = 0 is tangent to the circle at the no-load point A 

The power-line W = 0 passes through the no-load point Pq, since at 

this point W = 7^^ = 0 (because = 0), and through the point on the 

circle for which s = oo Since this latter point cannot be determined 
experimentally, we ivill employ the following approximation 

The line V^ = 0 for the pnmary copper loss is identical with 
the loss-line Mr — O Neglecting the iron losses at short-circuit, we 
have this equation for the short-circuit point, 

Hence, if we draw a line PrC through the short-circuit point parallel 
to the loss-line Vj = 0, i e a perpendicular to the line OM^ this line is 



divided by the abscissa axis (V\^=0) and the power-line (W = 0) in 
the ratio W That is, from Fig 162 we have 

Substituting 92, 

W 


we have 
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Hence we can find the power-line W = 0 by drawing a line P^C 

perpendicular to OM and dividing it at the point D in the ratio ^ 

The line P^D is then the power-line W = 0 

The slip Sy or the percentage secondary heating loss, is now read off 
from the diagram by the point of intersection of the ray from P^ and 
a kne parallel to W = 0 

Drawing the image of the point in the continuation of 


the skp can be measured by P^y where F is the point where F^P 
produced cuts the loss-hue V 2 = 0 The scale of skp on the loss-line 
can best be found by determimng the skp for any load-point by the 
first method and marking off the value on the loss-kne V 2 = 0 This 
construction for reading off the slip is clearly correct, since the two 
triangles F^PqF and P^GE are similar 

The second method for determining the skp s is accurate and 
convenient for small slips 
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69. Pressure Curves of Normal Alternators In tte preceding 
chapters we have dealt only with alternating-currents whose wave- 
shape IS a sine curve Stiictly speaking, such currents are seldom met 
with in practice, for modem 
alternators would become 
much too expensive, if they 
were required to generate 
purely sinusoidal currents 
with all kinds of load. Con- 
sequently, we have to be 
contented when the wave- 
shape only deviates by a 
certain specified amount 
from a pure sine curve 
Some 15 years ago, the 
question of the best shape 
of pressure curve was 
much discussed in techni- 
cal circles Some main- 
tained that the peaked 
curve, as shewn in Fig 172, 
p. 199, was the most favour- 
able for transformers, since Armature 

for a given effective pressure 

the hysteresis loss is then a minimum, and the efficiency consequently 
a maximum This is, however, doubtful, because every deviation of 



192 


THEORY OF ALTERNATING-CURRENTS 


the cuirent from a sine wave leads to an increase of the eddy losses in 
both iron and copper Others, on the con ti ary, maintained that the 
peaked curve placed the greatest stram on the insulation, since for 
a given effective pressure this curve shape has the largest amplitude. 
Although many investigators at that time characterised this objection 
as groundless, it is nevertheless upheld nowadays For lighting pui'- 
poses, the flat-shaped curve (Fig 172c, p 199) was held to be the best, 



Fig 164. 

since in this case the current remains longest in the neighbourhood 
of its maximum, and therefore yields a steadier light 

At the present day, however, such opinions are rarely advanced, the 
prevaihng opimon being strongly in favour of the sinusoidal pressure 
curve In modern generators the greatest deviation from the fundsr 
mental is usually limited to 3 to 6 % In Fig 31 it was shewn how a 
purely smusoidal pressure wave can be generated The construction 
of such a generator, however, is very uneconomical In order to employ 
a strong magnetic field, it is necessary to bed the ^vinding — in which the 
current is to be induced — in iron, as shewn diagrammatically in Fig 163. 
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laminated armature and, in the case before 
us, rotates in a multi-polar field The current is led off by means of 



r, ^ trs 

armature fixed and let the magnets rotate-in which cLe we fet 



the ^gernent in Fig 165, a photograph of which is shewn in 
^ A 0 ^. ’ ^ exciting cunent is led to the magnet coils through 
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alip-nngs lu this arrangement, which is especially adapted for 
the production of high-piesaure currents, the stationary armature is 
also referred to as the stator 

The pressure curve of these generators depends firstly on the shape 
of the pole-shoe, and secondly on the armature winding If this latter 
IS concentrated in one largo closed slot per pole, the pressure curve 
will have the same shape as the field curve This is represented in 
Figs 167a, 5, c for different lands of loads. It is of especid interest to 




y 



Fia 107 —Field Curves of Alternator (a) 


At No load , (6) with Non-Inductive Load * 
(c) with Induoavo Load 




Pia loa— Pressure Curves of Altomatoi 
(a) At No-load , (b) with Non-lnduotive Load , 
(o) with luduotlve Load 


note the deviation of the cuiwe at non-inductive load from that taken 
at no-load. The no-load curve is symmetncal, whilst the curve taken on 
load is distorted This distortion is of course caused by the armature 
current, which reacts on the inducing field, and the difference represents 
the armature reaction If the armature winding is distributed in 
several slots, the pressure curve will no longer follow the field curve, 
hut will approach a sine wave, as is clearly seen fi’om Fig 168 These 
curves were taken on the same machine and under the same conditions 
as the above — except that the pressure of the whole winding was taken, 
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whilst the pressures shewn in Pig 167 were taken from a single 
concentrated coil 

These last curves (for a distributed winding) are typical of the 
pressure curves of modern altematmg-cUrrent generators, and it is 
clear that they deviate very little from sine waves. 


60. Founer’s Senes. As we have ]ust mentioned, in practice we 
have to deal with alternating-currents whose momentary values, as 
functions of time, do not vary after a sine law, but according to some 
other penodic functions In order to be able to carry out accurate 
calculations with such currents in a simple manner, it is best to 
analyse such a pressure curve into a sum of sine functions of different 
frequencies The sine function possessing the lowest frequency is 
called the first hamimic or the fumamental^ and all other sine functions, 
whose frequencies are multiples of that of the fundamental, are called 
higher hawiontcs. Since Fow'W' was the first to shew that every 
periodic function can be analysed into a senes of sine functions, such 
senes are generally termed S&ius 

Before proceeding to deduce the same, however, we shall first quote 
a few integration formulae which will afterwards be needed 
These are as follows . 

{ 0 when ^ 

0 when rri = n = o\ 

IT when = 



(109) 


where m and n are any positive integers 


Further, 


and 


•+fr 

COS 7nx sin 7ixdx — 0 

-V 


•+ir 

COS nix cos mdx= 

-ir 


) 2ir when m-n-OA 
TV when w = 7i>0, V 
0 when m^n J 


■ ( 110 ) 

... (Ill) 


In the interval, -tt to +Tr, let f(x) be any continuous single-valued 
penodic function, we can then express the same by the following 
series — Imown as Fourier’s Senes * 


f(x) = Oj cos a; + &! sin x + cos 2x -i- sin 2x 

-h -i-a„co8 7ix + b„ sin 7ix + 

The constant coefficients ttg, ag and 5^, ig, bo are determined 
by multiplying both sides of the equation by cos (m:)ch and integrating 
from -'ir to +7r, whereby all terms on the right vanish except one 
Thus, we get 
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Similarly, multiplying all through hy sin ( 71 a;) and integrating 
between - r and + w, we get 




f(x) am ('nx)dx. 


These two expressions for and can be somewhat transformed if 
we integrate first from - tt to 0 and theu from 0 to + tt, as follows 

1 

= - I f(x) cos {nx) dx 

J — tr 

= ~ { f{x) COS (tix) dx-\-^ f(x) cos {m) ^7a;| 

In the first integral put x=^ - y; then 

f f{x)(ios{7yx)dx=\ f{-y)(io^{-%y)d{-y) 

J -TT J -TT 

= £/(- 2 ^)cos {ny)dy 

or I f{x)QO^{7vx)dx -^ /( - a;) cos (tkc) da;, 

1 f”' 

and we get = ” 1 [f{^) +/( - ^)] cos {nx) dx. 

^ Jo 

r I f"" 

Similarly, &« = - 1 [f{^) -/( “ ®)] sm {nx) dx 

^ Jo 

Example L Find the value of i when the function z =/(w0 traces 
out the rectangular cur\^e represented in Fig 1 69 


i-I 


-T 


0 


+ T 


Time 


-I _ I 

Fig 100 — Reotruagulftr Altomaling-Ourreiit Curve. 


From aj/ = 0 to a)^ = :r, i=^I^ and from w^ = 0to < 0 ^= - tt, z= - I 

1 1 r 

Then, a^ = -^ zcoa d(wi{) =- J [/+(-/)] cos ?iaj/d(a)#) = 0 
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19 ^r 


I r+n- - /nr 

and “ TT J ^ ff J ^ 

f O when n is even, 

4j 

— when n is odd. 
mr 


4/r8ina)^ sm3W sm6W sin7K«>^ , 1 

Hence 1__ + _^ + _ + . . + ^ + J 

Exmvple IL Find the value of i when the function i=f{(ot) traces 
out the triangular (saw-tooth) curve shewn in Fig 170. 



Pig. 170 —Triangular Altomatjng Current Curve 


Accordmgly, 

a„=ir 


From <at = 

0 to (d^ 

Jt 

i = 


„ <at = 

0 „ 

II 

1 

bS| 

1 = 

- -7(o)0 

TT ' 

„ <ot = 

2 ” 

0)^= IT, 

z=» 


» <“< = 

TT 

"2 » 

11 

1 

j1 

1 = 

0 

/(tt - 

TT 

p+TT 

1 lOQ^Uinidt 

J -ff 





= 1 1 [/oj^ + ( - / 0 )^)] cos ntiitd{(iit) 
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1 

and ^ 1 ^ ^ (‘^O 

J -n- 

2 r? 

= —21 [/ oj^ - ( - / 0 )^)] Sin n(d d {(^t) 

^ Jo 

+ ^ “-^(7r-cDj{)}]sinwaj^fi?(a)^) 

’’’ JJ 

If we put 0 )^' = TT - CO^, 

then the last integral becomes 


2 

-l-_J (/wi' + /ajOsin(7i7r-^io)2{')i^((of) 

Foi all even values of ti, 

am (mr — Tircu^') = — sin ntaif, 
and for aU odd values of n, 

am (rnr - nuif) = am n(of. 
Conaequently, we get 

^n = ^J 27(0^ sin n(otd((oi)y 

when 71 can only be an odd number ^ thus 


7 , 87 r sinTiojnf 

p„= 1 - ojf cos 7lW+ ]■ 

TT^n [ n \ 




1 e 


Hence 


KJJ. 

h O-t 1 

Q’ 

81 1 

h s-f 1 

II 

11 

m 


sin (ot 

sm 3id sin 6<i>t 

1 

9 26 


sin *I(d 
49 


} 


In this example not only the oos 7 ta)^ terms vanish, but also the terns 
sin ntd, for which n is even 

This lattm* op&iiy is common to &o&ry cmiic whose two hakes mth les^ect 
to the ahsGissa a^is me symmetrwal, i.e when the two halves coincide 
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when placed one above the other, as m Fig 171. Oi, considering the 
expressions, 

zdx 


1 1 f"^*" 

= - 1 /(ic) cos 'ilzdx = -\ [}{x) +/(.» - Tt) cos ?t7r] cos lix 

’^J-TT ^Jo 


1 f+’T 2 /•» 

and 6„ = - I f{x) sm = - I [f{x) + f{x - tt) cos mr] sin 

^J-ir 

Co ; 




/ 



Fjo 171 — Symmetrical Gui*vo with reapoot to Al)Hcltiaa-axlfl 




we see for all even values of n, since C 08 7r= +1, that a„ = 0 and — 0, 
provided that /(a,)= -/(ir-,r). 


In practice, nearly all curves have this property , hence we can 
always omit those terms whose frequency is an even multiple of that 



Fia 172 — Effect of Tlilrd Hurmonlo on Wave-ahapo 


library 
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of the fundamental. An exception is the pressure curve of homopolar 
machines, which, however, are seldom used. 

Considering again the expression 

~ I fix) cos m = - I [f{x) +/( - a:)] cob 'dx dx, 

we see that is always zero when 

/(»)= -/(-*). 

i e vanishes, and consequently aJl the cosine teims of the series 
vanish, when the pressure curve is synunetncal about the origin 



The curves m Figs, 172 and 173 shew the influence of the highei 
harmonics on the shape of a cui've. Pressure curves similai* to those 
shewn in Figs 172 and 173 occur frequently in practice 

61. Analytic Method for the Determination of the Harmonics of 
a Periodic Function If we are given a periodic curve taken by 
experiment (either by the point by point method or by an oscillograph) 
and 'Wish "bo analyse the same, it is not possible as a rule to express it 
by means of a finite series, so that the above method cannot be used 
for determining the amplitudes a„ and 

If the curve is taken by the point by point method and^ 2m 
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momentary values have been measured at equidistant points in the 
whole period 2Tr, then we start from the equation 

i = cos bit + sin cos 3a>^ + sin ^<d + . . . 

and apply the Principle of the Least Squares, whereby the constants 
and b^ must be so determined that (lonoHiatad - ^meamired)^ is a minimum, 
i.e we must have 

^(^oalcnlftted “ ^maainred)^ ^ 


and 


^ calculated 


^meunired 


and we get just as many linear equations as there are unknowns. 
Denoting the 2??i measured values by tjj, ^ then 


2 f 2ir 
a, = ^2iCOB . -■ 

^ 2m 


47r 


6^ 


o +^oCOS7p- + ^oCOSx - 

2m ^ 2m ® 2m 


+ ^«i 


iCOS 


, 2 r . 2ir iir . Gtt 

^1= ^1^siiic%— + ^jiSm^— +ZftSin^ +... +^„_iSin 

^ mP 2m ^ 2m ® 2m ^ 
and in general 


2(m — l)7r . 'I 
2m “ 

2(m - 1)^1 
2m J* 



27r 

2m 

2?r 

2m 


47r 

^2m 

47r 

^2m 


Gtt 

+ *8C0S«2^+., 

2(m-l)7r . 1 

,.+«„_,coa7i 

Gtt 

■ 2m 1 


In order to impress this method more clearly on the memory, its 
mathematical derivation can be considered from the following physical 
conception, more famihar to electrical engineers. 

An EM.F. e„!=cos7i(of is induced in a circuit carrying a current 
represented by the curve 

z = a^ cos (lit + sm tat + cos Scot + 63 sin 3(u^ + . . . , 

111 which we require to find the harmonic of the cosine terms All 
the current haimonics must be wattless with the exception of that we 
are cousidenug (the and the mean power is 

On the other hand, the mean power is given by 

1 rr rr 

jJ e^idt=-^\ icoancotdt 

= mean value of (^costiw#). 

Hence a,, = 2 x mean value of (^ cos iicot), 

and similarly, b„ = 2x mean value of {i sin ncot). 
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This IS the same result as that just obtamed in another way 
If we take, for example, 27?i = 24, then the calciilatiQii can be carried 
out in the following tabular form 


Bxporl- 

mentaJly 

Detormiued 

Momontary 

Values. 

% 

Ooeffioients for Determining the Amplitudes. 

&1 03 bg dg bg Onj 

&7 

h 

0 966 

0 269 

0 707 

0 707 

0 259 

0 966 

-0 269 

0 966 

*a 

0 866 

05 

0 

1 0 

-0 866 

0 6 

-0 866 

-05 

^3 

0 707 

0*707 

-0 707 

0 707 

-0 707 

-0 707 

0*707 

-0 707 

*4 

05 

0 866 

-10 

0 

06 

-0 866 

06 

0 866 

*a 

0 269 

0 966 

-0 707 

-0 707 

0 966 

0 269 

-0 986 

0*269 


0 

1*0 

0 

-10 

0 

1 0 

0 

-10 

*7 

-0 269 

0 966 

0 707 

-0*707 

-0 966 

0 269 

0 966 

0 269 

*a 

-06 

0*866 

10 

0 

-06 

-0 866 

-05 

0 866 

*9 

-0 707 

0*707 

0 707 

0 707 

0 707 

-0 707 

-0*707 

-0 707 

*10 

-0 866 

06 

0 

10 

0 866 

0 5 

0 866 

-06 

hi 

-0 966 

0*269 

-0*707 

0 707 

-0 259 

0 966 

0 269 

0 966 

*12 

-1-0 

0 

-10 

0 

-10 

0 

-10 

0 


In the first column are the experimentally determined momentary 
values, taken 16“ from one another In the second column are the 
cosine values, by which 1 ^, 1 ^ to must be multiplied in order to 
find a, ; m the third column are the sme values, by which ^ 2 > etc > 
must oe multiplied in order to find etc , m the next columns are 
the coefficients for determining ^^ 3 , & 8 , and 

It has here been assumed that the given curve la symmetrical about 
the abscissa axis, whence \ = ^J^d so on If this is 

not exactly the case, the mean value between \ and must be taken 
m order to get Further, for symmetncal curves, the ongm can 
always be chosen so that ^„= 0 . 

62. Graphic Method for the Determination of the Harmonics of a 
Periodic Function. Instead of the above analytic method, we can also 
proceed graphically, which is especially convenient when the whole 
curve, and not only a few points on it, is at hand An example of 
such a method is that given by Hmiston and K&imelly^ El JVm-ld, 1898, 
which depends on the following theorem 

“If an odd number w of half waves of a sine wave are divided into 
jp sections by^i vertical hues eqmdistaut from one another, then, when 
jp>l and^ and w have no common factor greater than unity, the sum 
of the areas in the odd sections equals the sum of the areas in the even 
sections ” In the summation, all surfaces above the zero line are 
taken as positive and below as negative 

To prove this theorem, divide the abscissa axis of the sine curve 
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from xtox + WTT into p equal parts, draw the ordinates through these 
points, and find the area of each section (see Fig 174) 


sma;tZaj = cosa-cos 


Now find the sums of the areas of the even and uneven sections, and 






equate the difference of these two sums to zero, thus the following 
expression F must equal zero 


F=cosfl; - 2 cos + + 2 cos 2^^ 


+ 2 cos 1® + (p - 1) - cos (« + w) 


= cos a; - 2 cos + + 2 cos ^a; + 2 

- ± 2 cos ) + cosic 

\ 2 i?; 

- 2 COS ^a; - — j + 2 cos - 2 — j 

^ ft / p - 1 'm\ 

-•••±2cos(a;-L-j 

= 2 COS ic 1 1 - 2 COS ^4; - + 2 COS 2w - - . ± 2 cos^^-i 

\ P P 2 p J 

Multiply both sides by cos^ , then, applying the fomula 

zp 

2 cos xcosi/^ cos (aJ + p) + cos (a; - y), 


i 
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all the terms ou the nght-hand side except the last cancel out, so that 
we get 


i^cos ^ = 2 cos a; cos 
2^7 


/p-\ i\^ 

V 2 ^2) p 

I 

0 , 


O ^ 

= 2 COS a; cos 

and, since p and uo have no common factor greater than unity, 

On the other hand, if w =^, and we commence to divide the wave at 
a point where it passes through zero, so that a?=0, then 

F=2p, 

i.e. equals ]) times the area of a half wave, which can also be seen 
directly from Eig. 174 

From this theorem we get the following rule : 

A wave-line, representing graphically a semi-period of an alternating- 
current, can he expressed by 

cosa; + &i sina;-f ^gcos Sflj + Sg ••• 

In order to find the coefficient of the sine terms, starting from 
zero, we divide the half wave-length into n equal parts and determine 
— by some means or other — the difierence F between the sums of the 
even and the odd area-sections 

Then, since F equals the mean ordinate of the sine wave of amphtude 
2 

times t, i.e. equals - r, we get 

TT 

2t’ 


where r equals half the wave-length of the given wave 
To find the coefficients of the cosine terms, we must again divide 
the half wave-length into % equal parts, but we must now start at a 

quarter wave-length from the zero of the harmonic, ie at 

2?! 

of the interval of the given half Wave. In other words, the dividing 
lines for the coefficients a he midway between those for the coefficients h. 
Then, as above, we get, from the difference F-^ of the sums. 


ft«= - 


irFi 

2t 


This method is not stnctly correct, since in the surfaces measured 
for one harmonic the surfaces of those harmonics are also included 
whose frequency is a multiple of that of the fundamental This 
inaccuracy therefore occurs as soon as we come to the ninth harmomc 
The surfaces can be measured with a planimeter In order, however, 
to obtain greater accuracy, the following device may be used the 
areas of the given polygons ABCDA and ABCDEA'A (Fig 176), 





206 


THEOEY OF ALTERNATING-CUEEENTS 


Similarly, we get - ^ -'^-^coa{n- l)^ 

2t 3 5 7 

In Fig. 176 the current curve of a homopolar alternator is shewn 
This cur^'^e has been analysed by both of the above methods In the 
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analytical method, the distance 2t, corresponding to 360”, has been 

27r 

divided into 24 parts , thus one division equals — = 15” The equation 
found in this way is 

i= -3*7 cos a)^-i-99 9 sin 0)^ + 2 96 cosSwi 
- 3 64 sin 3 £o^ + 2*57 cos 6(0/ - 12 8 sin 6W 
-1*73 cos 7W + 6 46 sin 7ai^ 

These harmonics are also shewn in Fig 176 

The equation found by the graphical method is approximately the 
same, thus 

^= - 3*82 cos 0)^ + 99 2 sm 0)^+2 94eos3o)^- 3 29sin3<u^ 

+ 2*38 cos 6co^ - 13 4 sin 5w^- 1 98 cos 7a)^ + 5 79 sin 

We thus see that the latter method is correct withm one per cent, 
of the amphtude of the fundamental wave 

In drawing out the curve of the equation found analytically, the sine 
and cosine terms of each harmonic have been combined and set off in 
their proper position with respect to the other waves The amphtude 
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and the phase angle of such a combined wave are found as 

follows . 

cos imt + sin ninf = Vaf* + 6“ sin + taii'^ ^ 

= sin (7wo^ + </>„), 
where = 

and 6„ = ^„eos(^„ 

By this means, we get for the equation of the curve (Fig 176) 
i = 100 sin {(Dt + 368^) + 4 61 sm (3(ot + 140°) 

+ 13 06 sm (5o)t + 169“) + 5 71 sin (7(ot + 342“ 5) 


63. Altematmg-Ourrents of distorted Wave-Shape In Chapter II , 
we saw that when a varying pressure p acts at the terminds of a 
circuit containing ohmic resistance, self-induction and capacity, we 
have, from Kircmioff’s Second LaAv, 

• j- d% 

I dp ^dh r di 1 



Further, we saw that, with constant i , L and 0, a sinusoidal pressure 
always produces a sinusoidal current of the same frequency. 

Since the pressure equation is linear, the law of superposition can 
always be applied Axid since the pressure always has the same 
frequency as the current it produces, it is obvious that each pressure 
harmonic of any pressure wave produces a current at its own frequency, 
independently of all other harmonics 
Thus, when 

= sin {mf. + + Pn sm (3o)i + i/'g) + , 

then 
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Or, we can write 

a = .n« sin f 1 - + ^» luax sin (3(at + l/'g - cj>Q) 

"H * "t” ^nvaax am(no>i+<p^-<i>„), . (112) 

where the amplitude of the current harmonic is 

p 

nmax 


mix 


(113) 


and 





The phase displacement of the harmonic la positive, zero or 
negative, according as 

n<iiL = — ^ 


or 


71 = ■ 




From this we see that each harmonic of the pressure wave produces 
its own oiirreiit, and further, from the law of superposition, all these 
cun'onts are entirely independent of each other. 

The amplitudes of the currents do not all bear the same relation to 
the amplitudes of the pressure harmonics, since the impedance of the 
harmonic p , 2 

depends on the value of %, Further, the phase displacement is also 
a function of w, so that resonance cannot occur at the same time 
with more than one harmonic Since this phenomenon, however, is 
frequently due to the higher harmonics, it is not sufficient to consider 
resonance with regard to the fundamental alone, especially where 
capacity is present in the systems 

Since the relations between a pressure and its current are different 
fcfr every harmonic both as regards magnitude and phase, the current 
curve IS, as a rule, quite different in sh^ape from the pressure curve 
will now shortly investigate the influence of 7*, L and C on the 
shape of the current curve 

Consider first the simplest case, when the circuit contains only 
ohmic resistance, then 

= and i.„ = 0, 


i.e. the current curve has exactly the same shape as the pressure curve 
and IS m phase with it. This can also be seen directly from the 
differential equation, since ^ = 
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If, on the other hand, the circuit contains l)oth resistance and self- 
induction, then 

and = 


Hence the greater the value of the smaHer will be and the 

greater </>„, that is to say, the higher harmonics are not so pronounced 
m the current curve as in the pressure curve, when the circuit contains 
ohmic resistance and self-induction Thus the self-induction has the 
effect of malang the current curve more nearly a sine wave 

On the contrary, when the circuit contains resistance and capacity, 
we have p / 1 \ 

= - and = 

The higher harmonics are now more prominent in the current curve 
than in the pressure curve, and the current curve may become very 
greatly distorted, when there is sufficient capacity in the circuit. 


64. Power yielded by an Alternating-Current of distorted Wave- 
shape. The power of an alternating-current of any given wave-shape 
can be expressed by the rate at which it develops heat in a resistance, 



Putting i = 7i sin + 7, sin ( 3 - </> 3 ) -h 

and remembeiing that 

r f 0 when on 

sin oner sin ovx>dx>=\ 0 when on = == 0, 
i TT when m = 7Zr>0, 

we see that, in the integration of only those teims of which 
contain a sine squared yield a result diffenng from zei'o, and we get 

dt = + 7L,a. + } 

Putting this power equal to Ih, as before, we get for the effective 
cuirent, 

+ ) 

= s/7f + 7^ + 7“+ (116) 

From this it follows that each harmonic of the current curve pro- 
duces its own heating in the circuit independently of the rest , that is, 
the total heahoiq looses loi the ciocont eqoiaJ the <ioim of the heahn(f Josses dote 
to the s&vei al haovionics 
A a 


o 
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Similar to the effective current, we cau express the effective pressures 

=7p;+p“+p;+ ...(117) 

Further, we know that the power developed by a current is 

If we substitute the values of and i and take the product, then all 
terms vanish on integration except those containing a sine squared, 
and we get 

^ { -^1 wax -II iHftr 4^1 ^ H" } 

= Pj/iCos<^ + /’8/gCos<^fi+ . -(118) 

We thus see that, with regard to power, all the harmonics are inde- 
pendent of one another, — each produces power for itself, whilst the 
current of one harmonic produces no effect with the pressure of another 
The Gunent of any haiinonic ts iva/ttless with reject to the piessures of 
oth&i* hamiomcs 

We have now seen that all harmonics are in every respect inde- 
pendent of one another, and the total power is obtained liy the 
summation of the po Wei's of the several harmonics 

Thus, each harmonic can be treated separately by itself, and can 
have all the laws and graphic constructions which have already been 
deduced applied to it. 

If we have a problem for a pressure curve of given shape, we 
analyse this curve into its harmonics, and treat each haimonic by 
itself as in the previous examples In this way we find the current 
and power of the harmonics, whence we get the effective current, the 
total power and the efficiency In many problems where graphic 
methods are used, it is possible to use with advantage separate parts 
of the figure for each harmonic 

66. Effect of Wave-Shape on Measurements. 

I. MeammiGTht of Induction Coefficients In practice it is often 
required to find the coefficient of seK-induction of a circuit of compara- 
tively negligible resistance This is usually done by sending an 
alternating-current through the circuit and measuring the effective 
pressure and current Since, however, we have not always a sinusoidal 
pressure at our disposal, it is of interest to investigate whether the 
coefficient of self-induction can be determined from these two mea- 
surements with sufficient accuracy when the pressure curve contains 
harmomcs. 
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If p = Fu^Bm{id + 4/j)+Fj^siii{5iot + tps)+ , 


The effective values are then 


and 


/= 


p=Vp?-i-i^+ 



By division, we get 



1+13+15+ 

, 'ii 


(119) 


From this formula we see that the pressure harmonics etc, 

must be very large in proportion to the fundamental P^ for the root 
to differ appreciably from unity Hence, for practical purposes, it is 
generally sufficiently exact if we calculate the coefficient of self- 
induction L from the effective pressure and current as measured, thus 


L 


P 


neglecting the shape of the pressure curve K, for example, this curve 
has a third harmonic, whose amplitude equals a third of that of the 
fundamental wave, then the quantity under the root is 0 96 Thus 
the error introduced by neglecting the correcting factor is but 4 % 

If the ohmic resistance of the circuit is not negligible, for the above 
formula (119) we must substitute formula (124), given on p 221. 

IL Measurement of Ca^acdy {a) An analogous problem, namely the 
determination of the capacity of a circuit of low ohmic resistance by 
measurement of the effective pressure and current, may, on the other 
hand, give results which are far from exact, when the pressure curiae 
deviates greatly from a sine wave 

If ^ sin (to/ -I- i/zj) 4- P,,., ax sm(3ta/ + f 3)+ , 


then 


i=C'a)P„„.sin 


(“i+fi + l) 


3to/-t-^3+yj + 


The effective values are 

p=7p?-i-p?-j-. 


/=toCyP?+97^+25P"-l- , 


and 
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Tvheuce, by division, 



Instead of the factors -i, we have now the factors 3*, 6^, 
6^ 5^ 

7^5 ... under the root, which strongly affect the influence of the higher 
harmonics on the readings. 

Tor example, if = then 

t7=^V» = ^0 76 andnot^ 




In this case therefore it is not sufficient to merely know the effective 
values of the pressure and current, but the curve shape must also be 
taken into account 

(h) This, however, can be easily avoided in the following manner 

In senes with the capacity we 
c , connect an induction coil L 

and a large resistance as in 
Fig 177 The induction coil 
must be free from iron and 
have sufficient stops to enable 
us to regulate its self-induction, 
so that its reactance x, = (i)L 
approximately equals the capa- 
city reactance = 

vary the number of turns m the induction coil until the pressure E is 
practically zero When minimum pressure occurs, then we know that 
resonance is present, whence 


\0 



R 

-VWWVW\»- 


Fia 177 — OoimoctlonB for meftaurlug Oapnclty 


Of course, care must be taken that the resonance is due to the funda- 
mental and not to a higher harmonic We then measure the coefficient 
of self-induction L for this number of turns without the resistance and 
the capacity in circuit, and we get, with fair exactitude, 


L = 


P. 


and from this 


a= 


(jPL wP, 


By this means we ehminate all the disturbing influences of higher 
harmonics m capacity measurements. 
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36. Resonance with Currents of distorted Wave-Shape If a pressure 
ve coutainiug several higher harmonics acts on a circuit, partial 
onauce ^v^ll exist under several conditions This can he best 


Lstrated by an example Consider the circuit shewn in Fig 178, 
ich contains chiefly indue- 
Lce and capacity , partial 

onance will be caused by . ^TOOJOOO^ — “ 

\ wave of frequency c, when [ 

\ self-induction is such that J 



lice, if we vary A and plot the fiq its 

active current I as function of 

5 coeflicieiit of self-mductiou Z, a wave-shaped curve is obtained, as in 
5 ^. 179, which IS often called the lesonaiwe oui've The curve sheAvn is 
bwu for a pressure curve having the equation 


= 1 00 sin {(at + \p-^) + 30 sin + ^g) 

+ 16 sm ( 6 o)i + + 20 sin {7 (at + ^ 7 ) 


The frequency of the fundamental is 50, the resistance ?* = 5 ohms, 
> capacity 0=50 microfarads, while the inductance L was vaned 



0 m OrOS 8^ii 0 , 1 s 0,i 0,26 0,28 LHinrji 

Fin 170 — Roaouauce Ourve, 

»m 0 to 0*3 hemy The maxima of the effective current occur at 
3 different values of L for which resonance is present The last and 
3 a,test maximum is given when resonance is due to the fundamental, 
3 next to the third haimomc, and so on 
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Fig. 180 shews the several current harmonics plotted as functions of 
the inductance L In order to shew the elFect of the higher harmonics 
more clearly, the scale has been made larger than that of Fig. 179 
We see that the maxima of the several current hai monies, which occur 
at resonance, aie related to each other m the same way as the amplitude 
of the pressiue harmonics. The curve of imdtant ewirent is obtained 
by geometric addition of the harmonics With a larger inductance this 
curve almost coincides -with the fundamental With a low inductance, 
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Fia 180 — Resonance Cur?o, 


however, it remams higher than this and also higher than the 
harmomes The angles by which the haimomcs are displaced from 
the fundameiital, clearly have no effect on the resonance curve 

It IS, however, also interesting to see how one current curve passes 
into the other as the inductance of the choking coil is altered We 
shall therefore consider analytically the case when 

1 

71= — - 

(lisjLC 

is an evm number. This condition lies directly midway between two 
resonance conditions, viz between that due to the and that 

due to the (n+l)^ harmonic, for n, being even, can only represent a 
transient stage and not an actual harmonic The prevailmg current 
will therefore be 

+ K+1 = max sin { (71 - 1) 

+ -^(n+l) muc sin {(n + l)o)< + ^('J 
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Assume /„-i =>/,*+ i = current can be wntteu 

i„ = K-i + Wi = 24 i.u« sin (nmi + cos (^wtoi - g — 

This current is draTO out in Fig 181, for = 0 and 9^= 4. 

As is seen, it forms a sine curve whose frequency is a mean of those 
of the two currents and whose amplitude vanes after a sine wave. 
The higher the periodicity of the harmonic, the more periods we get 







/ 

\ 



Fia 181 


for every penod of the mam current. Hence, by the interference of 
two neighbouring harmonics, a current is produced, which possesses the 
same character as currents caused by surging. 

If the amplitudes /„_i and /„+i are not equal, we still get a current 
whose mean periodicity is qi The amplitude of this current, however, 
does not vary between zero and a maximum, but only between a 
mimmum and a maximum value, as seen from Fig 181 

From the foregoing it is obvious that we cannot regard all pulsations, 
such as those represented in Fig 181, as surging between free and 
forced oscillations 

j5. Sti asse') and J ZemiecJc* who were the first to draw attention to 

* Aunaleu dtr Phyaikf Bd 20, p 769 
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these even harnlonics, suggest that the saine should he treated as 
individual currents They substitute for a laige number of the uneven 
harmonics, even hamioiiics which change their direction at every half 
period of the fundamental. Such harmonies are sheivu lu Fig 182 
By considering the field curve (Figs 167fl- and h) of a generator on 

uo-load and on non-inductive load, it 



Fia 182. 


is easy to see that the distorted pait 
of this field — due to armature reaction 
—induces even harmonics in the stator 
winding. The armature reaction is 
obtained by subti acting the two curves 
(Fig 1^1 a and h), and the curve thus 
found 18 very similar to the second 
harmonic in Fig 182, while the field 
curve in Fig 167Z/ is itself very like 
the curve in Fig 182 printed with 
a heavy line B Strasser and J 
Zeiiiieck call these harmonics pJme- 


chawj-iufj^ since they altei their phase liy 180” every half period of the 
fundamental Smce, however, it is not easy to treat phase-changing 


currents and pressures analytically, we shall not pursue this method 
of representation fuither All such phenomena can be quite well 
explained by means of odd higher harmonies. 


67. Form Factor, Orest Factor and Curve Factor of an Altemating- 
Ourrent. Since the effective value of a periodic current or pressure 
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is often required, and it is a round-about way to fiist analyse the 
given curve into its harmonics, we shall now give a method (due to 
FlemiTUf) by means of which the effective value of a periodic function 
can be determined directly 

For example, find the effective value of the curve given in Fig. 183. 
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Take some point on the abscissa axis as ongin for the polar diagram of 
this curve. The area of the polar curve is then 

whore y is the ordinate of the periodic curve 

Now draw a circle whose area equals that of the polar diagram, aud 
denote the radius of this circle by B , then 


T 



= eflective value of the curve 

The polar diagram of a sme wave is a circle , other periodic curves 
give other polar curves, which are more or less similar to circles The 
ciicle of the same area as the polar curve can easily be estimated by 
the eye, when a planimeter is not available By this means we have 
a simple method for approximately finding the effective value of any 
periodic curve 

The ratio between the effective value of a periodic curve and the 
mean value is often needed, and is known as the j(nm factm\ since it 
depends on the form of the curve The more peaked the curve is, the 
larger is the form factor For a pressure curve, fm'm factai is 



For the piessuie curves (Figs 169, 170 aud l72a) the form factors are 
1*0, 1 15 aud 111. The form factor of a sme curve is 

Jl a I'll 

Another characteristic factor which is met with now and again in 
technical literature is the oest fact&i /„* which denotes the ratio 
of the maximum to the effective value This is only of interest for 
piessuie curves — servmg as a measure for the strain put on the 
insulation The maximum value of currents and pressures of given 
curve-shape, on the other hand, has no direct relation to the iron and 


Ah suggested by Prof G. Kapp 
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copper losses in electiomagnetic apparatus, and has therefore only 
limited importance m practice. 


/.= 


maximum value 
effective value 




pHt 


and equals \/2 for sine waves 

A thud factor, which is of especial impoitauce for motors, is the 
cwve facto) 


effective value 


" amphtude of fundamental 




=Vi+(^)+@+ . 

Since only the fundamental of the pressure wave causes the effective 
transmission of power from the stator to the rotaiy field, the load 
capacity of a motor depends chiefly on the fundamental piessure 




p 


Hence the importance of this factor 
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aEAPmO REPRESENTATION OF ALTERNATINO-CURRENTS 
OF DISTORTED WAVE-SHAPE. 

68 The Equivalent Sme Wave and the Power Factor 69 The Induction Factor 
70 Graphic Summation of Equivalent Sme-Wave Vectors 71 Eflfect 
of Wave-Shape on the Working of Electric Machines and Apparatus. 

68. The Equivalent Sine Wave and the Power Factor. It would 
be possible, as already shewn, to represent graphically each one of the 
harmonics by itself Since, however, such a representation is not 
very convenient, it is simpler to proceed as with the power diagrams 
and set off the apparent power PI at angle cji to the ordinate axis, so 
that the ordinate equals the power PI cos <t> cos is called the pom) 
factoi . This diagram can be drawn to any desired accuracy when the 
pressure, current and power are known 

In the previous load diagram (Ch. I Sect 12) the current and 
pressure waves were sinusoidal , in this case, however, the waves may 
nave any shape whatever , thus is not the actual phase displacement, 
but only imaginary, being the angle between the smusoidal pressure 
and current, which are equivalent to the actual pressure and the 
actual current with respect to effective values, and yielding, therefore, 
the same power This imaginary sinusoidal wave is called the equir 
valmt sim wwve^ and it is with this that we usually have to deal in 
practice For most practical purposes this is sufficiently exact, but 
in exceptional cases, eg with condensers or with strongly-distorted 
pressure waves (i e pressure waves which deviate strongly from a sine 
wave), this method of calculation is inexact 

We ’Will first examine what the actual significance of the power 
factor cos </> is The power is 

]V= PI cos cli = Ihy 

where r is the effective resistance of the circuit , hence 


cos<^ = p 
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+ (y*) COS^</)b 


wheie </>i, <^8, <^5, etc , as above, aie the phase-dispkcemoiit augles of 
the several harmonics. 


P I 

we can also write cos (^) = cos (/>! ^ (122a) 

Both formulae (123) and (122a) have been deduced on the 
assumption that the effective resistance ? is mclepeudeiit of the fre- 
quency , this IS geneially tme, but not always. 

Let the eftectivo resistance for the fundamental bo foi the third 
harmonic for the fifth /g, and so on , then, in this case, wo get 


COS</) = 




Buiiihor, from formula (122), we have 
siu<j[) = \/l - cos*^</) 

r \. . fP.y 


sin«<Z>i + (y®) siu2<^b+” 


P Bill <l>=:Jp\ sm-^ ‘Ai + P J siu‘^qE)3 + Pfl Bin®<^5 + . , 


or, since P^&in4>i= 

Pg sin 08 = 3113/3, 

PfiSm 0 B = 633 / 5 , 

p 

then 81110 = sin 0j^^\//J + 9/j-i-26/o-F . 

This toimula is deduced on the assumption that 0 remains consbint 
for all harmonics, and that the reactance rises proportionally with 
the frequency 

It now remains to be seen how great is the enor introduced in 
the experimental determination of the effective resistance and effective 
reactance of an ziidiictwe circuit by using a distoited piessure cuivc, 
when we calculate with the equivalent sine waves 

The power supplied to the circuit through which the effective 
current I flows is always 


when the effective resistance 9 is independent of the frequency , in this 
case, therefore, the determination of r is independent of the cuiwe- 
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shape This, however, is not the case with the effective reactance ; 
for each harmonic of the terminal pressure 

P=^FUPt + Pl+' . 

produces a current with its own frequency Thus 

if the reactance x, is proportional to the frequency 

/=Vj?+js+j;+ 

=i 

“ + ■ 

But, P sin </> = siD^</)i + P^ sin^</jT -i- 

Comliining these two last expressions, we get 

gj _ ^ sin®<^i + -f -g-Po + • f 1 *^4) 

' I V P?sin^(^i + i^sinV» + ilBm^(^B+ ’ * ^ ^ 

Generally the harmonics of the pressure curve are not known, neither 
are the constants r and x, of the circuit in question , consequently we 
disregard the shape of the curve and calculate with the equivalent 

values We then have „ i 

Psin^ 
g.=- - j > 

and introduce a small error by assuming the root equals unity. This 
root IS always somewhat less than unity, so that the approximate 
formula already gives x somewhat too large The error, however, is 
not large, for example, for the strongly distorted pressure curve 

Pi = 100, P 3 = 10, Pg = 31 65, the root equals 0 943 when - = 1*5, and 

X ^ 

0*948 when - = 2 6, i.e the error in this case is but 5 % 

If the circuit has no inductance, but only resistance and capacity, 
then the capacity reactance will be 


Psiu</) 


/P?sinVi + 9P?i 
V -Pi sinVi + 


Bin^<#)3+ 26Pj sm’^^n + 


1 Pj sinVi + P"! sinVa + -PS sin^</>fl + 

so that the root is not approximately umty in this case 


69. The Induction Factor. In the previous load diagi'ams 
(Chap I), the abscissa P/sin<^ represented the so-called imaginaiy 
power When harmonics are present, however, the matter is somewhat 
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different, for if we take the sum of the imaginary powers of all the 
harmonics, i e, + p^7^gi„ ^ ^ 

this IS not equal to PI sin hut is always smaller, as will now be 

, waL 1 

Smoe ten.^„= — -^=P 

where is the reactance of the harmonic, then 
,1 r rl^ 

so that sin cos + Pj sin <^3 cos + ) 

From the formula for sin <^, we get 

PJsin<^ = “\/pf sin®<^»j + sin®<^ + Jp^ cos®<^ + co8^<]f)3 + , 

Hence /= , 

PI sin (fi 


__ Pi sin 01 Pi cos 01 + PaSin 0^ P300S 0q + 

\/ Pj sin’^01 + P3 sin®03 + \/p? cos^0i 4- P? coa®0i + 

Again, since Pn sin 0^ = Saj/g, Pgsm 0^ = 5fl;7n , 
then = g = + + 

and smoe sm <f> = sm c^, A 9 jJ + 25/“T 

then / will also equal 

/= 


(126) 




J? + 37=+5J' + 

P/sin.^ 7n/7? + 971 + 251? + 


(126a) 


If the circuit is non-inductive and contains only resistance and 
capacity, the reactances of the several harmonics will lie 


X 

3’ 


etc, 


and we shall get in this case 

i 

' PI sin 0 


/=-^^ = 


■I 1 + - 5 - + - 5 -+ • 


3 ■ 5 


V-''+ 9 ' + 26 


(126Zi) 


+ 


This factor / is always less than unity 
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Consider the sum of the real powers of all the harmonics, then, by 
the definition of power factor, this must equal the actual power 
P7cos <jf>, which IS also the case when we work the same out We thus 
see that the jpoim fact&i is 

coa<^=^ (127) 

w 

and that ^ =/sin < sin (128) 

/sin<^ IS a characteristic of an electric circuit, and is called the 
vndiui%(m fadm 

This factor, however, has only significance with sinusoidal currents 
m graphical representation, because in this case it equals sin since 

70. Graphic Summation of Eauivaleiit Sine Waves. If we have 
several circuits acted on by the terminal pressures Pi, Pn aJ^d Pm 
producing the effective currents /j, /n and /m, the apparent powers 
Pj/i, Pii/n a-nd Pm/m can be set off in the power diagram at angles 
<^>i 5 iiii <#>iiT to the ordinate axis, so that the ordinates of these vectors 
represent the true powers /Pi, TTu and /Pin- Now arises the question: 
Is it always allowable to sum up these pow&i' vectcn's gi aplmally ? It will be 
found that it is only permissible m certain cases, as we shall now 
proceed to shew 

The ordinate of each vector represents the tme power in its re- 
spective circuit, hence the algebraic sum JF of the throe ordinates 

= Pill cos (/>!, 

JF n=Pri/ii cos <^ii, 

[II = P HI /hi cos <f>iii 

must represent the true power in the throe circuits The same result 
IS obtained by calculation, based on the fact that the imaginary 
power JFj in the three circmts equals the algebraic sum of the several 
imaginary powers /Pi^, JF^j and IFnxj 

We thus have 

JF=M^, + JFii+JFjii 

= Pjlj cos (fij +Pii-^ii COS ^ii + Pin/iTi cos </>m 
and fPI sin ^ + JF-^j -l- JFiuj 

=/iPi/i sin +/ 11 P 11/11 sin <hu +/iTi-^ni-I^riT 

If the geometnc summation of power vectors is allowable, the 
following two relations must hold 

IF ~ PI cos (fy = P [/f cos (f>j + P iilji cos + P m/m COS (hin 
and ^ If j = PI sin fjy — Pj/j sin Pu In sin (fyji P in /in sm *^m . 
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It IS at once seen, that the first of these equations is identical with 
the first of the two previous equations and is thus satisfied ^ on the other 
hand, the other two equations — viz that for the imaginary powers and 
that for the abscissae of the power vectors — do not always agree, 
and we thus see that it is only allowable to add the power vectors 
graphically when 

Pill sin <^£ + P sm fpm 
= PI sin = j Pill sin +^PuIii sin 

Thus the general condition for which it is allowable to add power 
vectors graphically is 

(/""/il-P i-^c sin </>i + (/— /ii) P uln sin (f>u 

+ (/“ An)-Pni'^nisin = 0 . .(129) 

The general solution of this problem has, however, less interest than 
i3he treatment of the two eases for which all the P’s are equal when the 
three circuits are joined in parallel and all the 7’s are equal when 
the three circuits are joined in series We then get, on the one hand, 
the condition for which it is allowable to geometrically add effective 
currents without considering the wave-shape, and on the other hand 
the condition for which it is allowable to geometrically add effective 
pressures, likewise neglecting the wave-shape That which holds for the 
first case, however, does not equally well apply to the second, con- 
sequently the two cases must be treated separately 

First consider the case of circuits of any kind connected in senes. 
If the current I is constant throughout the whole circiut, we can wnte 
the condition for the geometric addition of power vectors as follows 

(f~‘fi)Pi^^'^ 01 + sill 0n + in sm 0in = O 

This equation at the same time gives the condition for which it is 
permissible to graphically add pressure vectors, when the circuits on 
which these pressures act are m senes We shall not enter further 
into this general problem, but merely consider the case for which it 
can be directly seen that the above condition is satisfied This is 

the case when x x x x 

J hui 

and this is first the case when the ratio between r, L and G are the 
same for the three circuits 

Three such circuits can be called similar, since their diagrams are 
always similar. That it is allowable to geometncally add the vectors 
in this case, which make the same angle 0 with the ordinate axis, can 
be seen without further demonstration 

The second case when /=/i =/ii =/iii (Form 126a), when the same 
current I flows through the whole circuit, occurs when r is independent 
of the frequency and the reactance x is the same function of the 
frequency for all the circuits. This is the case, for example, when 
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all the flj's are proportional to the frequency or when they all vary 
inversely as the frequency 

A special instance of this second case, in which geometncal addition is 
also possible, is that for which the reactance of all parts of the circuit 
except one is zero ^ we then have, obviously, 

/=/,, so that 

/sin<5f) = /„sin 

where and <l>^ relate to the circuit 

As an example of this special case, we can 
take the diagram of a generator working on 
a non-inductive circuit Here we have two 
pressures which are to be geometnoally 
added, of which the one — the terminal pres- 
sure — IS in phase with the current, whilst 
the pressure drop m the armature may have 
any desired phase. We thus get the diagram 
shewn in Fig 184, where is the terminal 
pressure and the EMF. induced in the 
generator; is then the pressure drop in 
the armature 

For circuits connected in parallel the terminal pressure will be the 
same for each branch. 

In Equation 129, Pi, Pn and Pm cancel out, and the condition for 
the graphic summation of current vectors is then 

<i>i + (/-/ii)InSlil <l>u + (/-/in)-fniSill = 0 

This equation is satisfied when 

/=/i —fn =/m 

This 18 the case, firstly^ when the circuits in parallel are similar, 
1 e when all the circuits have the same ratio between r, L and (7, and, 
secondly^ when the conductance g of each of the parallel branches is 
independent of the frequency and also the susceptance of each path 
is the same function of the frequency This second case is only of 
mathematical interest, and has no practical importance, since g is nearly 
always a function of the frequency, consequently the proof will be 
omitted here 

A further case, where the graphical addition of the currents m 
parallel circuits is likewise allowable, is that m which the reactance of 
every circuit except one is zero , it is then easy to see that /=/*, and 
I smcfy- I^sm 

where /*, refer to the circuit, which may possess both in- 
ductance and capacity The proof for this is given on p. 311 in the 
description of the “three-ammeter method,” which is more convenient 
for this purpose 

To shew the effect of the higher harmomcs on the magnitude of the 
error introduced by graphically adding the currents in parallel circuits, 

A,C p 





Fia 184. — niAmm of the Effec- 
tive Fressures of n Generator for 
008 0 = 1 
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the values of /, cos and cos as functions of — are given m the 
following tables for the three pressure curves ^ 

(1) Pi = 100, Pg = 3166, Pb = 10 

(2) Pi = 100, P8 = 224, 

(3) Pi=100, Pg^lO, Pfi = 3165 

Xgi 18 the inductive reactance of the circuit with respect to the 
fundamental When this ratio is given, the corresponding smc/)^ 
cos^i, sin<^8, cos<^g and so on can be easily calculated, and from 
them the factor /, on the assumption that x, is proportional to the 
frequency 

Table (a) 


1 


_ 

T 


0 

0 1 

02 

05 

1 

10 


1 

0 874 

0 878 

0 895 

0 934 

0 960 

0 900 

f 

2 

0 816 

0 823 

0 854 

0 921 

0 956 

0 918 


3 

0 760 

0 776 

0 802 

0 898 

0 945 

0 909 


1 

1 

0 992 

0 970 

0 865 

0 679 

0100 

ooa^ 

2 

1 

0 089 

0 967 

0 865 

0 679 

0 100 


3 

1 

0 985 

0 058 

0 858 

0 676 

0 100 

OOS0J 


1 

0 995 

0 981 

0 894 

0 707 

0 100 


Table (a) refers to a circuit whose capacity is zero, whilst Table (b) 
IS drawn up for a circuit whose ratio of capacity x^i to resistance ? is 
0 2 , thus in this case, 

^ = 0 2, ^“=0 066 and 5£« = 0 04 

r 9 9 



0*2 

0 - I J 

0 02 04 06 08 10 12 14 16 18 2 

Xtl 


Fia 186 —Assumption, ^=0 
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Table {h). 
^ = 0 2 


r 


0 

0 1 

02 

06 

1 

10 


1 

0 945 

0 521 

0 236 

0 838 

0 943 

0 909 

f 

2 

0 049 

0 434 

0 237 

0 817 

0 938^ 

0 918 


3 

0 940 

0 322 

0 273 

0 780 

0 922° 

0 909 


1 

0 984 

0 992 

0 988 

0928 

0 748 

0 101 

cos 0 

2 

0 984 

0 989 

0 985 

0 926 

0 748 

0 101 


3 

0 984 

0 985 

0 978 

0 918 

0 746 

0 101 

OOS 01 


0 982 

0 995 

1 

0 958 

0*782 

0 1015 


111 Figs 185 and 186 the ratios / (curve I), cos (curve II) and cos 

(curve III) are plotted as functions of — foi the pressure curve (3) 

From the values for / lu Table {h) and in curve I, Fig 186, it is 
deal that there aie several circuits, which are not similar, liut whose 



02 


0 

0 0-2 04 06 0810 12 14 16 18 2 

r 

Fiq 180 — Assumption, ^=0 2 

currents can neveitheloss be geometrically added without error, siiico 
the circuits have the same ratio / for the given tenninal pressure 
\Vheu currents in parallel circuits are graphically added, the watt 
component of the resultant of all the currents always equals the sum 
of the watt components of the several currents , this is not the case, 
however, with the wattless components, and the difference between the 
wattless component of the resultant current and the sum of the several 
wattless components is 

~ (/i + (/ii ~/) Ai + (/m sm ^ui 
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Example Let pressure (3) act on three parallel circuits with the 

ratio — = 0 and — = 0 1, 0 2 and 0 6, of which the first takes the 
r'i 

current /i==100 amps, and each of the other two 50 amps, then 
/j = 0 776, /ii = 0 802 and /iu = 0 898, whilst by calculation /=0 805. 
Hence, in this case, 


(0 776 -0*805) 100 0 173 + (0 802 - 0 805)60 0 286 
+ (0 898 - 0 805) 50 . 0 526 = 1 9 amps 

The wattless component of the resultant current is 59 8 amps , the 
percentage error in this extreme case is therefore, 


100 


1 9 
59*8 


= 3*17% 


From this example and from curve I, Fig 185 , it is seen that foi' all 
ind'iichve ai mids^ whose i eactaiices aie pi achcally pi oportioiial to the fi equencyj 
it IS allowable to add the equivalent siiic cwrreiits giaphically. The addition 
of equivalent cuiTeiits of other parallel branches, where the reactances 
do not bear the same relation to the frequency, or whose resistances 
vary with the instantaneous value of the current, can lead to con- 
siderable errors Examples of such circuits are arc lamps, condensers, 
polarisation cells (above the pressure for which dissociation occurs) and 
in high pressure mams (in which the maximum difference of pressure 
exceeds that for which dark discharge occurs) 

In curves II and III, Figs 185 and 186 , we see the effect of the 
shape of the pressure curve on the powei factm cos and it is seen that 
this curve bes considerably lower for a distorted curve than for a sine 
curve It IS, therefore, not allowable to replace a terminal pressure of 
distorted wave-shape by its equivalent sinusoidal pressure, and with 
this calculate the current and power factor In practice, however, this 

method is often adopted, which, in the above example for -^ = 0 5, 

gives cos <^^ = 0 894 instead of cos 0 = 0 858 This error, however, is 
too large to be neglected-— and still larger eiTors may be introduced 
when we apply this method in the calculation of circuits containing 
capacity or apparatus with similar reactances 


71. Effect of Wave-Shape on the Working of Electric Machines and 
Apparatus. In the introduction to the previous chapter attention was 
drawn to the injunous effects of higher harmonics We shall now 
illustrate this by means of examples and curves 

(a) Lighting As already observed, the flat-shaped curve is the most 
suitable for this purpose, because in this case the current remains 
longest in the neighbourhood of its maximum value Consequently 
we can work at a lower frequency with a flat curve, such as in Fig 187, 
than with a peaked curve, hke that shewn in Fig 188, before variations 
m the mtensity of the bght become noticeable. The Authors found 
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fiom expenments carried out in the dark room, that the light of a 
16 c P. carbon-filament lamp foi 110 volts began to fluctuate when the 
frequency of the current fell below 33 3, whilst this only occurred with 



the flat-shaped curve (Fig 187) when the penodicity feU below 20 cycles 
per second. 

With a 26 CP 11.5 volt metal-filament lamp, the pulsations were 
already noticeable with the above pressure waves when the fiequency 
fell to 28*3 and 23 7 respectively This limit also depends on the 
lamp pressure — the lower the pressure, the lower the frequency at 
which flickering becomes noticeable 

It has often been noticed in practice that arc lamps are inclmed 
to be somewhat noisy when the pressure curve is very peaked. 
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This humming noise, which is due to the pulsations set up in the arc 
and the surrounding air, can be sufficiently damped, at a frequency of 
50 cycles, by connecting a choking coil in series to suppress the 
harmomcs Fig 189 represents the pressure curve of a large three- 
phase central station, where — according to a report by Herr 0 Zorawski 
{E T Z 1906, S 607) — the humming became so cousiderable that 
choking coils had to be connected in aeries Choking coils, however, 
tend to lower the total power factor of the system 

(h) Tiansfmm&iSi Prof G- Kessler (ETZ 1895, S 488) has ex- 
perimentally investigated the effect of the shape of the pressure curve 
on the drop of pressure in a small transformer of some J k w , which 
had comparatively high resistance and reactance The results of his 
research are shewn by the curves in Fig 190 Curve I represents 
the secondary pressure with non-iuductive load when the peaked 
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pressure curve (Fig 191) was applied at the pnmary, whilst 
curve II was taken when the approximately sinusoidal pressure wave 
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fioi was applied For a non-inductive load of i KW the peaked 
pressure curve gave a pressure drop of 7 6D%, whilst the sinusoidal 
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curve gave but 6 65 % drop, thus about 13% less than the other 
These expenments agree also with the calculations, which shew that 
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the svimsoidal pi esm e wave is tlie best mth regard to the pi'essfu/i^e di in 
h ansfmmm^ akd also in mavfis With non- or nearly non-inductive loads 
a pressure curve causes a relatively larger drop of pressure, the greater 
the largest of the harmonics is and the higher its frequency This is 
also to be expected, as any electromagnetic apparatus, such as a trans- 
former for example, is designed for a certain definite frequency, and 
the more any other frequency deviates from that for which the 
transformer is designed (i e. from the fundamental) the more un- 
favourable should be the result 

To find the influence of the wave-shape on the losses in a trans- 
former, the Authors measured the no-load losses in a transformer for 




the three pressure curves (Fig and the short-circuit losses 

for the three current curves (Fig. 192d—f) The results obtained are 
shewn in the following table, which shews that the more peaked the 
curve the smaller the no-lo^ losses, whilst the short-circuit losses 
increase the more the curve deviates from a sine wave 


1 K V A SlNULE-PHASE TRA:NSFOIlMmi 
(a) No-load 


Pressure Cuive 

Fig 192a 

Fig 192i 

Fig 192(; 

Po = volts, - - - 

110 

110 

110 

Iq — tLlTipS j"- — 

0 423 

0 447 

0 452 

1^0 = watts, - - - 

31 4 

33 6 

34 9 
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(b) Short-cirouit 


Current Curve 

Fig. 192d 

Fig 192e 

Fig 192/ 

/jr=amps , - - - 

10 

10 

10 

P£ = VOltfl, - - - 

7 44 

7*36 

8 06 

watts, - - - 

46 4 

440 

454 


(c) hidudim Motois As in the case of a transformer, the Authors 
have also measured the no-load losses for the curve shapes in 
Figs 193a and b and short-circuit losses for those in Figs 193c and d 
in a 2 H P three-phase motor The results ai*e shewn in the following 



FT(i ItlSa 



?IG 1036 




table The no-load losses remain practically the same, whilst the 
short-circuit losses, and still more the short-circuit reactance, for 
the same effective current are larger the greater the harmonics which 
are present 


2 HP Three-phase Motor 
(a) No-load. 


Pressure Curve 

Fig 193a 

Fig lQ3h 

Po= volts, - - - 

112 

112 


3-7 

3 65 

?fQ= watts, - - - 

166 

162 
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(6) 

Short-circuit. 


Current Curve 

Fig 193c 

Fag IQSd, 

Tjc— amps , - - 

10 

10 

volts, - - 

26 8 

250 

WTffzr watts, - - 

204 

198 


Thus, the efficiency of a motor is also a maximum when the pressure 
curve IS a sine function. The same holds for the power factor and the 
maximum power, for with a given applied pressure the short-circuit 
current is smaller, when measured whilst the rotor is just set moving 
This IS due to the fact that only the pressure of the fundamental 


Pi = — transmits power from the stator primary to the rotor secondary. 

We t^us get the same result as for a transformer, namely, the asyn- 
chronous motor works best with a sinusoidal pressure curve This is 
also true for commutator motors, for the flat-shaped pressure curve 
is bad for commutation, whilst the peaked pressure curve reduces the 
load capacity of such a motor 

S Synchronous Machines If several synchronous machines having 
ent pressure curves work in parallel, large currents of high 
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frequency will flow between them, since the pressure harmonics need 
not be in phase when the fundamental pressures are If the reactances 
of the synchronous machines are very low, the currents due to the 
higher harmonics can attain such dimensions that the working may bo 
sufficiently affected to cause the machines to fall out of stop The 
shape and magnitude of these currents are best illustrated by the 
curves in Figs 194 to 197, taken at the Electrotechnic Institute, 
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Karlsriihe, by Di Blooh Figs 194 and 196 give the pressure curves 
of the central station and of a 5 H p single-phase motor, whilst the 
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curves in Fig 196 shew the cuiTents in the motor By connecting a 
large reactance in series, the current curves in Fig 197 were obtained. 
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Here again the damping effect of the choking coil on the highei 
harmonics is clearly seen The presence of currents of high frequencies 

m synchronous nnichines can be limited 
by taking care that all the synchronous 
machines working on the network have 
/ \ the same wave-shape at no-load Since, 

f \ however, the wave-shape varies with the 

I \ load, it 18 not possible to completely avoid 

/ ^ these internal currents The best means 

for keeping them small is of couiso to 
have the pressure curves of all the machines 
as nearly sinusoidal as possible and to give 
the machines a suitable reactance. 

(e) Cables UTid CffiidiLctci s. The flat-shaped 
pressure curve should of course place less 
strain on the insulators and calile-insulation, 
since for a given effective pressure the maximum pressure is then least. 
On the other hand, this requires higher harmonics, which may give rise 
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to resonance, under certain conditions Since such wave forms have a 
disturbing effect on the pressure regulation of a system, and are more 
difficult to deal with analytically than pure sine waves, it is also 
always desuable to use sinusoidal presaui'es for transmissiou plants 
The two pressure curves, Figs 194 and 198, are for a large electricity 
works The latter represents the day piessure, the former the night 
pressure As is seen, the higher harmonics are more pronounced in 
the day curve than in the night curve, since the day load is more 
inductive although small 
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POLYPHASE CURRENTS. 

72. Po^haae Systems 73 Symmetnoal Polyphase Systems 74. Interooimeoted 
Polyphase Systems 76 Bolanoed and Unbalanced Systems 76 Com- 
panaon of the Amount of Copper in Alternating-current Systems with 
that m Continuous- current Systems 

72. Polypliase Systems. If three coils are arranged on the armature 
of a generator (Fig 199), so that they are all displaced from one 
another in space, the B M f ' s induced in these coils will be 

i^i = -Pini«ixSin W, 
i3ii = PnmaxSin(W-a), 

These all have the same frequency c, because all the coils rotate with 
the same velocity. But they are all displaced from one another in 

phase by the angle which the 
coils make with one another 
in space If each of the three 
coils acts on its own circuit, 
a current will flow in each 
coil independent of that in 
the other coils The three 
currents together form a 
three-phase current and mch 
a syst^ of altemating-mi'^ mts, 
m whtch several EMF's of 

F.O 1(19 -Production ot n Polypba™ Currant dt^hced 

from one anotm m phase pro- 
duce cwrrents whixih are also displaced fom one another, 4* knovm in general 
as a polyphase system 

Externally, a polyphase generator appears the same as a single-phase 
generator — only the stator winding is difibrent In Fig 163 the stator 
winding of a single-phase generator is represented, and in Fig 165 
that of a three phaser 
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Q-enerally speaking, a polyphase system can be investigated by 
splitting up the same into its several current branches, or jplmses , 
the E M F acting in each of these current paths produces a current in 
the system, which can be calculated independently of the E.M F 's of the 
other phases The currents produced by all the E M F ^s must then be 
superposed, when the phases are electncally connected The several 
systems can be classified thus 

(1) Into symmePiiml and vmyrrimetrical systems 

2) Into dep&ndmt or intercomected and iTid^mdent systems. 

3) Into balanced and wnhalanced systems 

The dependent or interlinked systems can be again split up into 
sta'i -connected systems, nng-connect^ systems and systems comprising 
both of these two 

73, Symmetncal Polyphase Systems. If a polyphase system is 
formed by n pressures, whose amplitudes are equal and displaced from 

one another in phase by i period, the system is said to be — 

otherwise it is unsymmetncal Such a system can also be called a 
symmetncal 7 i-phase system, since it has n phases In the case where 
the pressures are sine functions of the time, the n pressures are repre- 
sented by the following expressions 

= P sin 0 )^, 

If we sum up the momentary values of these n pressures we obtain 
the well-known result that the sum of the momentary values of the 
pressures of a symmetrical polyphase system always equals zero 

We can now deduce the vanous symmetrical polyphase systems by 
substitutmg various values for n 

/ 

X :: 


Fia 200 — SliJgle-phaae Two-wire Syatein 

Example 1 When n^l, pi=PBm(at, and we get the single-phase 
two-wire system of Fig. 200. 
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When 71 = 2, j7i=Psin<oif, 

fix — P am (<»< - 180°) = -Pi 

This gives the single phase three-wne system (Fig 201), wheie the 
pressures are reckoned from the middle point 0 When the two halves 


1/ 




Jr 

Jo 

4 


Pin 201 —Sliiglo-plinjao Th^Ge-^Yire Syatora 


of tliu genoiatoi* are equally loaded, no current flows in the middle 
wire — consequently this wire can bo made very light 

EmmplG 2 When n = 3, 

jvi — P sin 


j?ii = Pain 






This IS the symmetrical thiee-phaso system, wheie the throe preasuroa 
are displaced in phase from one another by 120“, which accordingly 
ropiosonts the symmotiical polyphase system having the least number 
of phases 

Exam 2 *lG 3. When 71 = 4-, we get the symmetrical four-phase system 
Pi — F sin (at, 


2hi=‘Psm(mt-'^, 

PM = PsU\{(at-7r)= -Pi, 

p„ = P sm = - Pii 

Thus Pi and pm occur in the same circuit, and aimilatly p^^ and p^^f 
Consequently there are only two pressures, and these are dispLicod 90“ 
from each other \ 


74. Intercoimected Polyphase Systems In polyphase systems, each 
of the phases may he made to form a closed system for itself — such 
a polyphase system then consists of % entirely independent single- 
phase systems, which have only to satisfy the one condition that the 
frequency and the mutual phase-displacement of the E M.r ’s of the 
several phases aie always the same. The generators of the single-phase 
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currents must therefore run in perfect synchronism with one another — 
which IS most easily attained by placing the several windings, in which 
the B M F ^s are to be induced, on the same armature We can now go 
a step further, and electrically connect the ^vlndlngs of the several 
phases with one another, i e interconnect the phases In this case, 
however, the several phases will mutually affect one another, if the 
system is not symmetrical both in respect to the induced E M F 's 
and the load. 

In the representation of polyphase systems it is usual to draw the 
windings of the several phases displaced from one another by the angle 
of the mutual phase-displacement 

The phases can be connected in vaidous ways with each other , only 
care must be taken to have no closed circuits where the sum of the 
induced B M f/s is not zero , for such a circuit would act as a short- 
circuit in which an KMF is induced, consequently a heavy current 
would flow in the same 

The systems generally met with in practice are the star-connected and 
nng-connected (or mosh-coimected) systems. 

The sta/r system is formed by joining the starting points of all the 
phases to a common point This point is then termed the neviml 
jpomt^ because in a symmetrical star-connected system it generally 
attains the mean potential of the surroundings This point can be 
connected to earth, or to another neuti'al point, or insulated, it is 
usual to regard the neutral point as having zero potential Between 
the terminals of any phase, eg the we measure jphase ;piesswe 

P sin - (sc - 1 ) whilst between the terminals of two neighbouring 

phases we have the line piessuie^ whose momentary value equals the 
difference of the momentary values of the jiressures of the two phases 
in question The momentaay value of the line pressure between the 
terminals of the and («+ 1)^^ phases is thus 

Pi — Fsin 1)~| -Psin 

= 2Psin-cos 1)-1, 

n { ^ 'n) 

whence it follows that the effective line piessure is 

P,= 2sin!^P„ (130) 


where is the effective phase pressure 

In the sta7-C07mected system, the line pessuie equals the i esultant pi essfim e 
of two adjacent phases and the line cm'ient the phase cuneiit 

The riThg-coTunected system is formed by connecting the start of one 
phase to the finish of the next, so that all the phases are joined in 
senes Accordingly, this connection can only be used when the sum of 
the E M F ’s of all the phases equals zero at every mstant, which is the 
case with symmetrical polyphase syetems having sinusoidal E.M F ’s 
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Current is taken off at the junction of each two adjacent phases, 
whence the number of lines equals the number of phases Then, iii 
accordance with Kirchhoffs First Law, the current in each lino equals 
the difference of the currents in the two neighbouring phases In this 
case, therefore, the hne current does not equal the phase current, but, 
since the currents in two adjacent phases are displaced from one 

another by — , equals 

7b 

= / sin - (ic - 1) - 1 sin |a)^ -■ x ^ j- 

= 27 sm ^ cos - (2x “ 1) “j ^ 

hence, for effective values, 

7, = 2sin^7, . . (131) 

n ^ 

The line pressure is here the same as the phase pressure 
Hmce, 171 the riTig-coTViiecied syst&in^ the liTbc pesim'ie eqmls the pkine 
piessme anid the line cmrent the resultant munent of two adjacent 

In the following, all magnitudes referring to the linos are denoted 
by the suffix I and to the phases by the suffix p 

The most usual connections for a symmetrical three-phase system 
are as follows 

(a) Thec-phase Star System Fig 202 is an mdopondont three-phase 
system, where the phase current equals the lino current and the phase 


/ 

r-W/VW\r‘— 

\ 


^fSf 





h 




Fio 202.— Nou-intorllnkod Three phaeo 
System 



Fio 208 — Three-phoao Star Syatotn 


pressure the line pressure By coupling the three starting points 
H together (Fig 203), we get the three-phase star-connected 
system with four wires, which can be converted into a throe- wire 
system by omitting the middle- or neutral-wire a, which camos no 
current so long as the load is symmetrical The hne pressuie in 
this system is 

P, = 2sin60°Pp = V3Pp . 

It=h 


and 


(132) 
. (133) 
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(b) Three-phase Ring System Fig 204 represents the three-phase 
ring system, or, as it is also termed, the triangle- or delfor (A) or mesh- 
connection Here we have 


and 


i’, = P, .(134) 

J, = 2slIl60“4 = ^/34 . . (136) 



<h 


Pm 204 — ^Thioe-pbaae Mesh Syatetn 



Pia 206 — Combined Syatom foi Thrco-phiiBO 
Current {DoLivo von J)obi otooUki/) 


Fig 20.') represents a combination due to Dolivo von Doh omlshy 
When 71 = 4, we can have the following schemes 
(c) Independent Fom ‘phase System m Twophase System This is 
represented in Fig 206 We have 

/j = /, and Pi=^Pp 



Pig 206 — Non interlinked Four-phase Syatom, Pin 207 — Four-phase Star System 


{d) Four-phase Star System Fig 207 represents tie connections for 
this system, in which 


and 


/, = /„ (136) 

P, = 2sin46°P„=v,'2P,. (137) 




Ir 

lo 


Fio 205) — Two phase Three-wire or Intorliiikod 
Two-phoso System 


(e) F(av\ phase Ring System 


and 

A,0, 


This IS shewn by Fig 208 

Pi — Pp 

9 


(138; 

(139) 
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(/) Interconnected Tivo-phase System The scheme shewn in Pig 207 
IS seldom used, but rather that shewn in Pig. 209, which is developed 
from the former and represents one half of an interconnected four-phase 
system with middle wire This system, which is not symmetrical, is 
usually termed the vni&i corvnected two^hose system or the two-ph-ose 
ih ee-mre system. Por this we have 

= . . (140) 

and Jo = >/2Tp. . • (141) 


(g) ScoWs System. To the interconnected polyphase systems belongs 
also ScoU's System, shewn in Pig 210 This serves for producing a three- 

phase current by means of a 
' ' two-phase winding If one- 

phase has n/| as many turns 
as the other and the start of 
this phase is connected to the 
- middle of the second, we get a 
symmetncal three-phase pres- 
sure between the terminals A, 
B and 0 Then the pressure 
between the terminals A and 
B and between A and Q (Pig 
210) is n/{^® + x = 1 times the 
pressure between B and C It is thus possible to produce a symmetncal 
three-phase current by means of an unsymmetnoal two-phase system 
The phase pressures are 


A 


s' 


Pia 210 — Scotfc's System 


and 


Pj,=P^=0£^0C=^B0= \P,, 


whilst the phase currents equal the line currents 

{h) Impeifect Polyphase Systems These also belong to the inter- 
connected polyphase systems, and consist of a main phase, together with 
an interconnected auxiliary phase These were all introduced in the 
early nineties, when it was desired to retain the simplicity of the single- 
phase system, and avoid its deficiencies by the use of auxiliary phases 

The simplest of the systems is the imperfect three-phase system 
(Pig 211), which consists of two phases at 120“ to one another The 
auxiliary phase, which is chiefly used for starting asynchronous motors, 
has a phase pressure equal to the distance of the point 0 from the line 
BC The starting torque is proportional to this auxiliary pressure P;,, 

When the two phases are symmetncally loaded, the ciurents in all 
three lines are equal, but displaced 60° in phase from one another 
Since thus system does not produce a large starting torque for motors, 
, as just shewn, Steinmetz proposed a system, similar to Scott's system. 
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which IS known by the unsuitable name of “ monocyclic system ” 
This IS a three-phase system, and serves to produce an unsymmetrical 
three-phase current Steinmetz chose the auxiliary pressure OA 


at the motors equal to \/| of 
the main pressure BC, whereby 
the motors receive a symmetri- 
cal three-phase pres^e The 
auxiliary pressure OA of the 
generators, however, was only 
chosen about a fourth of the 
pressure of the main phase 
The ratio of conversion of the 
transformers for the mam phase 
4 

IS therefore of that of the 

transformers for the auxiliary 
phase 

None of these imperfect polyphase systems, however, have justified 
their existence, since they all need three wires, as m symmetrical three- 
phase system, and there is no reason why this latter should not be 
adopted and so completely utilise the matenal of both generators and 
motois. 



Pio 211 — iDOomplote Till oe phase System 


76. Balanced and Unbalanced Systems. In Section 11, we have 
seen that the current 

i = 1^/2 sill ((lit - <^), 

produced by the pressure p = F\/2 sm <ot, 
yields the momentary power 

PI {gos </> - cos (2o>t - c/,)} 

Since the mean power is J'P = PI cos 

we have Jr= Jf[ 1 - 52L(^‘e^jW| 

Although this pulsation of the power of a single-phase current, which is 
shewn in Figs 4 i and 44 for any angle ^ and for 4> = 90", does not 
prevent its application for many purposes, e g lighting by means of 
glow lamps, provided the frequency is chosen sufficiently high, it is 
just this property of the single-phase current which makes it un- 
suitable for power purposes. On the other hand, a symmetrical 
polyphase system — as will be shewn later on — possesses the character- 
istic that the momentary power of the whole system is always constant, 
consequently such systems are used a great deal for motor purposes 
Not only symmetrical systems, however, but also other polyphase 
systems can develop a constant power under certain conditions , thus 
ill systems possessmg this characteristic are said to be balanced, and all 
ethers, unbalanced. 
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The power in a polyphase system equals the sum of the powers m 
the several phases. If the pressures j?i, Pm of the several phases 
produce the phase currents , the momentaiy power will be 

W ^piii ^-pnhi +PinhiL + 

and the mean power W‘=FiIi cos <j>i -f- Pn cos </>ii -t- 

If now the Tz^phase system is symmetrical with equally-loaded phases, 
we have, e g , for the phase, 

Pai+l=F^/2 sin ^ 0 )^ - 27r ^ 


and 


^^+1 = 7n/ 2 sin ^ 0 )^ - - 27r 


where <^> is the phase displacement of the current in a phase behind its 
pressure From this it follows that the momentary power of the 
symmetrical ^i-phase system is 

= sm sin - </> - 27r 

= FI I?! cos - 2 cos ^ ” 47r = Fin cos cj> 

}r=nFIco8<t>. (U2) 

Thus the momentary power JF is constant for every symmetncal TZrphase 
system and equals n times the mean power of a phase 


and 


For the thu^auvie two-phase system (Fig 209) the pressures are 

_PI = Pp^/2sm tit 
i'n = -P,N/2 8m(a)/-0 


If both phases are equally loaded in regard to current and phase 
displacement, then 

i^~Ip\l^ sin (u}t-<f>) 


and 
Hence, 


Iii = lj.j2 8iu (wt-<li-'^ 


}F = 2Pp/p |sm tit sm {tit - 0) + sin (^t - sm (^t “ | 

= 2Pp/p cos (/) - {cos(2oj^ - <^) -f- cos {2tit -4>-7r)} 

= 2Fj,Ip cos (ji = const 

and the mean power IF = ^Fj,Ip cos 0, 


(143) 


or, smce 




^=Pi/qCOS(^ 


then 


(143fl) 
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We thus see that the three-wire two-phase system belongs to the 
balanced uns3mimetncal polyphase systems 
The power of a symmetrical three-phase system is, from Eq (142), 

3P/pCOS 


or, since in a star system 



and in a mesh system Pp = Pj 


and 


the power in any symmetrical and interconnected three-phase system is 


/^=^/3P,4cos^.. . (144) 


From formulae (136) and (139) it follows similarly that the power in 
a symmetrical interconnected four-phase system is always 

TF = 4Pp7p cos ^ = 2 J 2 PJ 1 cos (fi, (146) 

Scott’s system also belongs to the balanced unsymmetneal polyphase 
systems. 


76. Comparison of the Amount of Copper in Alternating-current 
Systems with that in Contmuous-current Systems To transmit a 
definite power over a fixed distance electrically at a given maximum 
pressure and efficiency, a definite amount of copper is essential The 
higher the pressure and the lower the efficiency, the less the amount of 
copper that will be required Since the pressure must not exceed a 
certain limit on account of the danger to the insulation or the 
employees, the pressure which enters into question here is the 
maximum pressure which exists between any part of the installation 
and earth If the neutral point of the system is earthed, the limit is 
fixed by the maximum pressure between a terminal and this point. 
If the neutral point is not earthed, and the whole system insulated, 
the seventy of the electric shock caused by touching a terminal depends 
on the pressure and the capacity of the system If the pressures are 
high and the capacity considerable, as is usually the case in transmission 
lines, the person touching the terminal may have to pay the death 
penalty for his carelessness. Foi this reason, “live’* machines and 
apparatus ought never to be touched unless the person has previously 
insulated himself against the pressure The insulation of a non-eai’thed 
system, however, must be kept stronger than that of an earthed system, 
since in the former case the insulation must prevent the passage to 
earth of aU the energy stored in the system For this leason, 
earthed and non-earthed systems cannot well be compared, since the 
insulation of the latter must be calculated with regaid to quite different 
pressures 



246 


THEORY OF ALTERNATING-CURRENTS 


Hence, we shall only consider earthed systems for the present, and 
shall put the amount of copper required for a symmetrical polyphase 
system with earthed neutral point equal to 

100 


cos^^ 

Further, we assume that the effective current density is constant in all 
the conductors and that the pressure curve is sinusoidal The section 
of the currentless middle wire is chosen equal to half that of one of the 
outers We then get the following results 

(a) Sym'ineti teal JPolyphase Systems mth Ewithed Neutial Point Con- 
sider first the symmetrical three-phase system We see that each of 
the three phases caiTies the same current I at the same maximum 
pressure over the same distance I Let the section of a conductor 
be q , then the copper losses per phase aie 


i e with a given current density s they are proportional to the power 
transmitted per phase, 

J2r sl^slp 

^ -D T A ^looxCOSC^’ 


and the total copper volume is 3lq, 

By means of a single-phase two-wire system or any ^symmetrical 

polyphase system with 7 i phases, the same power 3^Pm«-^cos<^ 

could be transmitted with the same percentage losses with the same 

amount of copper. For in each conductor the current is and the 

section of the conductor is reduced m this proportion Thereby the 
current density s and also the percentage copper losses remain 
constant, whilst the weight of copper also remains imchanged 

Heiice, dll symmehucal poly-phase sy sterns with eaithed neutial point and 
the single phase twoAiovte system aie alike with lespect to tJi>e amount of 
copp&t lequiied. 

In practice, however, only the three-phase system has made headway, 
because this requires the fewest conductors, and consequently the 
least insulation of all the symmetrical polyphase systems 

{h) Symmetneal Polyphase Systems with Eai thed W suti al JP lie Con- 
sider first the single-phase three-wire system with eaithed middle wire, 
which 13 theoretically a symmetrical two-phase system bince no 
current flows in the middle wire when the load is symmetrical, then, 
for the same section of outer wiie as previously, the copper losses 
remain the same as in a single-phase two-wire system The copper 
required for this system, therefore, will exceed that required for the 
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two-wire system by tlie amount required for the middle wire If we 
therefore choose the cross-section of the middle wire half that of one 
of the outers, as mentioned above, this system will need 26% more 
copper than the single-phase two-wire system, in order to transmit the 
same power at the same losses The copper needed for the single- 
phase three-wire system is accoidmgly 

100 / 1 1\ 125 

cos=^ \ "*"2^2/ cos® cjj)’ 


In a similar manner we find the copper required for a three-phase 
four-wire system is 

100 1 1\ . 116-7 

cos-<^\ 3^2/ cos®<^’ 

and for a four-phase five-wire system, 

100 / 1 1 \ 112 5 

cos® </> \ ^4^2/ cos® 


(c) Single-phase Two-mre Systems with Ea7ihed Outer JViie This system 
can be regarded as one phase of a polyphase system with a neutral 
wire of the same section as the outer wire Consequently, this system 
needs the same copper and has the same losses in the earthed wire as 
in the outer wire With the same section for the outer wire as the 
total section of all the outer wires of a polyphase system with earthed 
neutral point, we get double the losses in a single-phase two-wire 
system with earthed outer wire, when the same power is transmitted 
at a given maximum pressure To reduce these losses to those in a 
polyphase system, we must double the section of the outer wire, and 
consequently also of the earthed wire Hence, the copper required m 
a single-phase system with earthed outer wire is 


100 

C08®<^ 


(1 + 1 )’*= 


400 

cos^<^’ 


or, in other words, four times as much as that of a polyphase system 
with earthed neutral point. 

(d) Twophase Thee-wiie System with Eaithed Middle Wiie. This 
system can also be regarded as two phases of a polyphase system with . 
a middle wire of \/2 times the section of one of the outers Conse- 
quently, this system requires for the middle wire 

1 

, 2 -:j% 


times the copper of the two outer wires, and similarly, as m a single- 
phase two-wire system, the section of each outer wire must also be 
increased in this case in order to transmit the same power with the 
same losses The increase of section of the outer wires is, of course, 
equal to the percentage increase of copper due to the presence of the 
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middle wire, i.e proportional to ^1+^^ The copper required in u 

two-phase three-wire system with earthed middle wire is thus 
100 A . J:_Y_2914 
cos^^V n/ 2/ ”coa^(^’ 

or about three times that of a polyphase system with earthed neutral 
point 

(e) Imp&ifed Tlnee-phase System with Earthed Middle Wi'ie In this, 
the current in the middle wire equals that in each of the two outers 
Then, in a similar manner to that of a two-phase three-wire system, we 
get the amount of copper equal to 

i.e. two and a quarter times as much as in a polyphase system with 
earthed neutral point 

(/) Co7iti7iimbS-cm rent Thiee-wire System with Eai thed Middle JFii e In 
respect to the amount of copper required, this system is similar to the 
single-phase three-wire system. But in this case the maximum 
pressure equals the working pressure P and not sj'2 as much, as 
in an alternating-current system. Further, in this case there is no 

f ihase displacement between current and pressure, thus the percentage 
18 slo 

i e with effective current density times that of a smgle-phase 

three-wire system. Since, howevei, in a contmuous-current system, 
the current is times smaller, and since we can moreover choose 

VI /H . 

the current density times greater than in a single-phase system, 

cos 0 

in order to obtain the same losses, we must make the copper cross- 
section in a continuous current system 

/COBcjA^ COS-0 

V"vr / 

of that of a single-phase system, to obtain the same losses and to 
transmit the same power at the same maximum pressure. Hence the 

copper used in a continuous-current three-wire system is ^ times 
that in a single-phase three-wire system, i ei 

-^.“-5^ = 625 
cos^0 2 

• as compared with in a polyphase system with earthed neutral 
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(g) CMmum-S'Cfun'rent Two-wire System with EaHhed Ovi&r Wire This 
bears the same relation to the single-phase two-wire system as the 
continuous-current three-wire system to the smgle-phase three-wire 
system We thus need 


400 


COS^c^ 


= 200 , 


or twice as much copper as a polyphase system with earthed neutral 
point 


Summarising the above results, we get the following table . 
Continuous-current two-wire system with earthed middle 

point, 

Continuous-current three-wire system With earthed middle 

wire, 

Continuous-current two-wire system with earthed outer 

wire, 

Symmetrical polyphase systems and single-phase two-wire 

system with earthed neutral pointy 
Smgle-phase three-wire system with earthed middle wire, - 
Three-phase four-wire system with earthed middle wire, - 
Four-phase five-wire system with earthed middle wire, 
Single-phase two-wire system with earthed outer wire, 
Symmetrical three-phase system with earthed outer wire, - 
Two-phase three-wire system with earthed middle wire, 
Imperfect three-phase system with earthed middle wire. 


60 

62 6 

200 

100 

C08^<j> 

126 

QOQ^<j> 

116 7 

C08^<j> 
112-6 
cj> 
400 
008 ^ 
300 
cos^</» 
291 4 

COS^c/) 

225 

COS^</) 


It IS thus obvious that the systems with an earthed neutral point 
are the most economical , then follow the systems with, earthed middle 
wire, which only need more copper on account of the partly ineffective 
middle wire, and finally, the systems with an earthed outer wire, 
which are very uneconomical To this class belong the distnbuting 
systems of most modem railway installations The advantage of a 
three-wire system, however, is much reduced in this case, since the 
rails, which serve as return, remain unused in the three-wire system. 
Smce, moreover, the losses in the rails are very small in proportion 
to the losses in the overhead wire, the total losses in the line in a 
two-wire system are not much greater than in a three-wire system 
when the rails can be used as return. 
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77. Tiie Topographic Representation of Pressures. Whilst con- 
sidering star systems, we saw that they possessed a junction — 
known as the neutral point We make the assumption that this 
point possesses zero potential quite arbitraiily, for it is not potentials 

but only potential differences that we 


lu let the three vectors GPi, 

and OPm represent the three equal 
0 ,, pkase pressures of a symmetrical three- 

^ \ phase star system Since the direction 

\ of rotation of the time-line has been 

\ chosen counter-clockwise, OPu must be 

Pi displaced 120“ from OP^ in a counter- 

Tiv , ni 1 r. cc. « d clockwise direction, for the E M P of 

Fid 212 — PresBuro Diagi-ara of Sym- , tt i i -»aq r i j . j* i 
motrical Three-phase Star System pliaae 11 lags 120 behind that 01 phase 

I As shewn in Sect 6, p 17, a vector 
is determined in magnitude and direction by its two components, that 
is, by its extremity, and a point m the plane represents the pressure 
between a point in the system and the neutral point in magnitude 
and direction. Moreover, we have seen that the line pressure 
equals the difference of the two phase pressures This difference Pi 
IS determined by the geometiical subtraction of the two vectors OP^ 
and and we get 


Pi = OP^ - OP^ = p,,0 -h OP, = P„P,, 

whence it follows that the distance between the ends of the two 
vectors gives the line pressure Pi lu magnitude and direction In 
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general, we have the following method of representation, as given by 
Steinmetz and Berg and also by S Gorges in the E.T.Z 1898, p 164 
If we take the potential at any point in a system as zero, the 
potential of a second point (i e the pressure between this point and 
the point at zero potential) is represented in magnitude and direction 
by a point m the plane. In this manner, each point of the system 
IS represented by a corresponding point in the plane, and since the 
potential of a conductor vanes from point to poiht along its length, 
the same will be represented in the plane by a curye , this has already 
been eijplained on p 89, Sect 29 The shape of the curve, of course, 
depends solely on the E M F ’s in the conductor The curve may be a 
straight line or other curve either continuous or broken If there is 
no current in the conductor, the potential at a point equals the sum of 
all the E M F ^s from the point where the potential is zero to the point 
considered When no current flows in the conductor and no E M F.^s 
are present, the conductor has the same potential everywhere, and will 
be represented in the plane by a single point On the other hand, if 
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the conductoi carries the current /, the potential will be displaced 
by the distance owing to the ohmic resistance in the direction 
opposing the current, and bj^ the distance Ix, owing to the total 
reactance x = x^-x^y in the direction lagging 90" behind the current 
The curve of potential along the conductor can be drawn point by 
point in this way, when we thus start at a point with given potential 

This method of representation is well adapted for showing clearly 
the pressure relations in a polyphase system, whilst the distance 
between two points in the plane of the co-ordinates gives directly 
the effective pressure between the two corresponding points in the 
system. From Fig 212 we see at once that the lino pressure of a 
three-phase system equals n/ 3 times the phase pressure, similarly, 
from Fig 215, it is obvious that, in an interconnected two-phase 
system, the line pressure at no-load equals \/2 times the pressure of a 
phase, and so on 

For the first example of this method of representation, we shall 
consider a three-phase system in which the current producer is star 
connected and the current consumer mesh connected Let only two 
phases of the A system be loaded, the third being left open (Fig 213). 
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If the system is unloaded, the three equidistant points Pio, Pno) Puio 



Pw 214 ->Symmetrloal Threo-pbaae System with Tlnbahinocd Load 


(Fig. 214) represent tlie three potentials at the terminals of a sym- 
metrical star system, provided that the potential of the neutral point 



Fio 216. — Unaymmetrlcal Two-phase Throe-wire System with Balanced Load 

falls in the centre of the circle 0, Now let the phases I and II be 
equally loaded , the currents Ii and /u =/i are then represented by two 
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equal vectors making the same angle <j> with their inducing emf/s 
and Pnoi^ino- The current Im flowing in the third phase is 
the geometrical sum of - Ii and -Iu» On account of the currents 
flowing in the phases, the no load potentials at the termmals Fjq, Pno 
and Pjno are shifted to Pj, Pn Pni> where e g P^i=Ijr is in the 
oppo site d irection to Pj and FiFi=IiX lags 90° behind the current, 
thus PiqPi equals IiZ^ and so on. From this we see that a symmetncal 
three-phase system with unsymmetrical load has no longer an eqm- 
lateral pressure tnangle, as PioPno-^mo on no-load, but in this case 
an isosceles (uTibalmced) tnangle 

As a second example, consider an unsymmetncal two-phase three- 
wire system with symmetncal load (Fig 215). Pjo, Pno and 0 give 
the terminal potentials at no-load Ij and are the phase currents, 
whilst Iq (the current in the middle wire) is the geometrical sum of 
-Ii and “7n On account of these currents, the potentials Pi o, Pno 
and 0 are displaced to the points Pi, Pn and Oi, Since the pressure 
tnangle PiPn&i is not rectangular, we see that even with symmetncal 
loading, the interconnected two-phase system js not exactly balanced. 

78. Qraphic Calculation of Current m a Star System 

Method I In the previous section, for the sake of simplicity, we 
assumed that the load current of the several phases was known both in 
magnitude and direction Stnctly speaking, this is seldom the case 
In practice, however, it is often possible to estimate the currents in 
the several phases with close approximation, and from these determine 
the pressure drops in the different phases by the above method 

If, however, we have to treat an unsymmetrically loaded system 
with large pressure drops in generators, mains and transformers, it is 
necessary, under certain conditions, to calculate these more exactly 
than IS possible by using the above method. For this purpose we turn 
to the following problem 

To calculate the currents and pressures in a star ^stem, whose 
generators and load admittances are all star connected The E M F *s in 
the several phases are known, also the resistances, reactances and load 
admittances 

We assume as before that the neutral point of the generator possesses 
zero potential Then at no-load the terminals of the various phases 
have a potential corresponding to the E M F ’s induced in these phases. 
These B M f ’s may have any desired shape and strength Assume, for 
the present, that the potential of the neutral point of the load is 
known , the potential difference consumed in each phase is then also 
known This is, namely, equal to the potentials at the terminals of the 
phases at no-load, less the potential of the neutral point of the load 
The current in any phase then equals the potential difference consumed 
in that phase divided by its total impedance If the current is 
thus found in magnitude and direction, the potential at any point of 
the system can be easily deduced by the above method Thus the 
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pressure drop from no-load to load can be simply detennined for each 
phase 

Tlie himledge of the poteTdial of the stai point of the load will thus 
sfimplify the whole problem, fm each phase can then he ti eated independently 
of the lest 

The determination of the potential of this neutral point, however, 
offers some difficulties, which can be best overcome aa follows As 



Fia 216 —Polyphase Stiir-conneoted Generator 

example, consider the star system shewn in Pig 216, the e.mf^s 
induced per phase can be represented by OFjq, OFjiq, OFmo, ^rvo 
and OFyo (Fig 217) The points Fiq, Phq, F^q give the no-load 
potentials at the terminals of the generator The total admittances of 
the five phases can be represented by gibi, gubu, and so on In these, 
the resistances and reactances of the windings of the several phases are 
also considered. At the ends of the pressure vectors, set off the con- 
ductances g of the several phases parallel to the ordinate axis, and 
from the ends of these the susceptances h in the honzontal direction 
In th;s way the admittances y appear as lines which are displaced from 
the ordinate axis by the phase-displacement angle of the several 
phase currents We suppose the problem to be solved, and 0^ the 
neutral point of the load circuit to be found, the effective emf's of 
the several phases are then represented by the vectors OiFi^, 
and so on, whilst the phase currents are displaced from their respective 
E M F 's by the angle From Kirchhoff's First Law, the sum of the 
currents in all the phases at any instant must equal zero, if all in 
the same sense with respect to the neutral point are taken as positiva 
Consider now, for example, the effective EMF Pin = ^^?Tno m 
phase III with the current /nr lagging behind it We then know 
that /in=-Pin.'?^in Choose the time-line parallel to the abscissa axis, 
the momentary value is then 

/yrj cos tlm = \/2 2/jii F m COS flfTT • 
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From 0i draw a normal on to makes an angle am 

with OjPjjjQ, and the shortest distance of the point 0i from ym is 
S^inocosom. Imagine 2/iir to be a force, then, neglecting the factor 
s/2, the moment of this force with regard to the pole Oj is represented 
by the momentary value ot the current /m The condition that 
the sum of the currents in all the phases equals zero at any instant is, 
therefore, the sum of the moments of all the forces y with respect to 
the pomt 0i must equal zero, or Oj must lie on the resultant of all the 


4 



Ficj 217 — Detorniiiiatiou of Potentliil of Load Stai Point 

forces y. If the time-line rotates with the angular velocity u>, the forces 
y must also rotate with the same velocity, so that the hues g always 
remain normal to the time-line and the momentary values of the 
currents proportional to the moments of the forces y with respect to 0i 
Imagine now that the whole diagram A[o^ino^ivo-^v{i as a rigid 
system at the terminals of which the con’esponding foices y act , wo 
know then, that if the forces be turned through equal angles about the 
points of application, the resultant of these forces will likewise turn 
through the same angle about a fixed point This centre of the system 
of forces must coincide with 0i in order that the condition “ the sum 
of all the moments is zero'’ is satisfied From this the construction 
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for the point Oj follows at once by finding the resultant of the forces y 
in two directions (eg at 90“ apart) The point of intersection of 
these then gives the potential 0i of tlie load stai point 

In Fig. 217 the momentary value of the current /m is positive, and 
the moment of the force with respect to the middle point 0^ of the 
pressure must therefore he also positive The moment of the admit- 
tance, which represents a current, will be also called a current moment 
m what follows The momentary value of the current /i in Fig 217 
is negative, and equals 

COS ttj = — \f^Ii cos (1 80 “ ttj) 

= -\/%iPiCOS( 180 -ai) 

co8(180~ai) equals the moment of the force yi with regard 
to Ui This moment, which acts in a clockwise direction when taken 
negative, gives the momentary value of the current Ii with its corre- 
sponding sign (disregarding the factor J2) From this it follows that 
all current moments acting in a counter-clockwise direction are to be 
taken as positive, and all acting in a clockwise direction as negative 
This positive sense of the current moments is due to the direction of 
rotation assumed for the time-lme, with which the former agrees 
In Fig 217 the currents Ii and /jn lag behind their respective 
pressures Fi and Rm in phase ; nevertheless the susceptances &i and 
must be set off along the positive direction of the abscissa axis, when 
the conductances are set off along the positive direction of the ordinate 
axis, for the whole construction to be correct The current leads its 
pressure Pn, so that must be set off in the negative direction of the 
abscissa axis This definite direction for the admittance forces y anses 
from the chosen direction of rotation of the time-hne. 

After we have thus determined the potential of the neutral point of 
the load system and knowing the effective E M f ’ s and pressures in 
each phase, we can find the current in each phase The cuiTents cause 
a drop of potential in the windings of the generator and in the line, 
which causes a displacement of the potential at the receiver terminals 
This displacement equals h in the direction of the current and Ix 
normal to it, as already explained If the e.mf's and loads in the 
phases are not all the same, the pressures at the receiver circuit may 
differ considerably. 

The above method for finding the neutral point was first suggested 
by Kennedy, Elec JVoild and Engineer 1899, p 268 

In the special case of a symmetrical star system whose phases are 
symmetrically loaded, the neutral point 0i of the load coincides with 
the neutral point 0 of the generator, which can at once be seen from 
symmetry The same current flows in each phase, and the no-load 
potentials, Pio, Pno, Pmoj ^^nd so on, at the receiver terminals are 
displaced by the same amount, the system remains symmetrical and 
balanced 

If we have a star system with neutral wire, the neutral point 0i can 
also be determined by the above method. For this purpose it is only 
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necessary to introduce a force at the point 0 corresponding to the 
admittance of the neutral line, m order to consider the influence of the 
neutral wire on the potential of the point Oj, When y^ is equal to 
zero we have the system in which no neutral wire is present, — while 
for the case y^ equal to infinity, 0^ and 0 have the same potential. 
The points are then short-circuited, so that the current and drop of 
pressure in any one phase has no effect on the loads in the other phases. 

The conversion problem treated by Kennelly in the above-mentioned 
paper is of interest, for it also shews how, by suitably choosing the 
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Pin 218«-c — Din^fmm of 8yinineti*lcal Three pbaae Syatom aupplyliig Two phase 

Cunent, 



Fio 2100. Fio 210& Fio 210e 


Pm 210a-«? — Dlagrtun of an Interlinked Two-phase System supplying a Balanced 
Three-phase OuiTent 

three load resistances of a symmetncal three-phase system, the same 
can be made to deliver a two-phase current The conductances of the 
three load resistances (Fig 218^i) must bear the ratio 1 1 2 73 
Fig 218i shews the pressures of the various phases, of which and 
GPiiio are perpendicular to one another Fig 218c is the diagram of 
the currents 

Conversely, a symmetncal three-phase current can be taken from an 
interlinked two-phase system, by making the load resistances of the two 
phases equal and in the ratio 1 . (1 +n/ 3) to the resistance of the neutral 
wire (see Fig 219a) Figs 2196 and c shew respectively the pressure 
and current diagrams for this arrangement 

AO B 
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79. Ajialytic Calculation of Current in a Star System. The graphic 
method described m Section 78 for the determination of the middle 
point 0i of the pressure is not always convenient, especially in the case 
of a star system with a neutral wire , for the latter has usually a much 
greater conductance than one of the loaded phases 

Further, the admittances are often nearly parallel, so that graphic 
summation is inconvenient and inexact, unless the resultants of the 
forces y are found by means of the force and vector polygon, as is 
customary in graphic statics 

We shall, therefore, first shew how the currents and the middle point 
0i of the pressure of a star system, with and without neutral point, can 
be analytically determined. 

MethM I The no-load pressures Pio, Pnoj ®tc, of the several 
phases, which equal the induced bmf^s, will be denoted in general 
by PxQ for a phase and the admittances of the phases by y Then 

where is the potential of the middle point 0^ of the pressure, Iq the 
current in and the admittance of the neutral wire Fiom this 

where ^ o^) “ + -^n "h -^nij 

/qjt is the current which would flow in the neutral wire if the two 
neutral points were connected by a wire with zero resistance, whilst 
/i, /n, etc , denote the currents in the phases under this assumption 

If these ciUTents are calculated, we have 

p __ + + 

If Pq is known, we calculate 

Pno = ^o2/n, and so on 

Finally, /o-i'oyo, 

where 

The phase currents are also easy to find, for 
-^i = -Pio2/i = -^10 

Similarly, /n = Jn - /jio, etc 

Let us take any given star system, and supposing first that the two 
neutrals are connected, as m Fig 220, calculate the current distribution 
— for instance, for Pq = 0 We have then 

/i + /n+ ••• 

Secondly, we will suppose the current /q^; distributed over all the 
parallel conductors in the systems in proportion to their admittances, 
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by putting the phase pressures Pio, Pno> ©tc., equal to zero and 
calculating the currents /lo, /no as if only Pq were present (see 
Fig 221) 

We have here, therefore, 


-^10 "t" -^no -fo — 

The phase currents are then obtained by superposing the two current 
distnbutions in Figs 220 and 221. 






To take a practical example, we will go through the calculations for 
a star system Let us take a three-phase generator, star connected, 



0 02 ohm 


0*08 ohm 

r-0*OB ohm 
,X-0*2 ohm 

0 02 ohm 
+ 

0 02 ohm 
Fig 222 



feeding a lighting network with a phase pressure of 100 volts The 
lamps are connected in star, as shewn in Fig 222 With full balanced 
load in the network, the current per phase is 100 amps The armature 
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winding of the generator has an effective resistance of 0 03 ohm and 
a reactance of 0 2 ohm per phase The mams between generator 
and receiver have a resistance of 0 02 ohm per phase, whilst the 
neutral line possesses a resistance of 0 08 ohm , the self-induction of 
the mains and incandescent lamps is negligibly small. 



We shall determine the distnbution of current and pressure in the 
system, assuming that the first phase is fully loaded, the second 
working on f full-load and the third on half-load In all the three 
phases of the generator, the same effective E M P of 100 volts is induced; 
hence the no-load potentials of the four terminals of the generator are 
represented by the points 0, Pjo, Pno and Pino (Fig 223) The first 
phase of the load network has a conductance of 1 mho or a resistance 
of 1 ohm, the second phase f mho or 1*333 ohms, and the third phase 
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4 mho or 2 ohms To these resistances must be added the resistances 
of the three hues and the phases of the generator, so that we have 

7*1 = 105, a;i = 0'2 or ^[ = 0-922, &i = 0l755; 

?n = 138, a;n = 02 or 5^n = 0*710, Jji = 0‘103, 

9 in = 2-05, a;iii = 0 2 or ^ 7 iir = 0 484:, Z>in = 0*0473, 

and ?Q = 0 08 ohm or = 12 5 mhos 

The impedance between the neutral points is 

^ + 5^11 + ^lU (^0 +• + ^m)_ 

^ {Oq + + ^II + ^ni)^ + (^0 + 

^0 0684-^0*00162 ohm 
We calculate now 

fi = Pi^Vi = 100 (0 922 +j/ 0 1765) 

= 92*2 17 66 amps , 

/n = o2/n = ( - 60 + j/ 86 6 ) (0 7 1 0 + ji 0 0 1 3) 

= - 44*4 +j56’4 amps., 

/ni = Piiio2/in = (“ 60-;86*6)(0 484+^0 0473) 

= - 20 1 -;44*3 amps. 

From this we find 

Jo j = 27 7 +; 29 7 amps , 

Jo = (0 0684 -jQ 00162) (27 7 29 7) 

= 194+^199 volts. 

This difference of potential produces the foUpwing currents . 

-^io = A2^i = 1 44+^2 18 amps., 

/uo = A 2 ^h = 1*17+j? 1-61 amps., 

-^iiio — P^Viii = 0 85 4-^ 1 06 amps , 

/o = = 24 22 4-^ 24 85 amps. 

Filially, we get 

= -90 76+;16 37 amps, 

Jn = Jii “ -^10 “ — 46 67 4" J 54 79 amps , 
fill = - -^iiio = - 20 95 46 36 amps 

The absolute values of the, phase currents are 

Ji = 92 amps , Jn = 71 5 amps , Ji„ = 49*8 amps 

The current Jj causes an ohmic drop in the armature winding and 
line Ix\ = JjO 05 opposing the current, and an inductive drop Jja; = /jO 2, 
perpendicular to the current, as shewn in Fig. 223. Due to these two 
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pressure drops, the potential across the lamps in phase I is displaced 
from Pio to Pi, and the lamp pressure is now O^Pi instead of the no-load 
pressure OPiq From Fig 223 the lamp pressure of the three phases 

BLrQ — — . 

O^Pi = Pi X 1 = 92 volts, 

O^P^ = I^ X 1 33 = 95 volts, 

^iPm = ^iii X 2 = 99 6 volts, 

thus shewing the effect of the out-of-balance load 

If all phases had been equally loaded with 100 amperes, the lamp 
pressure would have fallen to 93 volts m each phase. 

80. Graphic Oalculation of Gurrent in a Polyphase System 
Method II, As well as the analytic method in the previous section, 
the following simple graphic method can also be used We will 
describe it in connection with a symmetrical three-phase star system 
ivith phases loaded unsymmetncally and without neutral wire 



Fifi 224 Pia 226 


In Fig 224, the no-load pressures P^q of aU the phases are dra^vn 
in the same direction, viz along the ordinate axis 1^, lu and I^n are 
the cun*eiits which these pressures would produce if the neutrals of the 
generator and the load were directly connected. Since all the no-load 
pressures are equal in magnitude in a symmetrical system, the currents 
/i', lu and Jill in such a system will be proportional to the admittances 
yi, yii and oi the three phases. To the same scale, the vector 
OA = I[ + Iii+Iui represents the total admittance y = yifyn + yiii be- 
tween the neutral points. 

In Fig 225, the currents 1^, I^ and lin are drawn at their correct 
phase angles ^i, and ^ni to the no-load pressures Pio, Pno and Pmo 
Finally, we draw Fig 226, in which the currents /n and I'm 
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are geometrically added, giving the cuiTent = + ^hidh 

must flow between the neutral points, from the load to the generator 
The current IS now distributed among the several 
phases in proportion to their admittances by drawing 
on Iqx; a polygon similar to that formed by the / 

currents 1{, and Jin on OA in Fig 224 /lo, /yX \ 
/no and 7ino are the components of in the i//\ |r 
different phases By drawing parallel lines, we add ^ ^ 

/i and -/oi together in Fig 225, and thus ob- ' \ / 

tain the resultant current Ii in phase I Similarly \ /]^ 

for the other phases. \/ 

We have determined the phase currents without Pia 226 

finding the potential of the neutral point 0^ of the 
load. This can now be found at once, for the potential differences must 
be proportional to the currents they produce Thus, for phase I, 

• OPi^ — Ti : /i. 

Similarly for the other phases, 




ITT 


If we strike off arcs about the points Pjo, Pno and Pnio these 
radii in Fig 225, they will aU cut in the point Oj. This is the middle 



point of pressure in the 
load For each phase we 
get a pressure tnangle 
similar to the current 
tnangle for the same 
phase 

The direct determina- 
tion of the point is 
most easily done by the 
construction in Fig 227 
Here again 

IS represented by the 
vector OA Further, 

^ loVi + PiioVn + 
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On the other hand, 

-Lio jrQ -Tio 

i e. if we rotate the co-ordinate system of the pressures so that the 
direction of Pio coincides with that of /, then Fq lies in the direction 
of Iqx, and it is only necessaiy to construct the fourth proportional in 
Fig 227 to find the point 0 ^ . 

81. Conversion of a Mesh Connection into a Star Connection Of 
the different ring-connected systems, mesh connection is almost the 
only one which has found favour in practice , consequently we must 
study this connection more especially 

In the previous section was shewn how the neutral point of a star 
connection can be easily determined, and the calculation of the 
currents in a star system thus reduced to the treatment of simple 
conductors. In order to obtain the same simplicity for a mesh 
connection, the following method due to Kennelly {Eledncal IVoiId, 
vol. 34, p 413) for converting a mesh connection into an equivalent 
star connection — with respect to the outside circuit — may be used 



Fio 228a Fia 22S& 

Fig 228 — Meah Syatcm and its Equivalent Stai System 


Fig 228fl represents a mesh system with the impedances 
in the several branches Lot the equivalent star connection (Fig 228^->) 
have the impedances 2 !f, and Now, in order that the mesh can be 
replaced by the star without altering the conditions in the external 
circuit, the impedances between the three terminals A, B and C of the 
star must equal the impedances between the angles B and C of 
the mesh We have thus the following symbohc expressions for the 
impedances 




+ %ii 



+ 2qil) 
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Multiplying each of these equations in turn by - 1 and adding, 
we obtain 

In, In, * 

"T «-U T 




.(146) 


Si + !!!ll + Sill > 


Substituting the complex quantities for and Zju ni these 

symbolic foinnulae and splitting up the expressions and into 
their real and imaginary components, we get the resistances and 
reactances of the equivalent star connection expressed in terms of 
those in the mesh connection 


^ I + ? II + ^ III — ^ (.Tl + iCii 4 - .%i) 

_ TI ^JAl )0 I II 

9 -J£b 

_ (^'ir “ 0 III 0 

r^ + x^ 

_ ^ (^ii^ III “ ^ iii^i) 


^^iriCiii + ^iiiaqi) — III — 3^11^111) 

J ■ 


In a similar manner, we get also 

•b-JH ^2 


9 ('> iiiJla + ^1*^111) - III? I - OjiiiXi) 


^ ii^i) 

__ r^iitn +?jia;i) “ a:0i^ii - aJi%) 

■■ s2 

Conversely, if a star connection is given, we can substitute for this a 
mesh connection 

In this case we assume that the admittances of the star are known, 
whilst the admittances of the mesh ai'e to be determined 

If the two systems in Figs 228a and h are equivalent, they will still 
be equivalent if we connect like circuits between two like terminals in 
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both They will therefore be equivalent when we connect a circuit of 
impedance 3 = 0 between A and B m both, i.e if we short-circuit A 
and B In this case we have 


Vi + Vii = 


VAVa-^Vi) 

ya+yi.+y. 


If we connect B, 0 and C, A in turn m the same way, we also get 




vAVt+yc) 

Va-^yt-^yl 


yui + 2'i = 


yAy.+ya)^ 

ya-^yt,+yc 


From these three equations, we then get 


yi = 


y.-^yt+Vc 


yn= 
ym — 


y<>v« 

y^+y^^-yl 

yayi 
+ + 


( 147 ) 


From the last three expressions, which can also be expressed as 
complex quantities, the equivalent mesh coimection of any star connec- 
tion can be calculated 



This problem of conversion can also be solved graphically In 
Fig 229 , OZji OZii and OZi^i represent the impedances Zi^ z^ and Zm 
of a mesh connection in magnitude and direction 
To determine now the impedances Zi, and z„ of the equivalent 
star connection, we first draw the vector OZ to represent the resultant 
impedance 2: = 21-1- 2^1 + 2:111, and then construct the triangle OZ^Zn 
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Bimilar to OZmZ Then OZ^ is the required impedance in magni- 
tude and direction, for the following geometric relation is fulfilled 


2!l + 

thus satisfying Eq. 146. The construction for and is exactly 
similar. 

The graphic determination of the admittances of the equivalent 
mesh from the admittances of the star is quite similar to the con- 
struction of Fig 229, as shewn by Eq 147 
Example Let £7i = l, 5^n = f and = ^ mho, or ^i=l, in=1333 
and hii = 2 ohms. 

Find = ^^ = ^6 and 


or 


or 

and 

or 




UiU 


7'i + II + ? ni 

^„ = 1*63 mhos , 


1 33.2 2 66 , 

i + l-33 + 2”433“®®^'* 


»■»=.- =j^ = 0 462 oliin, 

’i + ln + ’m 4 33 

/ 7 j = 2'16 mhos , 

».= =^ = 0-308 ohm, 

" ^i + rii + ?in 4 33 

^0 = 3*28 mhos. 


Thus a mesh connection whose phase loads ^i, / 7 „ and gm are in the 
ratio of 4 3*2 is equivalent to a star connection whose phase loads 
f/j, and bear the ratio of 4.3.2, whence it follows that the 
influence of unsymmetncal loading is no greater in a star system 
than in a mesh system. 


82. Oonversion of Star and Mesh Connections when E M.F.'s are 
Induced in the Phases. Until now it has been assumed that no e m f ’s 
are induced in the phases which have to be 
transformed from mesh to star and vice 
versa. If such E M F 's are present, we 
have to proceed precisely the same as 
before, considering, eg, Fig 230, where 
the paths of the mesh connection possess 
both E M F 's and the impedances and 
5?xii , we can first imagine a condition 
where no current at all flows, on account 
of the emf’s in the star system main- 
taining equilibrium in the former— as 
can actually occur with generators working 
in parallel 

If the E M F in one or more of the phases 
of the star connection is now altered, currents at once begin to 
flow, and these currents will depend only on the impedance of the 



Moah Byatem where K.M r 'a are 
luduced In the Phases 



268 


THEORY OF ALTERNATING-CURRENTS 


whole system and on the amount by which the E M F.’s m the star 
system are varied, since it is quite immaterial which em.f’s maintain 
the equihlirium Hence it follows that the impedances of the star 
system which is equivalent to the mesh system remain the same 

4 




Pia 231 

whether emf's are present in the branches or not. As regards 
the conversion of star connections it is therefore immaterial whether 
E.M F.’s are present or not 

As an example illustrating the complete procedure, wo can ttiko 
a system m which both the generator and the load are mesh con- 





nected, as shewn in Fig 231 We first calculate the impedances 
of t^ equivalent star connections, and then find the sum of the 
admittances m each phase and draw the pressure tnangle for the 
generator 232) At each corner of this triangle, 

we then set off the admittance of the corresponding phase as a force 
Ihe centre of these forces is then the neutral point 0 ^ of the load, and 
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the distances of this point from the angles of the pressure tnangle give 
the E M F ’s of the phases. These, multiplied by the respective phase 
admittances, give the line currents (equal to the phase currents), which 

make angles tan”^ - with These currents cause a displacement 

of the potentials from the angles of the pressure tnangle which is 
drawn for the terminal pressures at the generator on no-load. The 



displacement of each angle is equal to the corresponding phase imped- 
ance of the equivalent star connection for the generator multiphed by 
the line current The displacement Ir opposes the current in direction, 
whilst Ix lags behmd the same by 90" By this means, we get the 
three new angular points Fj, Pu, Pju, giving the pressure triangle of 
the generator on load (see Fig 232). 

In Fig. 233 the three lines /„, Jj and represent the three line 
currents It is often useful, however, to know the currents in the net- 
work, 1 e. in the branches of the mesh These can 
be found for the generator by taking the geometrical 
difference -^lo-^io PiPin. and -^lo-^moj and divid- 
ing this difference by the impedance of the 
branch connecting them (Fig 234) If the currents 
of the load triangle are required, we must first 
construct the pressure tnangle for the pressures 
at the terminus of the receiver. The sides of 
this triangle are the phase pressures, and each 
such side divided by the impedance of the 
respective branch gives the current in that part of the load tnangle 

We have thus completely solved the given problem without knowing 
the potential of the neutral point of the equivalent star system for the 
generator — this point is unnecessary for the construction 
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Examj^h I The load admittances of the mesh system are all alike 
in every respect j 

Then, since — 


and 




we have 

1 e. a mesh connection with equal impedances in all the branches can 
he replaced by a star connection whose phase impedance equals me-thiul 
of the phase impedance of the mesh connection ^ That this is so is clear, 
for with star connection, the pressure per phase is \/3 times smaller 
and the current >/3 times greater than in the equivalent mesh con- 
nection , consequently the star impedance must be 
mesh impedance 

Example II In three-phase systems several star connections are 
often ]omed in parallel Since the adnuttances of the several branches 
of the stars cannot be directly added when the load is unsym- 
metrical, each star must first be replaced by its equivalent mesh The 
admittances of the vanous meshes are simply added for each branch, 
which IS allowable, since these admittances are all in parallel between 
the same two terminals. Consequently we get one resultant admittance 
for every path, and the resultant admittances of the three paths form 
a single triangle, which is equivalent to all the equivalent parallel 
connected stars This triangle can further be replaced by an equivalent 
star, whereby it is seen that several difiPerent star connections have 
been reduced to a single equivalent star. In a similar manner it is 
possible to treat any desired load on a three-phase system. 




83. Symbolic Oalculation of Ourrent m Polyphase Systems In a 

symmetrical polyphase system with % phases, the E M F induced in 
the phase is 


sm - (» - 1) 

= >J2P -Ism idQos{x - 1)^ 


- COS int sin 



or, symbohcally. 


P. = P [cos (a - 1)^ +; sin {x - 1)^} 


2ff 


= PP<*-«¥ 


Since Pi = ij2P sin at, i e symbolically P^ = P, and since also 


27r 


27r 


27r 
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we can write for the E M F 's induced in the several phases, 

Pii = Pe, 

Consider first the interconnected four-phase system (Fig 236), whose 
generator is star connected, whilst the load admittances form a quadri- 
lateral. In this case it is best to start with Kirchhoff’s Laws, which 
state that the sum of all the currents at any junction is zero, and that 

I 


r 




Fig 286. 


the sum of all the E M r ’s m a closed circuit must be zero Up to 
the present there is no graphical solution for such a system, 
consequently the symbolic method is used for treating this particulai' 
case — which seldom finds practical appbcation Applying mrchhoff’s 
First Law for the five junctions in the system, we have 

+ = 0 , 

fll + - -^6 = 

ful =0, 

flY 

and Ii - 1 - Jii -f- jTiii + = 0 

Since the last equation can also be obtained by addition of the other 
four, we need not consider it further 

Similarly, applying Kirchhoff’s Second Law for the five closed 
circuits in the system, we have 

Pl^ =0j 

Pii~ Piii~ ■“ = 0, 

Pm — Piv — An'^iii “ -^c^c + 

Piv — Pi “ -^TV^TV “ 

and "1“ ^ h^b Pc^c "J" ^d^d ~ ^ 

The last equation can likewise be obtained by adding the other 
four, and can therefore be omitted. 
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If, in the pressure equations, we now replace the phase currents 
/ij /iij /in and /v by the line cun'eiits /, and /*, we get the 

following four linear equations with the four unknown currents 7,^, 7^, 
7„ and 7^. 

7i “ Pn “ + 25® + ^i) + 

-^n ■“ ^in “ fb + ^6 + + /c^in + I 

Pm “ Prv ” + 7 j5?iv + /.^in = Oj 

Piv“-Pi-"7d(i5iv + Sj + 2;i) + 7„5^i + 7o5iv =0 

From these we find the cuiTents, 



. Pi 

P« 

p« 

Ih 



7 = — 1 

J _±_2 

4b- 

1,= -^ and 

7^ — _4 


where 







-(=i + »«+«n). 


0, 



P = 


- (c„ + s. 

+ ^It)j j 


0 


0, 

21II, 

” (-III + -0 

+ ^iv)) 

Ziy 


* 1 . 

0, 

%Yj 

“ (*^v 

+ »rf + 2a) 


0, 

®IITj 

“ (^^II + 

+ ^v)j 

2;iv 



. o> 



+ ^d + ^i) 


— ( 2 ^ + + 2qi), 


0, 






+ 2JnT)> 


0 


IS the determinant of the above four equations, whilst Pp Pgj -^8 
P4 can be found from D when the coefficients of the unknowns 7„, 7^, 
7^ and /j are respectively interchanged with regard to the constant 
terms, 

Pi"’Pii> Pn”Piii> Piii“Piv and Piv“/i 

When the four currents 7„, 7^, 7, and 7^ have thus been determined, 
the four terminal pressures, 

/‘^OJ ^d^di 

and the four phase currents, 

/ij /ll> -/vj 

can be easily found. 

The problem is accordingly solved, and for the solution we have 
only used the simplest means This method of symbolic treatment, 
however, yields a result which has very little meaning until we 
work out the determinants, and then from the symbolic expressions 
come back to the complex. The final result is thus always long and 
complicated 

In practice we usually meet with the independent two- or four- 
phase system and the two-phase three-wire system The former 
can be calculated both graphically and analyticdly in the same way 
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as a single-phase system The two-phase three-wire system can be 
best analytically and gr^hically treated by calculating the neutral 
point of the pressure We shall, however, treat this case here sym- 
bolically, and by means of an example explain the operations with 
complex quantities somewhat more fully In Fig 215 a two-phase 
three-wire system, with equal currents m the two phases, was graphi- 
cally investigated, and it was found that the drop of pressure in the 
two phases was unequal. If we consider the same system on the 
assumption that both the phases have equal load admittances, we 
find that in this case also the pressure drops are different Thus the 
two-phase three-wire system is always unsymmetrical with respect to 
pressures and currents, even with symmetrical loading 
In Older to shew this, let 


Pio = P = E M F. induced in phase I of generator, 

■Piio= 7 P = E M F induced m phase II of generator, 

I = current in phases I and II, 

/q = current in neutral hne, 
z = impedance m phase hnes, 

Zq = impedance in neutral line, 
y =load admittance of the two phases 

Pi and Pn = terminal pressures between the phase terminals and the 
middle wire 

We have, then, /i + In = - /q, 


where all currents leaving the neutral point are taken as positive 
Ii = yPj and In^yPju 
Pl=PlQ ^ IiS IqZq = P — Ii(z + Zq) — 
and Pji = Piio ” -^ii^ + /o^o=^P — -^ii(i3 + 2b) “ 


or Pi { 1 + + 2 b)} + y^oPii = P, 

P,yZo + { 1 + -h 2b)} =jP, 

„ic„cc 

p _ y«0-;{l+i/(* + 2b)} 

Take, for example, then 

1 + (1 707 - 0-707;)y« 
■^'^l+3 414y«+2 414jry^ 

1 + (1 70i + 0mj)yiS 

“ 1 + 3 414y^ + 2 


an4 


For further similar calculations, see SteimiMz and B&i^g 
AO s 


...(148) 

.( 149 ) 
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The dissymmetry of ourreuts and pressures is due to the fact that 
the reaction of first leading phase in such a system on the second 
lagging phase differs from that of the second upon the first Hence, 
such a system is not to be recommended for current distribution — 
rather it is preferable to use the independent two-phase system, whose 
pressure regulation is just as simple as that of an ordinary single-phase 
system For power transmission, however, the interconnected two- 
phase system is often used, since it necessitates only three wires, one 
of which can be earthed In this ease it is customary to use two 
concentric cables with uninsulated outers 

84. Graphic Representation of the Momentary Power m a Polyphase 
System. In Fig 45, p 36, the momentary value of the power, 

p,=PI |co8 - <^ 2 ) + Sin + ^</>i + <#>2 - J 

of an alternating current is graphically illustrated This method of 
representation, however, is not suitable for polyphase currents We 

therefore set off the momentary power as a vector, at an angle 

to the abscissa axis * \ -'/ 


Puttmg 

PI cos - <^^ 2 ) = cos = 

and 


then 

\ cos <#) / 


will be represented by a closed symmetncal curve, the so-called power 
curve, whose centre is a point of the fourth degree Since the power 
of each phase in a pol 3 rphase system vanes with double the frequency 
of the current, the total power in a polyphase system can also be 
expressed by an expression of the following form . 

eJF IS here the amplitude of the double-frequency power Returning 
now to the rectangular co-ordinates x and y by putting 

+ amj tan = |, 

we get the following equation for the power curve 
-i- - W^{x^ -H -{- 2exi^y = 0, 

which IS a curve of the sixth degree 


*See Steinmetz and Berg, Alternating’Ourrent Phenomena 
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In this equation, put 

= ( 1 + e) maximum power, 
= (1 - c)ir = minimum power, 


then 


2 ^inax + ^mlu 


Boserting this m the above equation of the power curve, we get 
(a;2 + yY - (a: + yf + (a - y)®}- = 0 

as the final form of the equation for this curve, whose mam power axes 
are and The ratio is often referred to as the 

balance facial of the system In Figs 236 to 239 the power curves 
of the most important alteniating-current systems are given 





Pin 23S — Invei'ted Thi’oe-phase Syatem on 
Non-lnduotlve Load 


Fio 23P —Inverted Three phase System 
on Inductive Load, ^=60“ 


The single-phase system with non-iiiductive load (i e cos<^=l) has 
the following power equation 

w= W{l + ^i\\ (2w^-\^')}, 

or, since = 0 and e=l, we get, in the rectangular 

co-ordinate system, ^^2 + y 2 )s _jjrvi(x^ yy = 0 

The poy^er curve is shewn in Fig. 237 
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As IS obvious from the above figures, the power iii an alternating- 
current system is completely characterised by the two main power 
axes and All symmetncal polyphase systems with 

give circles for the power curves when symmetrically loaded These 
systems therefore transnut the power quite uniformly, and for this 
reason have almost completely ousted all other unbalanced alternating- 
current systems for power purposes 



CHAPTER XV 


NO-LOAD, SHOET-OIROUIT AND LOAD DIAGRAM OP A 
POLYPHASE CURRENT. 

85. No-load Diagram 86 Short-oirouit Diagram 87. Load Diagram. 

86. No-load Diagram. (Percentage Current Variation ) When a 
symmetrical polyphase system is uniformly loaded, each phase behaves 



in the same way as in a single-phase system Hence the no-load 
diagram derived for the aingle-;^ase circuit can be directly applied for 
the symmetrically loaded polyphase system 
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In practice, polyphase systems are almost exclusively met with, the 
chief amongst these being the three-phase We shall therefore now 
derive the no-load diagram for a symmetrical three-phase star system 
with unsymmetrical load and with the no-load currents in the three 
phases equal 

The no-load diagram enables us to determine the percentage change 
of current from the receiver terminals to the supply teimmals This 



percentage current vanatiou is nearly equal to the current variation at 
the receiver terminals from short-circuit to load when the current in 
the supply circuit is maintained constant. 

If the system is unsymmetncally loaded, we must first find the line 
currents / 12 , /na and Jma by geometrically adding the three load 
currents /ja, Ihz and The pressure triangle (Fig, 240) is then 
drawn for the pressures at the receiver terminals, as an equilateral 

triangle — this is not quite coirect — and the no-load currents -^100, 

•fiio 

and so on, are set off as percentages of the line currents at an angle <^q 
to the phase pressures Pi 2 , and so on With the no-load currents as 
diameters, we describe circles and obtain the variations of the three 
line currents as we pass from the receiver terminals to the supply 
terminals, thus, 2 

^%= 
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%i%- ±/^III0 + ^^ 

In Fig 241, in the same way, the no-load diagi'am is represented for 
a three-phase net^vork, to which several unsymmetncal transformers 
are connected of the kind shewn in 
Fig 242. The load is symmetrical 
and mductive, with a power factor of 
0*9 Since the no-load currents in the 
several phases of the unsymmetncal 
transformers vary considerably, we 
get large differences in the diameters 
of the circles (see Fig 241). 

86. Short-circuit Diagram (Per- 
centage Pressure Vanation ) The 
short^ircuit diagram enables us to 
determine the percentage change of the 
supply pressures when the pressures 
at the receiver terminals are kept constant from no-load to full load 
This percentage vanation nearly equals the change of pressure which 
takes place at the receiver terminals when the pressures at the supply 
terminals are maintained constant. 

When a symmetncal polyphase system is uniformly loaded, each 
phase behaves as in a single-phase system Hence the short-circuit 
diagram of a symmetrical three-phase system can be found directly 
from that of a siugle-phaae 

We have here, however, three pressures at the receiver terminals, 
whose directions are represented by the three sides P^gj P^a oi an 
equilateral triangle When the load is uniform, the line currents 7ia, 
Pna and /iiia will all be equal and make the same angle <;(»2 with the 
phase pressures Pi a, Pn 2 and Pma Each of these line currents causes 
a displacement of the potential at the supply terminals by the amount 
Ill passing from no-load to full load Hence we set off the 
impedance pressures r ^ 

:^100 

A 

at angle to the line currents, as a percentage of the pressure Pg 
at the receiver terminals On this, as diameter, we describe a circle 
and find the distances and given by the three terminal pressures 
in these circles is here the short-circuit pressure per phase, and 

consequently equals P^^ when the load is uniform, where P^jj- denotes 
the terminal pressure at short-circuit The direction of each terminal 
pressure cuts out lengths and from two circles We thus get 
the percentage change of pressure at the supply terminals, on passing 
from no-load to load 


- ^ 1 



J 

Fig 242 — Three-phaae Transformer 
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If the three-phase system is unsymmetncally loaded, we fiist deter- 
mine the line currents /ja, /na and /maj as shewn in Fig 243, by 
geometrically adding the load currents /^aj 4*2 and Tc^ 

The short-circuit diagram, Fig 243, is drawn for an uiisymmetncal 
non-inductive load In this figure, therefoi e, the load currents coincide 
in direction with their respective terminal pressures and P ca 



The impedance pressures 100 are then sot off at an angle </>^ to 

the line currents, as a percentage of the pressuie at the receive! terminals 
On this as diameter, we describe a circle, and so obtain the percentage 
variation of the pressure at the supply terminals. For phase B this 
variation IS (v ^2 

/o “ rniK t^BuiK + ■ “ “^0 ’ 

and similarly for the other two phases 


87. Load Diagram. With uniform loading, each phase of a poly- 
phase system acts just ns a single-phase system Hence we can apply 
the load diagram for single-phase currents directly for polyphase 
currents, if we carry out the calculations for each phase and afterwards 
multiply the power per phase by the number of phases. 
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The relations, however, are not so simple when we come to deal with 
UDsymmetrical systems or systems unsymmetrically loaded, since the 
cunents in the different phases mutually affect one another, but not all 
ill the same way Since systems mth a considerable want of symmetry, 
or with very uusymmetncal loading, seldom occur in practice, we shdl 
not treat such systems exhaustively, but rather satisfy ourselves by 
shewing how the load diagrams for such systems can be constructed 
{a) In stwi systems^ it is best to find the neutral point of the pressure 
for different loads. If this point does not alter much with the load, 
the pressures between the terminals and the neutral point can be 
regarded as constant, and the load diagiam for each phase is con- 
structed m the usual manner and the several powers summed up. If 
all the diagrams have the same conductance, they can be replaced by 
an equivalent diagram, whose pressure P equals the root of the sum of 
the squares of all the phase pressures Pi, Pq, Pm, and so on, i e 

P = n/Pi + P^ + P^ii-H , 

and the current I in the equivalent diagram bears the same relation to 
the phase ciurents , 

/=s/7^;7fi+j?„+ . 

An interlinked four-phase system, where one double-phase is dis- 
placed 90® in phase from the othei double-phase, but is of different 
magnitude, yields ail equivalent diagram, for example, if both phases 
feed circuits of equal conductance y The equivalent pressure is then 

an(i the equivalent cuiTent 

If the two phases supply circuits, however, whose conductances are 
different, but with similar diagrams, the equivalent diagram can also be 
found for this case, if we take the pressure 





and the current 


hUrA- 

V Vj “2^11 


where the conductance y of the equivalent diagram equals the root of 
the product of the two phase admittances yi and yu, i e 

The same also holds for an 7n-phase system, if we write for the 
equivalent admittance 

y^^yiVu ym 
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The equivalent pressure is then 




and the equivalent current, 


^ “yn 


.+pA 


Since these ratios of conductances are the same for all loads, we 
can calculate them for any desired load — e.g no-load — and substitute 
them in the formulae 

(b) In ring system^ the phase pressures generally remain constant for 
all loads, and on this account the formulae that have been deduced for 
star systems may also be applied for nng systems 



(c) As an example of a symmetncally loaded three-phase system, we 
will consider the load diagram for a 76 H.P three-phase asynchronous 
motor at 680 rpm and 60 cycles Measurements were taken at 
'no-load and short-circuit, and the following mean values were obtained 
for each of the three phases 

No-load 

= 289 volts, /q =■ 21 amps , = 1 0 K w. 

Short-circuit 

= 61 volts, 7ijr = 80amps, /F'^=r72KW 
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The short-circuit current at full phase-pressure is 

p 

^js: = ^ia^ = 379 amps, 

w 

and cos = = 0 352, <^^, = 69^20^ 

From these the load diagram per phase is drawn in Fig 244 to a 
scale of 1 cm = 7 5 amps , together with the power and loss-lines, m 
accordance with the constructions given in Sect 68 
For the maximum power (P^), the diagram gives 

Supplied power W-^ = 63 3 K.W , 

Efficiency ly = 7 2 % , 

from which ^P3uiax = 0*72 3 63 3 = 115 kw, ' 


for aU three phases, or 


i = l64 HP 


With this scale, we find for the full-load powei of 76 H P (point P) 
/= 80 amps., 7; = 89 % , cos <^ = 0*9, s = 3*9. 

The maximum power for A^:^0 is, fiom Formula 104, 

II/' _n„Pi{-^vr “TflCOa (<#>0 - <^^)} 

2(1 + cos 

^32^9(379-21.0 98 y 
2(l+0'362) 


=*116 K w or 154 H P. 
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POLYPHASE OHBBEHTS OF ANY WAVE-SHAPE. 

88 Higher Harmonioe of Ciirront and Presaiu’e m Polyphase tS^'stems. 

89 Polyoyolic Systems 

88. Higher Harmomcs of Current and Pressure m Polyphase 
Systeias. As with a single-phase current, so also with polyphase 
currents, each harmonic (fundamental and higher hannoiiics) Ciiu be 
treated separately, and just as the resultant E M F. of the fundamental 
waves of two phases is found by geometric addition, so also hamioiiics 
of the same frequency can be summed up, only the angle at which they 
act IS different for the several harmomcs The harmomcs of the same 
frequency in an w-phase system form a pressure polygon of qi sides, and 
the laws deduced for this will apply qmte generally The effective 
pressure between two points and iJie effective current in a conductor 
are likewise found, as before, by taking the square root of the sum of 
the squares of the effective pressures or currents of the several fre- 
quencies The total power of the system is the algebraic sum of 
powers of the several harmonics 

In an unsymmetrical system, there are such manifold variations that 
it is preferable to treat the harmonics of symmetncal systems only 
Particular unsymmetrical cases can then be studied for themselves. 

As an example of a symmetrical ?Zrphase system, we shall examine 
that which most frequently occurs in practice, viz the three-phase 
system 

The phase pressures in the three phases ore as follows : 

Pi = -Ppi >/2 sm ((i)t + 

-j- Sin (3u)t -f- 

+ Fpa \/2 Bin (6a)j{ + + . . . , 

Pii == n/ 2 sin ( 0 )^ -f- - 120“) 

-f- Pp 3 s/2 sin (3(u/ + - 3 . 120“) 

+ P^5V^8inf6a)^-|-^5-5.120“)-l- , 
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2hu “ -^j>i ^/2 sill (oit + ~ 240**) 

+ Pj,,\/2ain{3(i>t + \p^-3 240°) 

^-P,B^/2sm(5a>^ + ^J-6 240°)+ . , 
or, working these out 

Pi = Ppi »J2 sin (<ui + 

+ Pp3N/2sin {Sii>t+\p^) 

+ \/2 sm {6mt + t/'b) 4- , 

Pu = Ppi ^/2 sm + i/^i - 1 20“) 

+ , ^/2 sin (3 + ^g) 

+ ^pB^/2 Bin {6(Jot + - 240°) + , 

Pin “ Ppi sin — 240 ) 

+ Py 3 \/2 sm (3a)i + ^g) 

+ P^bn/ 2 sin (Swii + — 120'*) H“ 

From this it is seen that every harmonic whose frequency ii 
multiple of the third harmonic is equal in all the phases, i e at e 
instant these K M F.’s have the same magnitude and the same direct 
with regard to the neutral point, whilst all the other harmonics of 
three phases are displaced at 120° to one another, and can theref 
be treated as ordinary symmetrical three-phase currents It m 
he observed, however, that the order in which the phases follow 
another is not always the same as that of the fundamental , e g 
the fifth harmonic the order is 1, 3, 2, where 1, 2, 3 is the oi 
of the fundamental 

From the momentary values ^i, pu and^m of the e m f/b mducec 
the three phases, the momentary values and p^ of the 

pressures of a star system can be fouud Thus 

Pc=Pi--Pii 

= \/^Ppi s/2 sin "H j/'j 4“ 30 ) 

4- \/3Py5\/2 sill (5(1)^ 4- 30°) 4- » 

P«=Pn-Piii 

= s/3P^i s/2 sill {uit 4- - 90°) 

+ s/3Py6 ^3 sin (5w^ 4- ^b 4- 90°) + 

P6=Pni -Pi 

= s/3Ppis/2 sin {uit -H - 210°) 

-i-s/3Ppo\/2 sin {5W 4- ^5 - 150°) 4 - 


and 
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If the time t la reckoned from anothei instant, eg. a)^' = w^ + 30'’ 
= s/3P,, ^/2 am (wf + >l>^) 

- s/SPpt ^/2 am {h<at‘ + 

- n/SPp, s/2 am (7o)i' + \f/^) + , 

j?„ = »y3Ppis/2ain(«i)i' 120°) 

- s/3P,„ s/2 am (Biof + f j - 240°) 

- s/3P,, »/2 am (7o)<' + - 120°) + 

and = s/3P,i s/2 am (wi' + - 240°) 

- s/3P,, s/2 Bin (5<of + </',- 120°) 

- s/SP,, V2 am (7a.i' + - 240°) + 


This way of expressing instantaneous values of the line pres- 
sures agrees with that of the phase pressures, except that instead 
of we have mstead of 0, instead of Pj,r and 7^^, 

-\/3PpH and \/3PpY, and so on Hence, if we leckon from, the time f, 

wf = a,t + 30°, 


in a three-phase system, we get the following expressions for the 
effective hne pressures of the several harmonics in the system, 

Pfi = N/3Ppi, P,3 = 0, Pzo= ”\/3Ppnj 1 

Pl7== — \/3Pp7, P*ll = +^/3Pj,il J 

A star system with the phase pressures P^i, P^^, Pj^p, etc, is 
equivalent to a mesh system with the phase pressures P,i, P, 3 , P,n, 
etc, if the star system is regarded as lagging 30° behind the mesh 
system 

The harmonics of the third order have no effect on the pressure 
between the terminals (^in a star system), for these have the siime 
direction in the several phases and neutralise one another in respect of 
the outside terminals Hence, the effective terminal pressure will be 

=y3(i^,+4,+4,+ ), 

whilst the phase pressure is 

= VP^i - f-P^a + Pps + ^^7-1- , 

whence we get the ratio 

P«A2 /P..\2 
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For example, if Ppi = 100, P„j = 31 66 and P,j = 10, 

lien ^-VSVn.(0 3t66Vr(Oir^ 0964-1666 

If Ppi, Ppgj etc., are the effective values of the several harmonics 
m the phase pressure of an interconnected two- or four-phase system, 
we get the effective values of the Ime pressures in a similar way 
to the above 

Pn = , P„=- n/2P„ , P„ = - 72P^., I 

’ Pl1~ > Pn='/2P,q, P)11= — \/2Pp]j, J 

whence P,=n/2 P, 

Fuither, the momentary value of one phase pressure is 

sin {id -H 

4* Pj,a_>/2 Bill (3u)^ 4- 
4 - Ppbn/ 2 sm (50)^ 4- , 

whence the momentary value of one line pressure is 
= P„ x/2 sin {id' 4- ^i) 

4- P,3 >/2 sin {Zidf 4- ^3) 

4- P,D V2 sin {^idf 4- ^b) 4- , 

where uiH = id 45“ 

From this it is easy to find the momentary values of the remaining 
phase and line pressures 

To find the currents due to the several harmonics in a three-phase 
star system, the pressure triangle can be drawn for each harmonic, and 
the pressure of the load star point found for each triangle. The 
tnangles of the third, ninth, and so on, harmonics come together 
at a point which is also the star point of the load, and is displaced 
from the neutral point of the plane of the respective harmonics 
by an amount equal to the phase pressure. Hence, in a symmetrical 
three-phase star system, there is a difference of potential between the 
star point of the generator and that of the load equal to the effective 
E.M.F. of the harmonies of the third order This potential difference 
can only produce a current when these two neutral points are 
connected, whereby this P D can equalise itself along the neutral 
wire. Consequently, in a three-phase system without a neutral wire, 
only currents of the first, fifth, seventh, etc , order can flow, and only 
pressures of these frequencies will exist at the terminals On the 
other hand, in a symmetrical three-phase system with harmonics of 
the third order, currents of these frequencies will flow when the 
neutral points are connected (Fig 245) 


(162) 

(163) 
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We have thus the general rule A symmetrical 5i-phase star system 
without a neutral line acts like a system on no-load with lespect to all 
harmonics of the order , for currents of these frequencies cannot 
flow in the outer wires nor can their corresponding pressures act 
between the same. If is a piime number, or only divisible by some 



Fig 245 


power of 2, it will be found that all the other harmonics in the 7i-phase 
star system act like the fundamental, if we disregard the order in which 
they occur. "^Tien n is not a prime number, the phase E M F 's of the 
harmonics, whose order have a common factor with will partly 
coincide For example, with ?i = 9, we shall only get three di&rent 
tnple harmonics, since the mue-sided polygoii reduces to a triangle. 

If the three phases of a symmetrical three-phase system are mesh con- 
nected, the sum of the three momentary E M F ’s will not equal zeio, but 

Pi +Pii -^Piu = SFQsf2 sin {Suit + + 3PgN/2 sin (9a)^ -f- + 

Such a system, therefore, with harmonics of the thud order, does 
not satisfy the above requirement, that the sum of the E m.f *s of the 

phases connected in a closed circuit 
equals zero These E M F ’s of the third, 
ninth, etc , harmonica will always produce 
a current m the mesh (i e even on no-load) 
and only m the mesh Under certain 
conditions this current may reach a 
considerable value The mesh connection 
acts like a short-circmted generator with 
respect to these harmonics, and just as 
^te terminal pressure in such a case is 
zero, so also these harmonics cannot have any effect on the pressure 
beWeen the outside terminals Ji the mesh is opened at any point 
and a voltmeter is inserted (Fig 246), the effective pressure 

will be measured, whicb may be denoted as the mt&’ncU pi $ss'u/rG 
In this connection an internal current is produced which can be 
measured by inserting an ammeter m the mesh With a star connec- 
f pressure produces no current Thus the harmonics 

of toe third order do not send any currents through the outer wires 
pressures at the terminals This holds generally for 
toe harmomes of the n^'‘ order in a symmetrical Jt-phase system. 
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89. Polycyclic Systems. In an alternating-current installation 
which has to provide simultaneously light and power, the selection of 
a suitable number of phases and frequency often presents considerable 
difficulties One condition for the proper working of all known means 
of electric lighting is a high frequency On the other hand, both single- 
and polyphase motors, together with rotary converters, work better, 
and have a greater overload capacity, with low frequencies 

For a pure power supply, a polyphase system is preferable, whilst for 
lighting — on account of the better pressure regulation and simpler 
installation — single-phase currents are more suitable 

Moreover, with regard to the pressures, the conditions for power are 
different from those for lighting The lighting pressure, on which the 
cost of the network mams depends, must be chosen low to meet 
the requirements of the lamps used at the present day , the pressures 
for motors, however, can with advantage be chosen much greater 
than those commonly met with for lighting 

On account of the sensitiveness of electric lamps to variations m the 
network pressure, it is advisable to keep the pressure drop in the 
network and the generator much smaller in installations giving both 
light and power simultaneously, than is necessary with one giving 
power only Consequently, in the former case the amount of copper 
used IS greater, and therefore the cost of the network and the geneiator 
IS increased 

The object of the polycyclic system, therefore, is to simultaiieoudy 
transmit electrical energy by means of currents at different pressures 
and frequencies though one wnd the saiM cond'uctoi, and to distribute the 
same without their affecting one another For this to be possible, it is 
of couise necessary that the currents of different frequencies should 
have no mutual effect on one another 

Consider a symmetrical three-phase system (Fig 247), then, assuming 
sinusoidal currents of equal amplitude, no pressure will exist between 
the neutral points 0 and 0^ Hence, considering such a star system 




(main system) as a whole, we can use the same as one conductor for 
conveying other currents between its neutral points, by connecting, for 
example, a source of supply G, in the conductor 00^ These currents, 
which flow through the phases of the main system in the same sense 
and phase, and superpose themselves on the currents already existing 
111 the main system (main currents), produce no detectable motor or 
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inductive effects in tlie generators, motors or transformers in the mam 
system This superposed cuiTent may be an alternating-current of any 
frequency or a continuous current The two currents, the thiee-phase 
current and the superposed single-phase current produced in generator 
G, (Fig 247), are entirely independent of one another, and the super- 
posed single-phase current will flow along the conductors of the mam 
system m the direction shewn by the arrows (Fig 247), just as if the 
three-phase currents were not present 

Instead of a three-phase system, a single-phase system might have 

been used as the mam system, 
as shewn by Fig 248, for a 
single-phase system can always 
be regarded as a two-phase 
system with its phases displaced 
at 180° 

Di F, Bedell has shewn how 
currents — especially direct cur- 
rent — can be introduced and 
drawn out at points having the 
same potential in a power-transmission scheme without affecting the 
currents which already exist 

It IS, however, easy to see that the superposed alternating-currents — 
introduced at the neutral point — must cause a large inductive drop of 
pressure in the generator and transformer windings, and, for this reason. 
Bedell’s arrangement for introducing and with£awmg the superposed 
current has not met with practical success 

G E 

tWAW 


The Authors, together ivith Prof E Arnold, however, have overcome 
these disadvantages in Bedell’s arrangement and worked out a poly- 
cychc system. This system is based on the application of bifilarly- 
wound choking coils, and on the introduction and withdrawal of the 
superposed current by means of special transformeis and generators 
Owing to the apparently comphcated scheme of connections, however, 
this system has never been used in practice. 

As an illustration of the complete arrangement of an installation for 
, transmitting and distnbutmg polycyclic currents, the scheme shewn in 
Fig 249 can be used In the double generator G and F having 
one armature and two pole systems arranged in the relative 
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positions shewn in Fig 250 to one another — the three-phase current and 
the superposed single-phase current are simultaneously produced The 
single-phase current, which is the third harmonic of the three-phase 
current, is superposed on the main current in such a way that the 
maximum momentary pressure between the return R and the remainmg 
conductors of the transmission line is as small as possible. At the • 
receiver station, the three-phase current is transformed into two-phase 
current by means of two single-phase transformers connected as in 
Scott’s arrangement, this being better for a polycyclic supply network 
than a three-phase current on account of symmetry. 



• 1 [2 3 


Pin 260 

The superposed alternating-current produces no flux in the two 
transfoimers, and can therefore be withdrawn at the point Oj m the 
pnraary of the transformer In the transformer Tg, the superposed 
single-phase current is transformed, and since the secondary winding is 
connected between the two conductors a and h of the two-phase system, 
incandescent lamps can be connected directly between the two wires 

Taking an uninterlinked two-phase system as the main system, the 
weight of copper is 66 7 % of that required by a single-phase system, 
when the same total power is transmitted over the same distance with 
the same effective pressui’e between the conductors and the same 
percentage loss, if we take the power of the single-phase current as 
60 % of that of the three-phase. 

The polycj^clic system, therefore, may become important in cases 
where power and light have to be distributed by the same network and 
the lighting load is the less of the two. We then combine in the one 
network all the advantages of independent networks with different 
frequencies, without introducing any complications whatever into the 
scheme. 
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90. Systems of Units and Standards On the basis of the work of 
Gauss and Weber (1833-1862), the Committee of the British Association 
on Electrical Standards was able, in 1869, to draw up a practical 
system of electrical units which could be derived from the absolute 
system of magnetic units At the International Congress held in Pans 
in 1881, these units were designated as the ohm, the volt, the ampere, 
the coulomb and the farad 

Since these practical units can only be denved from the fundamental ’ 
units of length, mass and time of the 0 G s system by means of very 
elaborate and expensive measurements, which distinctly belong to the 
region of physics, the need arose for standa'ids of the above electric 
umts which would remain practically constant and could bo easily 
reproduced As such standards, approximating as closely as possible 
to the umts denved from the absolute 0 G s. system, and suitable for 
use both in practice and at law, we have 

The IntefiiuLtmial Ohm equal to the resistance of a column of 
mercury 106 3 cm long and 1 sq mm section at 0“ C and weighing 
14 4521 gm 

The Inteimational Amp&i e equal to the constant current which, when 
passed through a silver voltameter, deposits silver at the late of 
1 118 mg per second. 

The remaining umts can be then found from those two The 
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following two uivds of elect'iic j^essitie (so-called standard cells) are also 
used, however 

Tlie Clmh Cell The positive electrode is mercury and the negative 
amalgamated zinc The electrolyte consists of a concentrated solution 
of zinc sulphate and mercurous sulphate The pressure between the 
terminals of this cell, on open-circuit, at f C , is 

1 4292 - 0 00123 - 18) - 0 000007 {t - 18)2 volts 
between 0“ and 30® C. 

The Weston oi Cadmium Cell This cell differs from the above 
only in having cadmium and cadmium sulphate instead of zinc and 
zinc sulphate With a saturated solution of CdSO^, the pressure 
between 10“ and 30“ 0 is, at 0 , 

1 0187 - 0 000035(^ - 18) - 0 00000066(i{ - 18)2 volts. 

The Weston Co make a cell lu which the CdS 04 solution is saturated 
at 4" 0 Such a cell has a pressure of 1 0190 volts, almost inde- 
pendently of the temperature 

91. Measuring Instruments The standards descnbed in the last 
section do not, as a rule, admit of direct use in practice, the methods 
of measurement being somewhat roundabout For practical purposes, 
therefoie, special instruments are used, which permit of measurements 
being made directly by noting the position taken up by a pointer 
capable of moving over a scale Such instruments must of course be 
first calibrated or standardized by comparison with the above standards 

Generally speaking, these instruments have a movable system which 
canies the pointer, and a fixed system to which the scale is fastened 
The electric measurement, then, depends on the mechanical force set up 
between the two systems For the measurement of continuous currents 
and pressures, the fixed system may consist of a permanent magnet and 
the movable system of a coil through which the current flows , but for 
alternating-currents and pressures both the fixed and movable system 
must consist of coils In the older toiswn msttuments (e g Siemens and 
Halske’s Torsion Galvanometer and Torsion Dynamometer^ the action 
of this force is always measured for one and the same position of the 
movable system, the latter being brought into its zero position by 
means of a spiral spring, the force then varying directly as the angle of 
torsion In the current balance also (Kelvin balance), the movable 
system is kept in its original position, the magnitude of the force being 
determined by weighing. 

In general, for one and the same relative position of the two systems, 
the force vanes either directly (when the fixed system consists of a 
magnet) or as the square of the electric magnitudes being measured. 
Let a, therefore, denote the angle through which the spiral spring of 
the torsion instrument must be turned, or the static moment of the 
counter-weight in the current balance, the electric magnitude a; to be 
measured is eithei given by 

. a = or x = lc^sla. 
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The advantage of these instruments lies in the fact that their reduction 
factor or k^ can be determined once for all by a single measurement 
(calibration), and remains constant A disadvantage of this arrange- 
ment is the necessary hand adjustment of the torsion spnng or weight, 
which makes it impossible to take such measurements rapidly, whilst 
for the measurement of quickly varying cuiTents such instruments are 
out of the question For this reason, the instruments used in practice 
at the present day are so arranged that the movable system with the 
pointer moves away from the zeio position, and takes up a position 
corresponding to the magmtude of the electric quantity being measured 
In such instruments, even when the controlling force (which tends to 
bring the needle back into its zero position) is proportional to the 
deviation of the needle from the zero position (as can easily be 
obtained by using springs), the readings nevertheless no longer follow 
the simple or the quadratic law, because the force between the two 
systems changes with their relative position Such instruments, there- 
fore, must be cabbrated at as many points on the scale as possible, 
whilst intermediate points can be obtained by interpolation (graduation) 

For measuring altemating-currents, only iiisti'uraeiits can be used 
which obey the law of squares, for it is only in such instruments that 
the direction of movement does not alter with the change in current 
direction Provided, then, that the mass of the moving parts is 
sufficiently large and the frequency sufficiently great, the deflection of 
the mstjument will remain practically steady in a position corre- 
sponding to the mean tuninig moment acting on the movable system 

92. Electrostatic Inatnunents (The Electrometer) As first pointed 
out by Lord Kelvin, electrostatic instruments can be made for absolute 
measurements, but in practice only those gi'aduated by comparison 
with standards are used, and these chiefly foi measuring pressures 
In principle a static voltmeter can be considered as a small air- 
condenser, of which one part is fixed, and consists of one or more 
plates, whilst the other — die needle — is movable, and also consists of 
plates and carries a pointer The fixed part of the instrument is made 
up of one or two systems of plates insulated from each other, called 
the quadrants. If there is only one fixed system of plates in the 
instrument, one terminal is connected to it and the other to the 
needle The force exerted between the plates and the needle is 
proportional to the square of the pressure existing between the charges, 
and therefore to the pressure at the terminals, whatever the wave- 
shape and frequency If the instrument has two fixed sets of plates, 
one termmal is connected to one of these and the other terminal to 
the needle and the other set of plates, so that the force acting on the 
needle is approximately double that m the former case 

Electrostatic instruments are well adapted for measuring high 
pressures, because they only need an extremely small current The 
capacity of such instruments is of the order 0 00001 microfarad 

Fig. 251 shews an instrument for 60 to 120 volts, made by Hartmann 
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and Braun. In older to obtain sufficient force in the case of this low 
pressure, several needles and pairs of quadrants are used (multi-cellular 
instrument) For the purpose of damping, the movable axis carries a 
metal disc at the bottom, which turns between the poles of a horse-shoe 
magnet 

For pressures of more than about 10,000 volts, the plates with the 
opposite charge to the needle are completely embedded in rubber, to 
prevent sparking from one to the other In instruments for pressures 
under 10,000 volts, a separate spark-gap is provided, of which the 
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contacts are at a smaller distance from each other than the smallest 
space between needle and plate, so that all sparks are kept away from 
the needle. In ovder that the quantity of electricity passing shall not 
be too gi'eat, double-pole high resistances are connected in senes in the 
foim of tubes filled with liquid 

Static voltmeters can also be used for different ranges of measure- 
ment by connecting in senes two or more condensers, and placing the 
voltmeter in parallel with one of these If the condensers are similar, 
the reading on the scale must be multiplied by the number of con 
densers The tmiiiig of the condensers, however, is so elaborate, that 
the scales are usually calibrated separately The dielectiic of these 
condensers is micanite This aiTangement can be used with good 
results up to 40,000 volts Dividing resistances are also employed in 
a similar manner 
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For laboratory pui'poses the iiistrameuta aie provided with horizontal 
scales ; for switchboards, on the other hand, vertical-scale instruments 
are more generally employed. 

Recently, electrostatic wattmeters have also been introduced, which 
are very useful in the lalioratory. The chief advantages of those aie 
as follows : 

1 Accuiato readings can be obtained oven with low powei -factors 

2 They are especially suited to high pressuies, because they do not 
possess any high non-inductive lesistances. 

3 There is not so much danger of overloading the instiiimeiit as 
with an ordinary wattmeter. 

4. The constiniction is cheap and simple 

The arrangement of the iiistriimont is exactly the sjuiio jik the 
quadrant voltineter. 

Denoting the potential of the noodle by T’,,, 

„ „ „ first quadrant by 

and „ „ „ second qiuidraut l)y 

the defleobion a of the needle is given by 

whore h is a coiishuit. 

Putting p„-/'2=i'+Ap, 

in accordance with Fig 252, for an_ alternating cut rent we must sub- 
stitute the momentary values Ps/'lfmnat and AyV2 sin (oj/ -}-(/>) foi* 

P and AP, whore 0 is the plnwo 
displacement between current a] id 
pressure. Honco we obtain for the 
mean of the deflection a, by inte- 
grating over half a perio(l, 

/ja:-(2i^A/^cosc/)-HA/^-). 

Smeo A/^ IS iiogligilily small 
compared with the first tomi, <in(l 
AP IS propoi-tional to the cun cut 
flowing through the non-nidnctn o 
rosishiuco 7/, a is clearly proportional 
to 2P/Pcos</>, that IS, to the power 
PI cos (/). 
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93. Electromagnetic Instruments Those instruments depend on 
the action between a coil carrying an electric current and a magnet 
In inatnmicnts for moiisuring piessuro the coil is con- 

nected in senes with a noii-inductivo resistance across the tei’iiiinals 
of the pressure to ho moiuiured, whilst in those for moasuiiiig cm rents 
{ammeters) the ourront to be measured, or a propoitioiial pait of it, 
flows through the coil Since it is not good to allow heavy cui rents to 




Pio 268 — Movlug-coU Inati-ument (Hartmann and Bmun) 

Fig. 253 shews the internal anaiigement of such a moving coil 
instrument by Hartmann and Braun M is a horse-shoe magnet with 
two pole-shoes P turned cylindrically A solid soft-iron cybnder E 
of smaller diameter than the bore of the shoes is placed between them 
concentrically, and in the space between E and P the rectangular coil 
S 1 otates, to which the cm i eiit is brought through two spiral spnngs, 
which provide at the same time a retarding force The iron core and 
coil can ho pulled out bodily, and they are shewn in this position in 
the figuie Since the field m the gap is practically constant, the scale 
divisions are nearly uniforai A heavy damping effect is obtained by 
making the frame, on which the coil is wound, of metal 
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(b) In some electromagnetic instniments (known as soft-iron instru 
ments) a small moving soft-iron ma^et is employed, magnetised hj 
the current in a fixed coil In such instruments the quadratic law 
only holds approximately, because the magnetism in the non is iio1 
exactly proportional to the current in the coil, and also because of tht 
screening effect of the eddy currents set up in the non, which varj. 
with the frequency These instruments, therefore, read less with 
alternating-currents than with direct, and cannot be calibiated directly 
by means of continuous current Such an instrument must lie gradu 
ated by comparing it with another olternatiiig-cuiTent instiument, 
which can be cali&ated or graduated with direct current, the com 
panson being made when connected to the actual system 

In spite of these inconveniences, such instruments are nevertlielosa 
often used in practice on account of their cheapness and simplicity 
Moreover, they can lie made very sensitive, that is, to consume very 
little power 

94. Electrodynamic Instruments The principle on which these 
instruments are biised is the action between two coils carrying olectiic 

currents In electrodynamic in- 
struments for measuring pressure 
and current, the two coils— the 
fixed and the movable — ai’e genei- 
ally connected m series Fig 254 
shews a Taihion dynaimmdei liy 
Siemens and Halske The movalilo 
coil consists of a rectangular copper 
frame of one turn, and is perpen- 
dicular to the fixed coil It is 
suspended by means of a thread 
and a spiral spring from the tomion 
head at the top of the instrument 
One pointer is carried by the head 
and one by the coil, and both of 
these pointers must sttind at zero 
when no current flows through the 
uistmment The current is led to 
the movable coil through mercuiy 
contacts The instrument shewn 
has two fixed coils, the number 
and section of the turns on each 
being different, thus increasing the 
range of the instrument When 
in use, the movable coil is held m its zero position by rotating the 
torsion head Since in this constant position, the torque is propor- 
tional to the square of the current, the angle through which the head 
is rotated is a measure of the square of the current Hence the 
instrument is suitable for both contmuous and alternating-cuiients, 



Fio 254 — Toraion Dyimmometer (Siemons 
and Halske). 
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ELEGTEODYNAMIC INSTEUMENT^^ 
aud in the latter case measures effective values indepeiicJ^iF Qf 


sh^e or frequency V 

For measuring pressures, the two coils are made of several ^ 

fine wire A variable non-inductive resistance is placed^ in senes 
the instillment, which can therefore be used over a wide range If 
the self-induction of such an instrument is negligible compared with the 
ohmic resistance, the current will equal the pressure divided by the 
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resistance Hence the instrument can bo used directly to measuie 
pressures If there is a self-induction L present, the resistances for 
alternating and continuous currents will have the ratio 

+ 0)213 
r ’ 

where r is the total ohmic resistance in the circuit (coils -h resistances) 
Hence, if the instrument has been calibrated for direct current, the 
readings must bo multiplied liy the above correcting factor when alter- 
nating-cunent IS measured The readings in this case depend on the 
wave-shape and frequency, since w occurs in the correcting factor 
(a) The newer electrodynamic instruments for measuring pressure 
and current are made direct reading by reading off the position of the 
pointer fixed to the moving coil Since the action between the two 
coils under these conditions obeys no simple law, the scale must be 
graduated by comparison with a direct-current instrument Fig 255 
depicts such a direct-reading instrument by Weston for measuring 
piesmie 

The rotation of the moving coil due to the action of the current is 
always such that the total self-induction L of the two coils (in senes) 
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IS increased Hence, lu this case, the coirecting ractoi ^ is 

not quite constant For practical measurements, however, tins source 
of error lu the pressure dynamometer is quite iiegligililo 



Pio 256 — Eloatrod^ iianiio Atnmetoi (SloiiioiiH iuicl llabska) 


In Fig 256 an electrodynaimc instrument by Siemens .ind Halskc 
for measming au/iunih is shewn The movable coil is inonnted on 

pivots and controlled ])y 
spiral spiiijgs, which also 
servo to convoy the eiin'cnt 
to and from the coil, as in 
the pressure dynaTiiomotor 
and the electromagnetic 
Weston iiistiument Since 
only a veiy small current 
can be conducted through 
the springs, the fixed and 
movable coils in these in- 
struments aio connected in 
imrallol. Fig 257 shows 
the diagiani of connections 
for such an instrument 
So denotes the fixed and s the movable coil is a plug for sliort- 
cirouitiiig the instiument The two plugs and seivo to vary 
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the range of the instrument, thus with plugged, the range of the 
instniment may be double that when is plugged The current must 
be diatnlmted in constant latio between the two parallel branches, 
independently of the heating This is achieved by malting the resis- 
tances Pg and i of material whose temperature coefficient is veiy 
small In order that the instrument can be graduated with direct 
current, the distriliution of the current lietween the two coils must be 
the same with alternating-cuiTent as with continuous Consequently 
the time constants, or the ratio 

_ ohmic resistance 
apparent self-induction 

in the two branches should be the same The apparent self-induction 
of a coil equals the pure self-induction of the same plus its mutual 
induction relative to the second coil , hence, for the fixed coil, 

and for the movable coil 

In order that the time constants may be equal, we must have therefore 

R_L,_L^M 
1 “ I, “7 + AT’ 

where R and i are the ohmic resistances in the two branches 

In this case, however, M is variable, since the relative position of 
the coils vanes In the neighbourhood of the zero position on the 
scale, M is negative , when the coils are perpendicular to one another, 
M equals zero ^ and for larger deflections M is positive Hence this 
condition can only be approximately fulfilled by making M small — 
this, however, cannot lie earned too far for mechanical reasons, for the 
change of M corresponds to the energy expended in the movement of 
the pomter Another means is to make L, and I, small in companson 
with R and 7 , in which case these magnitudes, and consequently any 
change in the same, have but little influence on the current distribution 

-Jlti + ^ R 

This IS the moans usually employed, and although such ammeters 
have comparatively large losses, they are, nevertheless, very valuable 
for accurate laboratory work owing to their exact and convenient 
readings 

(b) A special class of electrodynamio instruments is known by 
the name of Imluctimi instiuments. Currents are produced in the 
movable system by the electromagnetic induction of the fixed system. 
Fig 258 shows the arrangement of a Siemens and Halske induction 
instrument It is based on the principle, due to Ferraris, of producing 
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a rotary field by splitting up a single-phase current into two perpen 
diciilar components The laminated iron ring carries the poles ei 

aud ff Between the latter, there is 
j_ the laminated iron cylinder c In the 

gap there is a movable alunnniuni 
dnim h, to which the pointer of the 
instrument is connected, and this 
drum tries to follow the rotary field. 
If the instrument is to be used for 
measuring pressures, sufficient non- 
inductive resistance is connected in 
senes with the winding on the polo 
ee, to bnng the cuiTent approximately 
into phase with the pressure being 
measured The winding of the pole 
I ff forms the branch SS of the bridge 

Pio m-induction instrumeot arrangement shewn lu Rg 269 The 

pressure to be measured acts between 
A and C, whilst between C and JB a choking coil of impedance Z^, 
is connected By suitably adjusting the two equal resistances 
and the resistance u of the budge, it can be ari’anged that the 
two equal currents m the paths SS are displaced 90° in phase from 


m 




Fio 260 — Conneotionfl of Induction Inatniniont 


the pressure acting across AC In Fig 260 the vector diagram 
of the scheme is shewn The total current I produces the pressure 
drop BO in the choking coil. Pressure ZB is made up of AD and 
DB on the one side and of AE and EB on the other Since the 
pressures across diagonal paths of the bndge are equal and similarly 
directed, their vectors form a parallelogram This is also the case with 
t^ currents in the four paths. Further, we have I, perpendicular to 
AC Since branches and ? j are non-inductive, we have also AE 
t| DB and || DE cj), is the phase-displacement of the current in the 
coils SS of the instrument The diagram only holds for one frequency, 
and only for this frequency will the instrument read correctly For 
the same reason, the readings also depend on the wave-shape, and 
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the instrument must be calibrated with au alternating-current having 
the same wave-shape as 
that which has to be 
measured 

Induction instru- 
ments made by several 
firms are based on the 
production of a rotary 
field having a very local 
and veryunsymmetncal 
distribution Fig 2Gl 
shews the arrangement 
of such an instrument 
An aluminium disc /S', 
carrying the pointer 
of the instrument, is 
capable of moving be- 
tween the poles of the 
horse-shoe magnet M. 

The Gun'ent to be mea- 
sured IS sent through 
the winding TF The 
pole surfaces of the 
magnet are slotted, to 
take the coils w In 
the latter, currents are ■ 2«o -Vector Diagram 

induced which react on the resultant field between the pole surfaces, 


S 


n n 


;ij tr 

W 





Pirt 201 —Arrangement of Induction Instiiimeut. 
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so that at the right pole tip (hence inside the coils to) the field is 
lagging with respect to the field in the left pole tip We thus get a 
local rotary field moving over from left to right, so that the disc S 
tends to torn in the same sense 

To the category of electrodynamic instruments also belong the 
toattineieis in general use for measuring power These, however, will 
be dealt with in a separate section 


96. Hot-wire Instruments The heating of a wiie by a current is 
proportional to the square of the effective value of the lattei, and is 
independent of the frequency oi wave shape Hot-wire instruments — 
in which the heating of a wire is measured by its extension — were 
first introduced by Gat dew 

Fig 262 represents such an instiniment, as made by Hartmann and 
Braun The extension of the comparatively short wire h causes the 

pointer to move over the scale, 
as the figure shews The axis 
of the pointer is provided %vith 
an aluminium disc, which moves 
between the poles of a strong per- 
manent magnet, thus preventing 
the instrument from oscillat- 
ing The system is mounted 
on a plate, made up of biass and 
iron in such a way tliat it has 
the same coefficient of expansion 
as the wire In this way it 
becomes entirely independent of 
the temperature variations of 
the surroundings An adjusting 
screw is connected to one end 
of the wire, foi the purpose of 
bnnging the pointer to zero when no current is passing 

These instruments are made both as volt- and ammeters As volt- 
meter, a current of about 0 22 amp flows through the hot-wire to give 
the maximum deflection, which corresponds to a pressure drop of 
3 volts 

For higher pressures a resistance made of constantin wire is con- 
nected in senes, which, up to a range of 400 volts, is made part of the 
instrument, and for still higher voltages is contained in a separate box 
A pressure drop of 3 volts is much too high for ammeters, and con- 
sequently thicker hot-wires are used and several connected in parallel 
jn such instruments, so that the drop is i educed to about 0 26 volt 
The wires would become too thick, however, for currents above 
4-5 amps , so that in this case a shunt of constantin stnp is placed 
across the hot wire For currents up to 100 amps these shunts are 
made part of the instrument, but above this range they are kept 
separate 



Fio 262 —Hot wire Instrument (Hai-tmonn and 
Braun). 
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In spite of the disad\ autage of a high current consumption, the 
ho1>-wire instrument possesses many advantages Firstly, the heat 
produced is independent of the wave shape or freq[uency, and secondly, 
external magnetic variations have no effect, because there is no magnetic 
field or solenoid piesent They can therefore be used for either 
oontmuous oi alternating-currents, and can be calibrated by means of 
continuous current 

Voltmeters for over 10 volts can be protected by fuses renewable 
from the outside, but for lower pressures such protection is impracticable 
on account of the high resistance Ammeters can be protected from 
injury in a simple way by an automatic short-circuiting switch 

The hot wire wattmeter has not yet been made practicable It is 
based on the formula ^ ^ 

where i is proportional to the current to be measured and i‘ to the 
pressure By arranging two hot wires in such a way that the added 
current (^ + ^') flows through one and the subtracted current 
through the other, with the pointer to indicate the difference of the 
heating of the two wires, an instiument for measuring the power of a 
circuit is obtained 

96. Wattmeters All wattmeters — le instruments for measunng 
power — used in practice are liased on the electrodynamic principle 


T 



FiQ 2flS — Wattmotor Oonueotloiia for Low rressures and Curronts 



Of the two coils of the wattmeter, the fixed one is connected in series 
with the circuit, and is thus traversed by the mam current, whilst the 
movable coil is connected in parallel with the circuit whose power has 
to be measured The connections are shewn in Fig 263 

Suppose, for the time being, that the terminal pressure jp follows a 
sine wave, thus ^ ^ ^ 

v/2’ 




and the mam current 
where 

and 


I = Im 


-^iiiax 


t sm (coi - <^), 
p 

max 




A 0. 
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Similarly, the current in the shunt coil is 

(lat - 

whei. ‘'--JrM". 

,d ^' = taii-i^^’ 


The torque acting on the movable coil is proportional to the produ 
of i and assummg that the coil is always held m the same positn 
by a torsion spring The reading a, which is proportional to tl 
torsion of the spring, is therefore proportional to the mean torque 
Then, if \ is a constant, 

1 r 


= ir cos (0 - </>') 

p 

= /y; cos (</» - </>') cos (fi 
The power to be measured is, however, 

W = y j* pi dt — PI cos 

Substituting PI from the first equation, we get 


•7r=v/ 


cos </> 

cos (0 - 0 ') cos 0 ' 
1 + tan20' 


1 + tan 0 tan 0 ' 

By suitably choosing and arranging ? ' we can make tan 0' = ^ ver^ 
small, so that 

W = = constant x reading 

When we have a terminal pressure whose wave is not sinusoidal, bu 
P “ ^1 max sin ( 0 )^ + sin (3a)if + 03)+ , 

we get, as shewn by Piof H F JFeber, in the official report of th( 
Frankfort Exhibition, 1891, 




PJs cos 03 PJ,, cos 00 
1 + tan® 0 ' Pj/j cos 01 P]/i cos 0 i 

1 + tan 0 tan 0 ' ^ cos 03 cos ‘*03 1 + tan 0 ^ tan 0 ', 
Pj/i cos 01 cos® 0 i 1 + tan 0 ^ tan 01 


The phase displacements 0 and 0 ' apply to the cunent circuit and 
pressure circuit respectu^ely 
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The first correctiug factor is 

l+tan</>tan<^'-l-tan<^tan^'<^| ” 

The second correcting factor is always greater than unity, but even 
for very distorted wa-s^e shapes is only about greater, and can 

therefore be always put equal to 1 Hence, for any wave, 


7F=h^ai\ ^ 

^ 1 - tan <l> tan </> 


(164-) 


The measured power IF is not exactly equal to the power given to 

p2 

the circuit, but somewhat greater, since the heating loss — in the 


pressure coil of the wattmeter is measured with it Hence the time 

pa 

power IS IV- where o' is the resistance of the pressuie coil 

At any stated voltage, it is a veiy simple matter to determine the 
pa 

error — experimentally, by noting the wattmetei leading when the 
load circuit is opened so that the true powei is zero 



Fio 204 — Wattniotor Connections foi H1{fli PiOHSureH iind Snmll Currontu. 


The wattmeter can also be connected as shewn in Fig 2G4. Hero 
likewise the power measured is too great by the amount lost in 
the current coil of resistance o ” 

If in the above circuits we have power piodiiced and not power 

consumed, the above losses Ih” and ^ must lie added to the nieasuicd 

1 

power IFm order to find the power produced in the ciicuit 

To obtain minimum error, the formoi scheme of connections should 
be used for small currents and huge piessures, and the latter for low 
pressures and largo currents Vnim powois at higli prossmes are 
measured, a resistance must be placed in series with the shunt circuit, 
to keep the potential difference between the two coils of the wattmeter 
as small as possible, as in Figs 263 and 264 

In addition to the earlier wattmeters with torsion springs, several 
finns, cq IFestan and Siemsm d Hahke, make moie coiiveiiiont instru- 
ments 111 which the movable coil (togethoi with the pointer} changes 
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its position relative to the fixed coil From this it follows that these 
direct-reading instruments have not a umfonn scale, and must con- 
sequently be cahhiated by experiment 

The Weston instniments for smaller powers have a compensating 
coil wound over the current coil and carrying the current flowing 
through the pressure coil, so that the cunents oppose one another in 
the two fixed coils The number of turns of the compensating coil is 
chosen so that the power is measured directly 
For direct connection in high pressure circuits, wattmetei*s of the 
type due to Lord Kelvin are specially suitable 

97. Direct Measurement of the Effective Values of the Several 
Harmonics The wattmeter, however, can also be used for other 
purposes than the measurement of power For example, with two 



Pia 206 —Connections for Direct Measurement of tlie Effootlvo Valuos of tbo Several 
Honmonios In a Olreult. 


wattmeters the effective values of the pressures and currents of the 
several harmonics in any wave can be measuiod directly For this 
purpose we must have auxiliary sinusoidal pressures at our disposal 
at frequencies of the first, third, fifth and seventh harmonics 
The current under investigation is sent through the curient coil of 
one of the wattmeters, whilst the current coil of the other wattmeter 
(which must be made for small currents and high pressures) is con- 
nected in shunt The pressure coils of both wattmeters are connected 
to the circuit in which the sine-wave pressure is produced 
In Fig 265 -S^and represent the current coils and the 

pressure coils The voltmeter V measures the sinusoidal pressure Pj, 
in the auxihary circuit whose frequency can be adjusted to that of the 
first, third, fifth or seventh harmonic 
From Section 64 we know that only currents of the same frequency 
can act on one another electrodynamically, and that this action is a 
maximum when the two currents are in phase If we then wish to 
measure the magnitude of the fundamental, we induce the auxihary 
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cuireijt at this frequency and vary its phase until it is in phase with 
the mam current ^ the reading on the wattmeter is then a maximum 
Let watts denote this maximum reading and Pj,i the value of 
the auxiliary pressure read on voltmeter V , the effective value of the 
fundamental of the curreut is then 






To determine the effective pressure of the fundamental current, 
the phase of the auxiliary current is varied until the pointer of the 
second wattmeter shews a maximum Denoting this maximum reading 
in watts by and the pressure of the auxiliary ciicuit again by 
the effective value P^ of the fundamental of pressure will be 


A 



where ^ is a constant depending on the resistance P 

We can also measure the phase displacement 0^ between the fuiida- 
raental pressure and the fundamental current This is best 
done by adjusting the phase of the auxiliary current until the needle 
of the first wattmeter shews no deflection Staiting from this position, 
the angle through which the phase of the auxiliary current must be 
altered to bring the deflection of the pointer of the second instrument 
to zero then gives directly the phase angle between and 

If we aiTaiige the auxiliary pressm’e to have the frequency of the 
third harmonic, we get in a similar manuei the effective pressure and 
curreut of the thud harmonic, viz 

V JV 

P,^h^ and = 

ha 

where Wn is the maximum power on the first wattmeter and Pg on the 
second, wilst P^g is the effective pressure of the auxiliaiy current at 
this periodicity is found in the same way as 

By this means, the effective values of the currents and piessures, and 
also their phase displacements, for the several harmonics can be found 
directly, and an insight is obtained into the action of the same. 

In most machines, the magnitude of the several harmonics is of 
moie interest than their phase displacement, and in such cases 
the above method is sufficient for then investigation In other cases, 
0 g arc lamps, insulation testing, transformers on no-load, where the 
shape of the pressure curve and not the magnitude of the several 
harmonics, is the important part, the above determination of the 
harmonics one by one is not sufficient For this purpose, the oscillo- 
graph can be resoii:ed to — for this instrument ^ews the complete 
curve at a glance 


98. Measurement of Power by Means of Three Voltmeters or Three 
Ammeters In addition to the measurement of power by wattmeters, 
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two other methods may be mentioned, viz the thi ec-voltimtm method 
of Apto 7 ij Smnhurne and Suvipnei and the thi ee-ammetei nieth<xl of 
Fhnung ^ 

The former can be cai ned out as follows J 

(see Fig 266} o is a uon-inductive I 
resistance in senes with the circuit whose 
power JF is to be measured Since the 
pressure Fi is in phase with the cuneiit 
/, Fi and Pu can be geometi ically 


0 




6 


-mm — 

r W 



■R’la 200 — Oonuectioua for tho Tbioe-Voltnietoi 
Method 


Fin 207— PioRHurc Dla^fnmi of 
Tliioo-Voltmotoi Mothod 


added, independently of their wave shape Fig 267 is tho vectoi- 
diagram of this aiTangement, wheie Pq is the resultant of P^ and P^, 

The power due to P^ is 

JV = Pill cos (j)ii 

■p Pi I 
^Rnycos 

(156) 

This method is of no practical use because, unless tho powei consumed 
111 the inserted resistance is fairly laige, the lesults are very indcciiratc 

The second method, the three ammetei method, is also of little 
importance, but nevertheless is preferable to the above, since the full 
pressiiie is applied to the load circuit, the noii-inductive resistance 
being placed in parallel with the latter (see Fig. 268) The diagram 
IS shewn in Fig 269, and the proof is as follows 

From the diagram (Fig 269) we have firstly 
JF ^ Pi'll cos — ' 1 2j7jj cos 
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Secondly, denoting the momentary values of the pressure and 
currents by ji?, Iq, and we get, independently of the wave shape, 

V 

The momentary power in branch II p 

IS 


'^=Phi = hhir, 



Fit* 2(18 — OonnectloiiB foi tlio Tliiec-Aiiimotor Pig 20^1 —Current DIagnun of Threo- 

Mothod Ammeter Method 

hence the mean power is 

This IS the same as the previous result, from which we see that the 
dia^am in Fig 269 is correct 

Fiom this it follows in geneial that the giaphieal addition of the 
current vectors of parallel circuits is allowable if all these circuits 
except one have zero reactance 

A method foi experimentally examining the admissibility of 
geometrically adding effective EMF’b of any wave shape has been 
given by Bedell in the Elec JFcnld, Vol 28, No 3 

Let 1\ and be two pressures of any wave shape, and let P, be 
their measured sum, whilst is their measured difference (see Fig 270) 

Then wo must have 

P, = ^ j" + jPii)" dt 

(i'l -Fnfdt, 


and 



312 


THEORY OF ALTEBHATING-GUERENTS 


whence, by addition, 
or = 

t e Pii IS the line containing the centre of giavitj- of the triangle whose 
sides are and 2Pi, or, in other words, ACD must be a straight 

line if it is allowable to add Pi and Pu geometrically 



Fin 370 — Expciimoiit Hhowing liow Prcwfliiroa oftu bo added 


By means of this proof, we can shew it is allowable to add Pi and 
Pii geometncally, if we measure Pi, Pu, P^ and P, 

Instead of the three-voltmeter method for 
raeaaunng power, the following method can 
also be used. To measure, for example, the 

power COB <l>ii 

Since the pressure Pi = L (Fig 271) is in 
phase with the current /, we have 

'^dt 





By subtracting the above expressions for P“ 
d P we have 


4 

= yj IhPndt, 


thus 


4r 


(167) 


This method has recently been recommended 
by various writers for cases in which </)n ib 
large , but even in such cases it is very inexact For measuring the 
power in circuits with large phase displacements, it is advisable to 
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have special wattmetera with scales only ^ to of those for the 
ordinary wattmeter For example, if a wattmeter is made for 60 
amperes and 100 A^olts, the torsion spring governing the movable coil 
can be set {i e weakened) so that the instrument has its maximum 
deflection at 2000 watts instead of at 6000 One may also use the 
ordinary wattmeter and overload the pressure coil, but this must 
naturally only be done for short periods 

99. Measurement of the Power in a Polyphase Circuit. In a 
symmetrical phase system which is symmetrically loaded, we found 

in Chap XIII. that the power in each phase is ^th of the total power. 

From this it is obvious that the power in such a system can be 
measured liy a wattmeter inserted in any one of the phases The 
same also holds for a bdlanced two phase three-wire system, since m this 



t’la 272.— MooBuroraant of Power lii a Biiliuiood Tbioo- Fih 278 

pboflo Bystoni by moons of o Wottmotor 

case also the two phases produce equal power This measurement can, 
however, only be made directly when the system is independent, or in 
the case of a star system, when the neutral point is available, so that the 
pi Gssure coil of the wattmeter can be connected up To carry out the 
measurement for a nng system, the latter must be opened at some 
point ill one phase and the current coil of the wattmeter inserted, 
whilst the pressme coil is connected across this phase 

In cases whore only the a terminals of the ^irphase system are 
available, we must proceed othei wise A method suitalile for this case 
was given by Bohu-Esebenburg in the ETZ, 1896, p 182 The 
current coil is connected in senes with one of the mains, and the 
piessure coil between this main and an artificial neutral point 0^ 
made by means of lesistances, as shewn in Fig 272 for a three phase 
system 

If the resistances i ' between the two points A and B and the point 
aie chosen equal, the neutral point 0^ in the equilateral pressure 
triangle (Fig 273) >nll fall on the normal from Con AB , consequently 
the pressure O^C is displaced by the phase angle </> from the curient 
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in the current coil of the wattmeter. If the pressure between two 
ivires IS interhnied, the power in the system is 

W=3ricos<l> 

In the pressure coil, however, we have not the pressure 3P, but 

oousec[uently the reading must be multiplied by the ratio lu 

the pressure triangle (Fig 273), the point Oj is determined by the 
method for finding the pressure of a load star point, p 264, and, hence, 


Now ^ + ’ 7 ='jF, since a side of the triangle equals 

■ TT ^ 

Hence ,“ = 2F+? 

■ 3P 2/+i' , 

01 = ^ 

and the power in the system equals 

TF=k^'x . measured powei. 

If wo make i =i ', we got 

and = 3 X the measured watts. 


If a polyphase system is not quite symmetnwil, or is unsymmetiically 
loaded, the power in the several phases may diffei considerahly For 

this leason, such a system 



Fifi 274 — MciiHuioment of I'owoi lii a TLioo wiro niroe 
phase System by luoona of Two Wattmotore 


cannot be regarded as bal- 
anced, and the total powei 
can only be ascertained m 
the Siime way as for any 
other unbalanced system, its 
the two following methods 
shew 

(a) Foi the ordinary 
method of measuring the 
power many ?fc-phase system 


’ with n wires we need only 

u-l wattmeters , for any one of the n conductors can be regarded as 
the return for the n- \ currents, since the sum of all the currents in 


the system equals 0 The current coils of the 7^-1 wattmeteis are 
all connected in the same way in the n- \ hues, and the pressure coils 
between their respective hues and the line where there is no wattmeter 


Fig 274 depicts the connections for a three-phase system 
From the seveial wattmeters, different powers will be obtained, 
should any of these be negative, the wattmeter must be reversed and 
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its power prefixed by the negative sign^ the algebraic sum of the 
powers thus measured gives the total power iii the system 

If the power of a symmetrical three-phase system is measured ^vith 
two wattmeters, the phase displacement of the currents in the system 
can be found from the wattmeter readings 
Let the three phase-pressures be 

= sm CD#, 

Vn = ■" 120 °), 

= p/s/2 sin (a)i - 240“), 

and the currents, = 1^2 sin (o)/ - <^), 

III = sill ((i)t -(fi- 120°) 

Then = 


and 

whence Wi cos (0 - 30“), 

/Pii — s/SPI cos (</) + 30“ ) 

For (^ = 60“, 


(158) 


The above assumes sine waves for both curients and pressures, and 
that all phases aie equally loaded 

(h) The second method for measuring the power in any Tirphase 
system consists in using n wattmeters, each line conttiining one , the 



Fia 376 FfG 270 

MoaKinomeut of Powei hi un Unbtilanced Tliieepluiae Systora by moaiiB of 
Throo WattmotoiB 


pressure coils can be connected between their lespective lines and the 
neutral hue If no neutial line is present, all the ends may be joined 
to a neutral point In the foimei case, when a neutral wire is present, 
each wattmetei measures the power in its respective phase In the 
latter case, the sum of the readings equals the total power, but the 
several readings do not, in general, represent the power in the several 
phases Consider, for example, a three-phase system without a neutral 
wire (Fig 275), and let ABC, (Fig 276), represent its pressure triangle, 
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with ae the middle point of pressure in the load The pressures of 
the three loads are Fu and Pni ^ further, if On is the midd le point 
of pressure for the piessure coils and their resistances and is equal 
to F^, then the momentary values of the thiee measured powers are 

'^i = {Pi-Px)k, 

^iii = “ Px) hu } 

hence Wj + Wn + Wm + p-aki hu j 

which proves the coiTectiiess of the measurement 


100. Measurement of the Wattless Component of an Alternating 
Current When we wish to determine the wattless compoiieut in any 

circuit, the pressure, current and power factor, cos ^ will serve for 

finding sill <#>, from which the wattless current can he calculated At 
low powei -factors, however, the lesults thus obtained are not accurate 



0 0^ m o^t Q^B ^ 0;A 

Fio 277 



As seen from Fig 277, in which sm ^ and cos are plotted as functions 
of 1 - cos <^, a small eiTor m the reading of the instrument, that is, 
in cos (/), causes a large error in sin </>. If, for instance, the power 
factor cos<^ = 0 99, and unity was read off the instniments (which only 
amounts to an error of 1 %), the wattless curient of 14 % would have 
escaped notice Especially m cases where condensers and synchronous 
motors are used to raise the power factor to unity, it is advisable to have 
instruments which enable the wattless current to be accurately measured 
Of the vanous methods which have been published, only a few 
which have found their way into practice will be described here 

The principle of an instrument hy Hartmann and Braun is given 
m Fig 278 The coil AB traversed by the current « = /sm (oj^ - 0) 
and produces a field ^ sin {(d - ^) A current z' = F sin cu^ in phase 
with the pressure is sent through the coil P, whilst a current 
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at right angles to the pressure, is sent thiough the coil G, which stands 
at 90“ to D 

When D IS displaced through the angle a fioni the field, the torques 
exerted on the coils are 

^ T 

S, = sin a cos </), 


4 > r 

82 = — ^ sin (f> cos a 


The movable system will come to rest at such an angle that ^1 = 8 ^, 
le tan a = tan We measure therefore tan</>, which function, in the 
nemhbourhood of unity, is as sensitive to changes of as sin </> itself 
This instrument is of great use as sy-nch onmi , for it serves to denote 
phase equality and synchronism when paralleling When a current is 
sent through AB, proportional to and lu phase with the pressure of a 
generator (or bus bars), and a current 111 phase with the pressure of the 
other generator to be paralleled through I), and a current at 90“ to this 
pressure through G, then the position of the movable coils will give the 
phase difference between the pressures of the two generators 

In large generators, in paralleling which it is highly important to know 
the exact instant of phase equality, this instrument is of great service 
The methods of synchronising by means of lamps or phase voltmeters, 
since they are not very sensitive, may give rise to heavy rushes of 
current on switching on. This instrument was first largely used in the 
power station at Niagara Falls 

It may be further mentioned that neither the angle between C and 
D nor the phase displacement between the currents in these coils needs 
to be exactly 90“ So long as there is a space and tiiAe angle, the 
instrument will respond to phase displacement 

(h) The principle of displacing the current in the pressure coil 90“ 
from the pressure in an ordinary wattmeter can also be used to measure 
the so-called imaginary power, or with, a constant pressure, the wattless 
current Then the instrument will give the value PI sin tjf) instead of 
PI cos </> By connecting a large capacity in senes with the pressure 
coil, a phase displacement of about 90“ can easily be obtained 

(c) We have still to deal with the application of wattmeters as phase 
indicators in polyphase systems 

If all the phases of a three-phase system are balanced and the 
pressure is a sine wave, we can olitain the phase displacement by two 
readings on one wattmeter from Foraiiila 168, p 316, 


tan (/) = >/3 




Provided we do not alter the sensitiveness of the instrument we 
need not know the constants but merely note the rofidings 

The G E C of Amenca have made instruments with two pressure 
coils (Fig 279), the pointer then takes up a position corresponding to 
the phase displacement The scale is calibrated on test and reads cos </> 
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Such instruments should only be installed, however, wheie a 
knowledge of the Wiittless cuiient is essontial 


B’essvrfCoil 


Re^ 

-w/\/s 


W 

Current 


Res 

rNm- 


iU 


' Bvssuee Cod 


Cod 


Fia 279 —Oonnoctlona of Powei fiwtor Metei (G B 0 ) 


The phase meter of the AEG- (due to Dolivo von Dobrowolaky) 
IS baaed on the principle of the induction instrument (see Fig 258) 
Here, however, the one-coil system must be traversed by a current in 
phase with the pressure The displacement of 90“ mentioned on p 317 
IS not necessary. The instrument reads PJsiin^, or at constant 
pressure, the wattless current I am 

All instruments, however, which are based on induction effects have 
the disadvantage that they are largely influenced by frequency and 
wave shape 


101. Detenmnation of Wave Shape of a Pressure or Ourrent by 
means of Contact Apparatus and (Galvanometer. To determine the 

instantaneous values of a rapidly 
varying pressure or current, care 
must be taken that only one and 
the same momentary value acts on 
the instrument — this is attainable 
with Joubert’s disc and contact 
apparatus For every revolution of 
the rotating contact apparatus, the 
same momentaiy current is tapped 


\0 




t 


K-A 


off once The arrangement of the 
contact apparatus and the measure 
ment of the current thus ttipped off 
may be accomplished in various 
ways, only two of which, however, 
will be given here The one is a 
zero method, and is specially suitable 
for accurate work, whilst the other, 
due to BlmRel^ is more convenient 
and needs less time 

The mo or compensatian method is 
given in Fig 280 

Q is the generator from which a 
current is sent thiough the resistances \ and u Parallel to the resis 
tance 9^, the contact appaiatus K-A and a galvanometer aie connected, 
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together with the part c-d of the wire Orb which is connected to a 
battery B If the contacts Cnd are shifted along the wiie until the 
galvanometer shews no deflection, the pressure over the part c-d equals 
the required momentary value That is, the momentary value being 


measured = x p, where p is the pressure across the whole wire a-h 


The galvanometer must be a rather heavily damped Dqn'ez-galvaiumiefer 
with a long period of oscillation and high sensitiveness 
Blondel’s method as used by Siemens and Halske in conjunction 
with a synchronous motor is very convenient for practical work, since 
the apparatus can be used anywhere Fig 281 shews the scheme 
The pressure, whose curve is to be found, is applied to the terminals 
A'l and By means of the contact apparatus K-A^ which is driven 
by a synchronous motoi running from the mains being tested, the 
condenser G is chaiged each time contact is made and discharged m 
the next instant through the galvanometer G, whose throAV is thus 
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Guirout Curves Ijy Bloudel'a MotUocL and Ouiront Curves by means of a 

MUll-voltmotor 


proportional to the respective momentary pressure A well-damped 
milli-voltmeter can also be used to measure this momentary pressure, 
but it IS found that the deflection is not proportional to the momentary 
value, so that the scale of the milli--\'oltmeter must be calibiated by 
means of a direct pressure applied at the terminals and 

This brings us to the third method, shewn in Fig 282, in which the 
capacity is omitted and a sufficiently large deflection of the milh- 
voltmeter is olitained by introducing a small resistance Of course, in 
this case, the instrument will be largely overloaded during the period 
of contact, which, however, is too short to cause damage 
Care must be taken that the instrument is disconnected before the 
synchronous motor is switched off, because otherwise the molxir might 
come to rest in such a position that contact was made continuously, 
which would result in burning out the instrument To obtain steady 
deflections, a lange of about one-third the scale should not be exceeded 
Greater deflections are unsafe owing to the large currents broken at 
the contact-maker The good adjustment of the contact spnng is of 
especial value, since the piesence of small sparks makes accurate results 
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impossible For this loasoii, only a part of the pressure should be 
used in taking the pressure curve 

The method of obtaiiniig the cuiieiit ciiive is similar to the above, 
the current being passed through a suitable nou-inductive resistance 
and the pressure curve taken at its terminals It is desirable to 
cahbrate this also with direct current Deviations from the propor- 
tionality up to 20 % may occur through vanations in the contact 
resistance at the contacts, and it is therefore advisable to clean the 
contact disc with switch oil 

In the above methods it is chiefly the sparking at the contacts which 
vitiates the accuracy of the curves This difficulty is completely 
overcome by Choem' diflerential galvanometer* (Fig 283) 
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The alternating current to be measured is sent through the two outer 
fixed coils and a direct current through the two inner ones or vice 
versA, A synchronous motor, dnven by the current under considera- 
tion, carries a contact-maker, which penodically closes a direct-current 
circuit containing the movable coils The four fixed coils act on the 
movable turns only when the circuit is closed Hence, if the direct- 
current flowing in the inner fixed coils is varied, the momentary value 
of the alternating current, which only flows in the moving coils at the 
moment the circuit is closed, can bo compensated, so that the coils do 
not deflect A calibration is here necessary, in order to know what 
relation the direct current bears to the momentary values of the 
alternating current 

For exact measurements the arrangement of the contact apparatus 
shewn in Figs 284ft and h and devised by G Sdiade is very useful 
In this arrangement, there are no rubbing surfaces, but contact is made 
by pressure The time of contact is very small, so that rapid changes 
in the curve can be accurately measured. 

The instrument consists of the contact-disc S coupled to the shaft of 

* Ameo Inst of Meet Eng 1902, p 763 
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the machine, a segment T and the sliding piece of ebonite G which can 


a 


b 



Fio 284tt 

be shifted over this segment G carnes the eontaet springs f, and L 
insulated from it and the control springs and /, S carnes a contact 
cam n. ihe wires a and h are 


connected once in every revolu- 
tion, when 11 ^ comes underneath 
/i IS thus lifted until 
makes contact \vith In the 
next instant the circuit between 
a and h is broken, due to and 
/g being raised together, thereby 
shifting k^ from its position To 
prevent from making further 
contact, a second cam behind 
is provided This keeps /g 
raised until returns to its 
original position 
102. The Oscillograph The 
pomt-by-point methods just de- 
scribed for delineating alternating- 
current curves have many great 
disadvantages In the first place 
they require much time, and 
secondly they are often inexact 
Point-by-point methods are, of 
course, out of the question alto- 
gether when the successive waves 
are not identical In this case, 
instruments known as osGilhgrwphs 

A.O. 



PiQ 2S4& — Contaot-inakor for detennlmiiff 
Alternatliig current Curves (ff SeJwde). 


322 


THEORY OF ALTERNATING-CURRENTS 


can be used for taking such curves, especially as they have been much 
improved of late years In Yol XX v III. (1899) of the Jcnttwil of the 
Inst, of Elec Engineen, Duddell and Mai chant described an oscillograph 
constructed according to a suggestion by Blondel. The following is a 
summary of this description 

In Fig 285 the instrument is shewn diagrammatioally In the 
narrow gap between the poles NE of a powerful electromagnet are 

A 
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stretched the two parallel sides ll of a metal stnp which passes over a 
small disc 8 *At the bottom the strip is fixed at and above it 
presses against the bridge C The current flows up one side of the 
strip and down the other Owing to the electromametic action 
brought into play, the one conductor will be displaced forwards and 
the other backwards, whereby the small mirror d, fixed to the two 
conductors, will be deflected through an angle, which, for small 
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deflections, will be proportional to the current flowing through the 
^ oscillograph should fulfil the following conditions 

1 The time of natural oscillation of the conductors ll must be verv 

^MureT^^^^^^ poriod of the alternating-current being 

2 The instrument must be damped so as just to prevent the 
moveipent becoming oscillatory 

^ apparatus must have a negligible self-induction 
4 The sensitiveness must be sufficiently large 
The requisite damping is obtained by surrounding the conductors 
and mirror with oil, the case for the oil being formed by the pole-faces 
for the sides, a brass plate for the back and a lens for the front 
In order to observe the movements of the mirror, a ray of light is 
reflected from it by means of another rotating mirror , or by suitable 
arrangements, the moving ray of light can be photographed 
Actually the instrument is provided with two stnps, each stnp 
occupying a separate space in the magnetic circuit, so that the 
pressure and current curves can be taken simultaneously In addition 
to this, between the two movable mirrors there is a small fixed mirror 
The ray of light reflected from this fixed mirror then gives the zero line 
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Fig 286a shows a front view of the instrument The front part, 
together with the lens, is removed ajid placed on the left at a. 
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The glass tube h fixed to this part is for insertiug the damping oil 
The optical system of the apparatus is shewn in Fig, 286& 0 is the 

oscillograph with the two vibratory mirrors and Sg, whilst is the 
fixed mirror and Z is the lens The beam of light is supplied by 
the direct-current arc lamp lantern L 

The light passes through a system of lenses and a vertical slit d 
(about T6 mm wide). The sht d is about 270 cm away frqm the 
lens Z 

The photographic plate is dropped through an arrangement at S 
During its motion (vertical) the plate passes a horizontal slit some 
6 mm wide, through which the light from the mirrors falls on to the 
plate The vertical distance of the case, which holds the plate, above 
the slit must be chosen so that the mean velocity of the plate m moving 
over the slit is 640 cm per sec For bnnging the plate to rest after 
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passing the slit there is a braking arrangement which acts by pressing 
a spring against the back of the plate The plates are brought to 
and taken from the apparatus by means of light-tight bags and 
wooden cases 

In front of the sht there is a cyhndncal lens C whose axis is hori- 
zontal This serves to concentrate the light coming from the vertical 
slit d and to produce a sharp point of li^t at ^ is the rotating 
mirror driven by the small direct-current motor M A stnp of film 
can be used instead of the plate to obtam a continuous photograph of 
the curve 

In order to observe the curve continuously, a white plate is fixed at 
S exactly behind the falhng plate The rays reflected from the small 
mirrors 5^, 5^ and Sg then fall on the white screen, and the wave-shape 
con be observed in the rotating mirror at the same time as the 
exposure is taken 

The Cambridge Scientific Instrument Co constructs such an oscillo- 
graph m which the time of natural vibration of the strip is less than 
second 
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The maximum permissible current for these oscillographs is 0 1 amp 
Usually, however, the desired amplitude of the wave can be obtained 
with a considerably smaller current 



Fiq 287 


A further great advantage of the oscillogiaph is that the shape of 
the curve can be inspected before it is photographed 

Fig 287 shews an oscillograph on the same principle, made by 
Siemens & Halske 

103. Braun’s Tube The cathode rays, emitted in an exhausted 
tube from the surface of the cathode where the current lines from the 
anode strike, are diverted by a magnetic field into a plane perpendicular 
to the direction of the lines of force In a rotary field of constant 
strength, therefore, the cathode rays will descnbe a conical surface 
Since a cathode ray causes chalk, Balmain’s luminous paint and 
many other bodies which it meets to glow brilliantly, the magnetic 
field can be represented by means of a luminous curve, which can be 
photographed If the vector representing the rotary field fluctuates 
penodically, the luminous curve will be the polar diagram of this 
vector This method is very sensitive, and can be so arranged that 
even fields of c G s unit can bo detected. 

If the field is merely alternating, the ray will only be diverted in 
one plane, and will swing with the frequency of the current The 
luminous line thus formed will repiesent a curve on a uniformly 
revolving mirror The curve can, however, be also seen directly on 
the screen, when the cathode ray is given a uniform velocity perpen- 
dicular to the plane in which it swings, by means of a variable auxiliary 
current This auxiliary current can be obtained, for example, by 
means of a contact 0 (Fig 288) moved uniformly along the wire AB 
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The current traversing the coil S will then be nearly proportional to 
the time This is most easily obtained by placing the wire AB on the 

periphery of a disc revolving synchron- 
ously with the alternating-current, whilst 
C remains stationary In this way 
corresponding points of the current 
" curve always fall on the same part of 
the luminous screen, so that the curve 
on the latter appears stationary and 
can be photographed 

104. Measurement of the Frequency of an Alternating Current 

(a) To measure the frequency of an alternating-current the effects of 
resonance may be used, because these phenomena always depend on the 
frequency, no matter whether we are dealing with the resonance 
between a current and a 
tuning-fork or with electric 
resonance 

Fig 289 shews a steel 
fork vibratmg under the in- 
fluence of an alternating- 
current magnet. In such an 
apparatus resonance occurs 
between the alternating mag- 
netic field and the fork, when 
the natural time of vibra- 
tion of the latter is an exact 
multiple of the frequency of 
the current If either is 
altered, the vibrations dis- 
appear, together with the 
note given out by the fork 

Inthei?r^,1899,p 873, 
an instrument of this nature 
for finding the frequency is 
described by E Stockhaot 
The chief part of the instrument consists of a soft-iron tuning-fork 
carrying weights which can be moved along its limbs to vary the time 
of vibration Between the ends of the fork there is a soft-iron core 
wound with a coil through which the alternating-current is sent. Each 
of the movable weights carries a pointer which moves along a fixed 
scale, from which the frequency of the current is read off directly. To 
take the measurement the weights are displaced until the note given 
out becomes loudest 

In the ETZ, 1901, p. 9, KenipfSaiimann desenbed a different 
method for directly measuring the frequency. The instrument has 
32 steel tongues (similar to that in Fig 289) having different natural 
periods of vibration, all of them being fixed in a ring with their free 
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ends pointing upwards By turning a screw the tongues can be passed 
across the poles of an electromagnet As soon as the tongue corre- 
sponding to the frequency of the current enters the field, it commences 
to give out its note The frequency is then read off directly on the 
scale The loudness is immaterial , the vibrations of the tongue can 
even be obseived through a glass plate — and the adjustment is made so 
as to obtain the maximum amphtude of vibration 

With these acoustic instruments it is possible to detemune the 
frequency to within about one-fifth of a whole period. 

Figs 290ti and h shew FrahmUs frequency measurer* A series of 
springs /, made from spring steel as used for clocks, are adjusted for 
different periods of vibration and fastened to a common bar s. This 
bar IS connected to the plate p by means of two steel spnngs hh (called 
bndges), so that it can move somewhat about its longitudinal axis 
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On this bar also a flat piece of iron a is fixed, which forms the 
armature for the magnet m The magnetism of this latter is alternately 
strengthened and weakened by the current whose frequency is being 
measured — the current being sent through the coils cc The bar, 
together with the springs attached to it, are thus set vibrating synchron- 
ously with the alternating-current, and the particular spring whose 
natural period of vibration harmonises with this motion is set swinging 
to a sufficient extent to enable the motion at the head /c to be distinctly 
observed 

{b) A black disc, having a white line draivn on it radially, is used 
for the stroboscopic method of measuring the frequency. The disc is 
mounted on the shaft of a motor and is lit up by an arc lamp working 
on the alternating-current being investigated 

The light of the arc lamp varies penodically with the frequency of 
the current, and when the speed of the stroboscopic disc is equal to this 
frequency, the white line will always be illuminated in the same place 
and appear to be at rest If the speed of the disc is less than the 

*Seo jS? r 1905, p 264 
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frequency, the line will appear to rotate in the opposite direction to 
the disc, and if greater, in the same direction 

This method of measuring the frequency is similar to that for 
determining the slip of an induction motor, which is treated fully in 
JVechselstimitecIi/riilc, Bd V., Part I , Sect 74 

106. Instrument Transformers In the measurement of very heavy 
currents or high pressures, it is often not possible to connect the 
instruments directly in the respective circuits, for mstruments suitable 
for these extreme values of current and pressure would become both 
expensive and impracticable, whilst such mstruments in connection 
with high pressures could not be used ^vlthout danger In such cases, 
therefore, instrument transformers are used 
In Fig 291, Tr shews the connections of a pressure transformer for 
measurmg the pressure across the bars S is a current traiisfounor 
for measunng the current flowing in the hne L 
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As a first approximation, where the various losses in the transformeis 
are neglected, the pressures will be directly proportional to the iiumliers 
of turns and the currents inversely proportional, thus 


P P' — u P' T" ^ r' _ 1 7' 


Usually the instruments are piovided with scales to read the primaiy 
values directly 

If the instrument transfoimers are connected to a wattmeter, as 
shewn in Fig 292, and again neglecting the losses, the powoi supplied 
to the line L \vill be 

Ui ’ 


where W' is the reading of the wattmeter 

On load, the pressme transformer works as on no-load, foi the 
voltmeter current must be very small The current transfoimer, on 
the other hand, is practically on short circuit, for the terminal pressme 
of the ammeter is very small 

When the range of a voltmeter is increased by placing resistance in 
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senes, that of an ammeter by placing resistance m parallel, the losses 
increase as the range is enlarged On the other hand, instrument 
transformers allow of extreme values of current and pressure being 
measured without causing larger losses than exist in the instruments 
on their normal range, when the losses in the transformers themselves 
are neglected 

(a) Piessme Tiansfoimer To investigate instrument transformers, 
we start from the secondary values of current, pressure and impedance, 
reduced to the pnmary, and write 



From eq 88, p 157, we have for the pressure transformer, 

-^2 -^2 

where is the admittance of the voltmeter reduced to pnmaiy 
Further, as shewn before, 


Zxi in the equivalent circuit (Fig, 293) is the short-circuit impedance 
measured between the terminals 1-1 when the terminals 2-2 are short- 


circuited Let denote the short-circmt impe- 
dance between 2-2 when the terminals 1-1 aie 
short-circuited. 
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Then (7a3Al = Ci^ra, 

p 

= +Z^iV,) = {l +s,y»)(l +3,2^.) 

■^2 

= l+e-;e„ . (169) 

where e is the percentage pressure rise in phase with and the 
percentage pressure rise leading F^ by 90“ (Fig 294) 
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Since must be kept veiy small, it is sufficiently accurate to put 

p 

■^2 

= 1 + + 

and € + Ov) + «i(^« + K) + r^g. + x^K)A 

^i=^r^{b^ + K)-r2K + ^{ga + g.)+i^9^ J 

Since the imaginary part of this expression is very small compared 
with the real, the ratio between the effective values of the pressures 
can be written 

p 

^~l+ri(g'„+^.) + !Ki( 6 „ + &,)+rag',+!Kji., (160) 

■^2 

or, if the current taken by the voltmeter is very small, ie is very 
small, then p 

p^2: 1 + (16Qa) 

B 

The pressure transformer should be constructed, therefore, so that 
1 IS as near unity as possible, that is, is as small as possible, 
for in this case the pressures are as nearly as possible in proportion to 
the numbers of turns Further, this is also advantageous when the 
transformer is graduated, for then the changes of and are least 
affected by vanations in the saturation and frequency On the 
contrary, the secondary resistance 73 and reactance have no effect 
when the voltmeter current is small 

The conductance is due to the hysteresis and eddy losses in the 
iron. Whilst the latter part is independent of the pressure, the part 
due to hysteresis varies inversely as the 0‘4th power of the pressure 
Owing to this decrease in the hysteresis conductance with increasing 
pressure, the deviation in the secondary pressure is greater at low 
pressures than at high To make this error as small as possible, the 
pnmary resistance 7 j must be as small as possible 

The susceptance vanes mversely as the permeabihty with varying 
pressure It is therefore large at low pressures, attains a minimum 
at an mduction ^ = 7000 to 9000, and then rises again With low 
pressures when the induction is below 7000 to 9000, changes in the 
same way as g^^^ and with increasing pressure causes an increase in the 
secondary pressure compared with the pnmary At higher pressures, 
the increase of acts against the decrease of and the ratio of the 
pressures will be more constant 

With changing frequency c, the hysteresis conductance varies in- 
versely as c®'® Hence, qualitatively, the same changes occur as with 
varying pressures 

(h) Uurrmt Tiansfoimefi^ From eq 89, we have for the current 
transformer ^ p 

H -^2 
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Here denotes -the impedance of the ammeter, reduced to the 
primary. Also 

y^\ — Q Q-^d yQ2~-^i 

where is the no-load admittance between the secondary terminals , 
hence j 

y =(72(1 +3^02^^) = C'2 + yfl^.4 = l + («a + «^)ya 
-*a 

= l + t+j i,. .(161) 

Here = A)9a + {«k + x^)K ■ - (162a) 

IS the percentage increase of current "in phase with /g* and 

h = {H + r^)K-{^'^^^A)ga • (162&) 

IS the percentage current increase lagging 90" behind L (see Fig 295) 

Since the imaginary part is here very small compared with the real, 
we can write j 

y~l+(»2 + r.,)(7„+(lKa + !i:J6. ... 

■*2 

From this it is at once seen that the primary 
impedance of the current transformer has no efiect on 
the measurements On the other hand, care must be 
taken to keep the secondary resistance and leactance 
as small as possible — just the reverse of a pressure 
transformer It is therefore immaterial where the 
primary coil is arranged , often the bus bar is merely 
led through an iron ring, thus making one turn m 
the primary winding. To make the effect of changes 
in and as small as possible, the impedance of the 
ammeter reduced to primary, must be kept as low 
as possible Thus the apparent volt-ampere con- 
sumption of the ammeter should be kept very small, 
so that the current transformer is practically on short-circuit 

To make and as small as possible, the induction must not be 
made too low Since the induced e.m f. is very small, only a small 
iron section is required 

Since the E M F increases as the current rises in the same way as 
when the pressure increases in a pressure transformer, the secondary 
current increases in proportion to the primary cunent, owing to the 
decrease of and Pig 296a shews the increase of this ratio very 
clearly for a current transformer made by Siemens & Halske The 
abscissa axis represents the current in per cent of the range of the 
instrument, whilst the ordinates shew the percentage deviations of 
the current ratio from its mean value. The cuives B and C are for 
different impedances As eq 161 shews, the secondary current 
decreases for larger At the same time the effect of changes in g^ 
and is increased, so that the lower curves B and C rise more rapidly 
than the upper curve A 


(163) 
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As mentioned m connection with pressure transformers, a decrease 
in the frequency c must act in the same direction as an increase in 
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This is clearly seen in the curves D and E (Fig 2966), which are taken 
for frequencies of 60 and 26. 

{c) Wattmeteo I'lcmsfoiiiwi's For the measurement of power, current 
and pressure transformers are used As before, let denote the 
secondary admittance of the pressure transformer and the secondary 
impedance of the current transformer Further, we will let the suffix 
V denote the constants of the pressure transformer, and the suffix A 
those of the current transformer The primary and secondary powers 
are then represented by the vectors, 

where I[ and /g denote the conjugate vectors of /j and /g We have 
then 77^ p p 

— ^ 1^2 (1 + ^KzV^vi}- + ■ 

The symbols marked ‘ denote the conj'ugate vectors Introducing 
equations 168 and 161, we get further 
W 

^=(l + «-;6,)(l+l-J I,) 

~ 1 + e + t-;(e, + t,). 

If an ammeter is placed m senes with the current coil and a volt- 
meter in parallel {or in series) with the pressure coils of the wattmeter, 
we can at the same time measure the real part of the secondary 
power and also the secondary current and the secondary pressure 

W e then get JV^ = ^2 +; <i 

where 

Similarly, if we write +jWu, 

we have =(1 +e+t)/Fj +(€, + t,)F'a„ \ 

fFu = {l + ^ + iW,,-{e, + i,)fr,. f 
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If tho secondary phase displacement is small (^e. JVui small), the 
primary power to be measured is found by increasing the reading 
the percentage pressure drop and percentage decrease in current. 
The measurement of the primary imaginary power Wn or primary 
phase displacement is then inaccurate, because the terai + 
maybela^ge 

With very large phase displacements, the imaginary primary power 
Wn IS obtained by increasing the imaginary power measured m 
the secondary, by the percentage pressure ^op and current decrease 
The measurement of the real primary power is then inaccurate, 
since the term + 1 ,) JVzi can be comparatively large. 

106 Electncity Meters. The energy consumed in a circuit is 
A= jjpidt= jFIcoa(f)dt, 

If the pressure remains constant, 

A=FjlGoa<l> dt 

If I and 4> are constant, 

A = Jcos (f>jFdt 

Finally, if the momentary power is constant, then 
A—FIcoQ(l>j dt 

Corresponding to the above equations we can distinguish between 
watt-hour meters, ampere-hour meters, volt-hour meters and electncity 
meters Since it is difficult to construct instruments to respond only 
to the watt component of the current, ampere-hour meters are not 
largely used with alternating-currents. We shall therefore deal 
chiefly with watt-liowr meters These work partly on the dynamometer 
principle and partly on the laws of induction. We can distinguish 
between motoi meters where the cuiTerit to be measured itself causes a 
movement, the speed of which is directly proportional to the current, 
and pendulum met&is where the alternating action of two coils carrying 
cuiTent IS made to influence an already existing motion The latter 
possess the disadvantages of being complicated, on account of the many 
axes and moving parts, and that of being continually in motion and 
therefore always subjected to wear Moreover, the permanent control 
possible with the motor meter is an advantage which must not be 
under-estimated Thus, whilst the motor meter is more reliable 
m working than the pendulum meter, yet the induction meter, in 
which there are no current leads and lubbing contacts, has a still 
more certain action As an example of the pendulum metei we shall 
consider the Awn watt-hour met&i 

This instrument is provided with two pendulums, each possessing a 
pressure coil Under each pendulum a coil carrying the line current 
IS placed, and connections are made so that the one pendulum is 
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accelerated, the other retarded If the pendulums swing aynchion- 
ously vv'hen no current is flowing, and operate a counting device which 
only records the difference of their swings, then the readings will be 
appioximately proportional to the cun*ent flowing 
The time of oscillatiou ^ of a pendulum of length I is 

‘-'V? 

where g is the acceleration due to gravity When cunent flows 
through the coils, we can write 

h = and = 

yg+g^ yg-h 


If the pointer on the indicator moves one division when one 
pendulum has completed N swings more than the other, then one 

division will correspond to seconds, and the consumption per 


division, or the so-called constant 


oi the 


instrument, is 


or 


NHt g_ 
““ 1000 X 3600 


where the higher powers of ^ are neglected 

That these instruments read correctly for alternating-currents is seen 
directly, when we remember that the dynamometer action depends 
only on the watt component of the current. Against the disadvantages 
of the several axes and moving parts, these instruments have many 
advantages, since they are independent of the frequency and wave- 
shape, and further are very sensitive and possess no permanent magnets 
whose magnetism can vary with age 

Motor meteis have been constructed m many forms and placed on the 
market They consist, in principle, of one or more fixed current coils, 
an armature to which a current proportional to the pressure is supplied 
and a damping device, usually consisting of a disc of aluminium or 
copper which revolves between the poles of a permanent magnet If 
the instrument is to read correctly for alternating-currents, no iron 
must be present Since a large resistance is placed in series with the 
armature, the induced emf is small compared with the network 
pressure, and the current in the armature is practically proportional 
to the pressure The torque will therefore be proportional to and 
the power to Fliyn, where 7i is the speed of rotation 

In the damping device E M.F 's are induced directly proportional to 
the speed, so that the power consumed in the disc is proportional 
to the square of the speed. 
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Since now — neglecting losses — the power taken must equal that 
supplied, then Pl^n = Cn^ or the power taken from the line is pro- 
portional to the speed of the motor Hence a counting device coupled 
to the ans of the motor can be made to read the power directly 
The principle of the motor meter is only free from objection when 
the pressure coil is entirely non-inductive A phase displacement ^ 
between pressure and current in the pressure coil changes the formula 
W-PI cos <jf> into 

W= PI GOB <l> COB ^ ■ 'f'\ 

COS tjf> ’ 


where 


^ = tan"^ — , 
r 


L = coefficient of self-induction 
r = resistance 


of the pressure coil 


Since, however, the arrangements necessary to eliminate this error 
make the instrument too costly, they are only provided m standard 
meters In general, when the phase angle </> is not too large and the 
resistance in senes with the pressure coil is sufficiently high, the 
accuracy is not matenally affected, and a correction becomes unnecessary 
for practical purposes. 

The error due to fnction loss can be eliminated by placing sufficient 
turns on the current coil and sending through them the current in the 
pressure coil until their mutual action can just compensate for this loss 
The fnction losses, however, do not remain constant— after a time they 
may decrease with wear, and then the meter may come to possess the 
worst possible fault in the eyes of the consumer, viz the instrument 
rotates when no current is being supphed 

Consequently, artificial fnction resistance is often added, the magni- 
tude of which is large compared with the original, and remains constant 
Moreover, these artificial resistances have the advantage of being 
adjustable They can be provided in 
various ways, but a complete descrip- 
tion would take us too far here One 
practical device consists in allowing a 
pin on the revolving axis to stnke 
against one or more spnngs at every 
revolution 

Induction met&Sy from their pnnciple, 
are only applicable for alternating- 
currents Like the induction instru- 
ments for measuring current and 
ressure described above, these also 
epend on the alternating action of 
two magnetic fields — dispaced from 
one another in phase— on a closed revolving conductor (Fig 297) If 
the line current I flows through one coil and a current i proportional 
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Eming explains this phenomenon as being due to the retentive 
powers of the magnetic molecules, when they are arranged so as to 
form groups The sphtting up of these groups takes time , it begins 
with the molecules on the surface of the wire, which are less closely 
held together and therefore more movable, and moves gradually 
inwards With fine wires there are relatively more movable surface 
molecules , consequently, in this case the combinations of molecules are 
disturbed much more quickly 

By plotting the magnetic mductiou ^ as a function of the magnetic 
force jh, we get the static magnetisation curve of the matenal — which is 
found most accurately by means of a ballistic galvanometer 

Since JjT dl — 0 47nw, 

the ampere-turns per cm-length will be 
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Fig 800 — Mn^etiBfttlou Curve foi Stampings 


For practical puiposes, it is more convenient to plot j 5 as a function 
of aw instead of H Such a magnetisation curve for iron stampings is 
shewn in Fig 300 by curve I ; curve II shews the permeability 

E 125a«) 

as a function of B, 

If the magnetisation of the iron is taken through a cycle by uni- 
formly varying the magnetising force between the two values - 
and B can again be determined balhstically and plotted as a 

function of H or aw 
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Instead of an iron nng (or toroid), the Hopkinson’s yoke (Fig 301) 
can be used The test-bar 8 is here clamped at both ends to a soft 
iron yoke J having low mag- 
netic reluctance, thus forming a 
closed magnetic circuit 

Since the induction does not 
depend alone on the effective 
magnetising force H at the 
moment considered, but is also 
dependent on the magnetic in- 
duction at the previous moment 
— the latter property being due 
to the retentmty of the iron— 
the cychc magnetisation curve for iron is a closed curve, the so called 
hyst&rms loop (Fig 302) The curve in this case is obtained by 
static magnetisation. 

Since the induction in iron is — as shewn — a many-valued function 
of the magnetising force, a magnetisation curve — such as is represefnted 


i 

Fig 801 — Hopkliiaon’s Yoke 


+B 



Pig 802 — HyatoreBifl Loop 


in Fig 300 — can only give one value of induction for one magnetising 
force, which depends on the means by which it is measured 

Usually such curves are taken on the ballistic galvanometer by 
measuring the throw on the galvanometer when th^ current is reversed. 
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Aitcr 8L few reversals, this throw remains constant whilst the induction 
changes from a positive value to the same negative value The 
measurements are taken for various field strengths by starting with the 
lowest magnetising current and increasing the latter step by step, and 
determining the throw on the galvanometer for each step after a ceityiiii 
number of reversals Previous to taking the measurements, the iron 
should be demagnetised as completely as possible It is important to 
start with the small inductions and gradually increase to the higher, 
for a higher magnetisation wipes out the after-eftect of a smaller 
magnetisation more easily than vice versa 

The magnetisation curve taken in this way (the so-called rising 
magnetisation curve) represents — as is seen — Iocms foi the peoilvH of 
the static hysteresis loops of the non. 

The area of the hysteresis loop represents a loss of energy, for, 
according to the definition of the potential energy for electric curieiit 
(see p 15), the work done in a unit of time is 

ergs, 

where iw denotes the ampere-turns interlinked with the flux If tlie 
nng (Fig 299) has a constant section Q and a moan length /, then 


where F = Q. I = volume of the iron nng in cm^ 
The work done dunng one penod is accordingly 


and the hysteresis loss in ergs pei' second for one cm? 

and IS thus proportional to the area of the hysteresis loop II 
Formula 166 is deduced on the assumption that the magnetisation 
of the iron sample is uniform, and that the magnetic foiee is duo 
solely to the electnc current It is easy to show that this formula 
holds quite generally, — for instance, m the case when ■various 
inductions aie present in the several parts of the iron and magnetising 
forces other than those due to electnc currents act on the mon. In 
this case, however, the loss in each part of the iron must bo determined 
by itself Further, it must be noted that the energy loss duo to 
hysteresis may not only be supplied by electric currents, but also by 
external mechanical forces, as in generators 
If a test piece is magnetised cyclically between equal positive and 
negative values of the maximum induction, it is found that the shape 
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and area of the hysteresis loop varies with the maximum induction 
The nature of this change is shewn in Fig 303, which represents a 
hysteresis curve (due to Ewing) for annealed piano wire Here the 
induction is always varied from one value to a somewhat greater value 
of the opposite sign. 
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Fia 808 — Hysterealfl Loops, Plano Wire (Ewing) 

If we plot the areas of the hysteresis loops divided by 47r, taken at 
different maximum inductions, as a function of these latter, we get a 
curve which represents the work in ergs per cycle and per cm^ due 
to the hysteresis of the iron in terms of the maximum induction 
Fig 304 shews such a curve as given by Ewing for soft iron plates 
It IB seen that the loss increases more rapidly than the induction. 
St&inmetz has given the following empincal equation for the curve 

ergs (167) 

-q IS called the hysteresis constant. For soft, annealed dynamo 
plates 7] varies from 0 001 to 0 003. 
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If c IS the frequency at which the iron is magnetised, ^ e. the number 



0 2 h B s n n n isoooB 

Fio 304 — Hysteretio Bnorgy per Oyole os Pimotlon of tlie Induotioii 


of complete cycles the magnetisation passes through per second, the 
effective loss due to hysteresis will be 

= ergs per sec. 

= ricB^'^ watts 

The loss per dm^ is = r}cB^‘^lO~^ watts (1 07^) 
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In Fig. 305 curves are given which represent the hysteresis loss per 
dm* for one cycle per second in watts , « e 

as function of £ The curves are calculated for 17 = 0-0012 and 
9 ? = 0-0016 
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When we multiply and divide by 1000^® =63100 in formula (167a), 
we get the following expression for the hysteresis loss per dm®, which 
IS more convenient for osculation , 



where 0 -^ = 63177 

The above expression has been developed on the assumption that 
the hysteresis loss per cycle is independent of the rate at which the 
latter is completed. More recent experiments, however, shew that 
this IS not quite true. 

In comparing the magnetic conditions accompanying static magnetisa- 
tion with that due to alternating-current, the first difference we may 
mention is the eddy cfments set up in the iron in the latter case 
When the magnitude of the induction is rapidly vaned, em.f’s are 
induced in the iron which ^ve rise to currents whose directions are 
such as to tend to hinder the pulsations of the flux This has the 
effect of reducing the flux for a given magnetising current, or for a 

f iven flux a larger alternating-current is required than when the same 
ux is produced by continuous current In addition to this, the eddy 
currents produce a loss m the iron which is proportional to the square 
of these currents. 


109. Magnetisation by Alternating Current. Let the pressure 


be applied at the terminals of the winding on the iron ring shewn in 
Fig. 299, — then a current will flow-through the winding. This current 
IS called the magnetising current, and excites a magnetic flux ^ in the 
iron which induces an E M F. 6 in the winding, 


where 


e 




If r denotes the ohmic resistance of the winding, then we have 


If we choose the relations so that i and r are both small, we can 
write with close approximation, 




= - 6 = = >/2P sin 


whence 


P P 

= - ^/2 — cos ojf = — sm 

0 ) (D 




r-P 
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From tbs we see that when the apphed pressure p vanes in a sine 
wave, the flux ^ also obeys a sine law The flux, moreover, is seen to 
lag 90" in phase behind the applied pressure The maximum value of 
the flux IS 72i> P 

““ (aw cvd 4 44 cw’ 


where the pressure P is measured in absolute units 
effective terminal pressure P is measured in volts, 


^ = 


P 108 
4 44cw; 


maxwells, 


When the 


(169) 


P=4 44ci4?4>„u^i 10~® volts 0-^^) 


The induced E M F P is numencally equal to the terminal pressure 
P and directly opposed to it in direction , thus E lags 90" behind the 
flux 

We will now consider the case when the applied pressure is not 
sinusoidal, but is merely some penodic function of the time — the only 
assumption we now make is that momentary values taken 180" apart 
are numencally equal and of opposite sign The pressure curve will 
then only possess odd harmonics In this case the flux curve also will 
have no even harmonics, that is to say, instantaneous values taken half 
a period apart are likewise equal and opposite Since, in general, 

or ’pdi—wd^^ 


or, again, 



the curve for the flux as a functidn of the time is the integral curve 
of the pressure curve with regard to time If we integrate jp over a 
semi-penod and choose the limits so that the integi'al becomes a 
'nvaximum^ then we denote 



as the 'mean value of the periodic pressure — and this passes through 

a positive Jialf-wave m the time from t to # + where T denotes the 

time of a complete penocL Denoting the magnitude of the flux at 

T 

time t by and at time ^ ^ by then 

T 1 

# - P 

* maT *inln“ . -*■ uasii 


IS the largest increase the flux can pass through in a semi-period 
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Further, since from the above 




— 

mlu ^m*xj 


then is an absolute minimum and an absolute maximum of 
the flux. Then, we get j, 

^max “ "J ^ -^maanj 


where the pressure is measured in absolute units 


Since Y=- we get 


Pn>«m = 4cw;^„^J0"8 volts, (l7l) 

which IS quite independent of iJie waveshape. On page 217 the form 
factor of an altemating-ourrent curve was defined as the ratio 




effective value _ P 
mean value jPmeon 


For any wave-shape, therefore, we have the following expression ; 

P = 4f,cw^^l0'^ volts (172) 

For a sine- wave /, = 111, and by substituting this we get 
formula (170) 


B - +12000 


HQOQQ 


110. Magnetising Current with Sinusoidal E M P We again con- 
sider the magnetisation of the iron nng shewn in Fig 299, and assume 
a sinusoidal pressure is applied at the terminals of its winding We 
shall take the pressure drop in the winding to be so small that it is 
allowable to assume the induced H M F. at any 
instant is equal and opposite to the impressed 
voltage Then, as already shewn, the flux 
must also follow a sine law Now, to produce 
this flux # we need a magnetising current 
which alternates penodically with the induc- 
tion m the core. 

At any point of the sinusoidal flux curve 
or induction curve we can find the respective 
momentary value of the magnetising current 
from the hysteresis loop. We have shewn above 
that the area of this loop gives a measure for 
the energy which is necessary to magnetise the 
iron through one cycle This energy, which 
has to be supplied from outside by the primary 
no-load current, is converted into heat 

The curve of magnetising current, which we 
get from the hysteresis loop by calculating for 
a sinusoidal flux, is not sinusoidal and is 
unsymmetrical with respect to its maximum 
ordinate In Fig 306 a hysteresis loop is 
represented, whilst Fig 307 shews e the curve of induced E M F., the 
corresponding flux curve and Iq the curve of the magnetising current, 
which latter is obtained from Fig 306. 
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The curve of the magnetising current Iq can be split up into a first 
harmonic and a curve which contains the higher harmonics Let 
the effective values of these two curves be and respectively 


\ 



Fio- S07 —Determination of Ma^etiBlnff Current -with Slne-'vmve Proflsui'e by 
meanB of Hyetoresia Loop 


We draw the curve of applied pressure p= -e and analyse the sinu- 
soidal curve into a component h. in phase with p, and a component 
iijTL which lags 90° behind the applied pressure Since the current 
curve la is wattless with respect to the sinusoidal apphed pressure, the 
component ijjy will represent the total watt component of the mag- 
netising current, and the hysteresis loss is 

F Ii nr, 

where is the effective value of the current ii^y^ 
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The wattless component of the magnetising current is made up of 
the wattless component of the first harmonic I-iwLi of the effective 
value of the higher harmonics These components can therefore be 
substituted by an equivalent sinusoidal current whose effective value is 

The total magnetising current can now be replaced by an equivalent 
sinusoidal current whose effective value is I Written symbolically, 

where -^i w* 


Thus = .(173) 

Graphically, the magnetising current can be represented as shewn m 
Fig 308 Here F the applied pressure is set off along the ordinate 
axis, while the flux O is set off to the left 

along the abscissa axis The component F 

OA 

IS set off m the direction of the pressure 
and the wattless component 

in the direction of the flux The 
sinusoidal current /, which is equiva- 
lent to the magnetising current, is 
given in magnitude and direction by 
the vector OQ 

If we measure the consumed power 
the effective pressure P and the 

effective magnetising current 7, the vector of the equivalent current 
can be at once determined, for 

/ir=PTcos(90 - a) = P/sina = P7„., 

W 

sina = ^, 





Pia aoa— Diagram of Magnetising 
Current 


The angle a, by which the equivalent sinusoidal current of the 
magnetising current leads the flux, is called the hyst&rehc angle of 



The ratio 
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IS the admittance of the magnetising winding Similarly, the wattless 
component of the magnetising current is 

I = I cos (X = hl ^ , 

and the watt component of the same 

J^= Jsinas=:yP, 

where h denotes the effective susc^tance and g the effective conductcmce 
The hysteresis loss is then 

W=gP\ 

If we calculate the eflFective resistance and reactance corresponding 
to J and y from formulae 37 and 38, p 55, 

r = = 

_ b 

then r represents an effective resistance which is independent of the 
ohmic resistance of the winding This effective resistance equals the 
ohmic resistance which the magnetising winding would have if 
the hysteresis loss PT were consumed in the winding by the mag- 
netising current /, 

i.e W=Ih' 



and the effective reactance is 

If we assume — as above — that the ohmic resistance of the winding 
IS negligible, then P, I and W represent the measured values. 

In the above we have neglected the effect of the eddy currents 
These can easily be taken into account experimentally, for with a 
sine- wave pressure the flux and along with it the eddy currents vary 
after a sine-wave The eddy currents increase both the magnetising 
currents and the losses, and cause an increase both in the wattless 
component and in the watt component of the sinusoidal part of the 
magnetising current Consequently, nothing is altered in the calcu- 
lations and considerations as given above, when these eddies are taken 
into accounts and the same diagrams can be used for the experimental 
values obtained with alternating-currents The analytical treatment 
of eddy currents will be found m sections 111 and 112. 

In Fig. 309 the curve B represents the induction in dynamo plates 
of average quality in terms of the momentary values of the ampere- 
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turns per cm length of the magnetic path Curve AT gives the 
TRcuc/imv/in induction in terms of the effective value of the ampere turns 
per cm for sinusoidal magnetisation, curve AT. shews the effective 
value of the first harmonics, AT^^ the effective value of all the higher 
harmonics 
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111. The Eddy-Current Losses in Iron. When iron is magnetised 
by means of alternating currents, eddy currents are always set up in 
the iron Suppose a surface to be taken through the iron perpendicular 
to the direction of the induction, and let a closed curve be drawn in 
this surface, then along this curve an EMF is induced equal to the 
rate of change of the enclosed flux The currents thereby set up flow 
in a direction such that they oppose any change in the main flux, and 
dissipate themselves in heat corresponding to the energy they take 
from the magnetising current If the reversals in the magnetisation 
in the iron are caused by the movement of the latter in the field, the 
loss will be supphed by the mechanical force causing the movement 
In some cases, the losses are partly supplied from electrical and partly 
from mechanical sources of power 

The most effective means of reducing eddy currents consists in 
laminating the iron The laminations must run parallel to the Imes of 
induction 

In what follows, the eddy-current losses will be calculated in each 
case, on the assumption that the induction is uniformly distributed 
over the whole section. 
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Let the iron be made up of wires, and the induction, whose maximum 
value 18 be uniformly distiibuted over the section of the wire. In 
a nng of radius a;, the induced e M F will be then (see Fig. 310) 

* = if^cBirx^ 1 0“® volts, 

where denotes the form factor of the E M.P wave 

For a length of wire 1 cm, the resistance of the nng of thickness 

^ 1 X dir’ 

where p denotes the resistance per cm® of the iron expressed in ohms 



Fio 810 —Path of Eddy Ourrents in 
Round Wire. 



^ " = Stt/^c^ - B^xHx 10"^® watts 


The heating loss in the rmg is then 

J^-=87rfy- 

2iraJ p p 

From this we get the heating loss per cm length, 

watts, 


thus pfer cm®, 


10 -“ watts 


For the volume V, measured in dm® and d in mm, we have 






2 /5 r 100 looo; 


V. watts 


For soft iron, 
whence 


p = 5 10“® to 1 O'® ohms, 
o-^=0-l to 0-5. 


( 174 ) 



THE EDDY-CURRENT LOSSES IN IRON 


351 


Next, let us assume tlie iron to be made up of tbin plates Fig 311 
shews a section through a plate perpendicular to the lines of induction 
In a sheet of current 1 cm long, at distance x from the centre line 
of the plate, an K m.f is induced 

= ^ a;.10“®volts 

The resistance for 1 cm depth of plates (measured perpendicularly 
to the plane of the paper) is ^ ohms. The loss in a sheet of current 
1 cm long, 1 cm deep and of thickness dx cm is 

= f^B^dx 10-“ watts 


For the whole thickness of the plate the loss is 


El y = I 10-“ watts 

The loss per cm^ is therefore, when A is measured in cm, 

10““ watts 

6 p 

For a volume in dm® and for A in mm, we have 






“ 3 p V 100 loooy 


F. watts 


4 10-6 




.(176) 


(176) 


where ^ “y is the eddy-current coefficient of the plate. 

If we substitute p = 5 lO"® to lO"® ohms in the above, we get 
cr„ = 0-267 to 1 33 


112. Effect of Eddy Currents on the Flux Density and Distribution 
in Iron. In a piece of iron 
of circular or rectangular 
section (Figs 310 and 311) 
let denote the pulsating 
flux which the magnetising 
current would produce 
alone when no eddy cur- 
rents were present This 
induces an E M E in the 
shaded circuit, which — ^for 
a sinusoidal flux variation — 
can be represented by a vec- 
tor lagging 90“ behind the 

flux vector, as in Fig 312, 8 I 2 — Beaetdon of Eddy Ourrenta 
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The E M P e„ produces an eddy current which in its turn produces 
a flux represented by in Fig 312 The eddy-current circuit 
thus possesses inductance corresponding to the flux and lags 
behind 

The resultant flux of and is and we see that the effect of 
all the eddy currents is first to cause the resultant flux ^ to lag behind 
the magnetising current in phase, and secondly the flux is reduced 
from to 

Both the weakening and the lag of the induction is greatest in the 
middle of the iron, and decreases towards the surface, where it is zero 
Ob&rhedc <md J J. TJwmsmi have made calculations to determine the 
weakening of the induction m iron cores due to eddy currents (not as 
above, due to a smgle eddy) These calculations shewed that the 
weakening in very thin wires and plates can be entirely neglected, 
whilst with thicker plates the weakening rapidly increases with the 
thickness. This is best seen from a short calculation In a circuit of 
radius x (Fig 310) a maximum E MF 2Trc^„10"® volts is induced, and 
in a circuit of radius x + dx the maximum B M.F induced will be 

27rc -1- 2TrxJB^ dx)lO^^ volts. 

Hence in the outer circuit the E M F per cm length is larger by the 
amount dx\0'~^ volts. 

In order to get the induction from this, we must find a further 
relation between and B^ This is obtained from the fundamental 
principle of electromagnetism, which states that the induction -B, 
increases from the radius x to the radius x-{-dx by the amount corre- 
sponding to the MM.F of the current in the circular ring The 
maximum value of this current is 



where p is the specific resistance of the iron The increase in induction 
corresponding to this current is 

dBg . = 0 = 0 4:ir- E^dx, 

P 

where [jl denotes the permeabihty of the iron Passing to symbolic 
values and taking the phases of the different quantities into account, 
we get the two equations 

dE^=j27rcB„dxlO~^ 


and 


d£^= 


Substitutmg E^ from the second equation into the first, we get 


nf\ 0_9- P 1 A-fl U 
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This is a homogeneous linear differential equation of the second 
degree, whose solution is 

B = SiA^lO-afl; 

A and B are two constants which have the same value in this case, 
since has the same value, but of opposite sign, at diametrically 
opposite points at the same distance x. Putting further for 

a:=?, at the surface of the cylinder, we get 


.jO8Ti3c=10-fia:J 


B — ^(g>/-J0 8ir3c^lO-8j;_^^-^/-j0 8Ti3c^lO-fia:j 

■p ^ ( Ay-;0 8iA;^10-8r , -a/-^ 0 SiAf^lO-Bt J 

whence by division ^ 

Ay-j0 87A?^10-ax , 

B =B ^ ^ p » 

-/vZ-jO Bir2c^^l0-8i 




Since _ €*(cos x sin ft*) 

and we write for brevity ^ ^ 

the induction can be written 

€(i-^)A^ + €-a-J)A^« 

• * - ^«nux + g-(l -J)Kr 

R 7? (€A« + e-Aa;)cosAa;-j(€A»-e-AJ!)smXa; 

a — , max ^ J 

By companiig this expression with the formula on p. 133 for the 
distnbution of the pressure along a long line, we see at once that the 
induction from the surface to the interior of the cylinder follows a 
sine law 

The length of a complete wave is found from 

. o 2^ 10^ 

Afl3 = 27r or -Y" == “ 7 =^ 

A / ca 


Over such a wave-length the phase of the induction passes through 
360“ 

fSmce = TT-r^ = — dx, 

0 4:7r/i p 

the eddy currents are propagated in the iron according to the same 
exponential law as the induction. 
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For an iron plate (Fig 311) the same differential equation for is 
obtained, and consequently the same flux distribution over the section 

as m a cylinder In this case x and ? = ^ do not represent radii, but 

the distances of the respective points or surface from the centre of the 
plate 

Fig 313 shews the magnitudes of the flux distribution over a plate 
for different thicknesses of plates at c = 100 An idea of the alteration 
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in the phase of the induction throughout the plate is obttLined by 
rpmembenng that the wave-length for 100 , /x = 2000 and p = 10 "'’' is 


10 ^ 104 

I GfL s/Olx 100 X 2000 X 10® 

yWp 


= 0 224 cm = 2 24 mm 


Thus at the centre of a 2 mm plate the induction is displaced 
360" • ^ 

2 -^= 160 " in phase from that at the surface The induction at 


the surface only corresponds to the effect of the external magnetising 
forces, which we suppose in this case lo act uniformly over the whole 
length of the cylinder or width of the plate. If we ascertain the 
greatest mean value JS^^ean of the flux density which can exist at any 
instant^ this must be less than the mean value of the amplitudes of the 
induction at the ditferent sections, as found from Fig. 313 In Fig 314, 
the ratio of the maximum mean value to the maximum induction 
IS plotted as function of the plate thickness for c=100 From 
the figure it is clearly seen that with a plate 1 mm thick only about 
56 % IS utilised, and with J mm plate about 95 % The 1 mm plate 
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therefore would only increase the flux in the ratio of 65 to 47 6 with 
the same maximum induction This a^ees with J J Thomson's 
statement that a thick plate does not conduct an alternating flux of 
100 cycles any better than two thin plates each of J mm thickness, 
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z.e the total permeance of a thick plate at this frequency only equals 
that of the two outside layers of I mm each For this layer a simple 
formula can be obtained, which gives fairly accurate results for plates 
of high permeability When A, is very large, can be neglected 
compared with Then we get 


2 

A Ja; = 0 

A 

^ W I "max A 

€ ^ 


dx 


25.n.x 


Coming back to the absolute values 

B„ 


B = 


V2A.7J 


or 


2 VIA.’ 
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whence it follows that the thackness of the equivalent plate, instead of 

A 1 W l^p 

-?r, IS only 0 = —7^ cm 

2 A.\/2 \ Cji 

For c == 100, /X = 2000 and /) = 10“® we get S = 0*253 mm, which agrees 
with Thomson's investigations. It is also clear that the induction 
rapidly decreases towards the intenor since €-‘^ = €“‘-^’>■ = 0 0019, where 
a? IS a wave-length, i e the amplitude of a magnetic wave is reduced to 
a two-thousandth of its value for every wave-length completed towards 
the intenor of the iron 

For the eddy-current loss it follows that at a given mean value 
induction is increased on account of the unsymmetncal 
distnbution of the flux In electromagnetic machines, however, such 
thin plates are used that the induction is almost uniformly distributed 
over the whole core, whence it is admissible to calculate the eddy losses 
by means of formulae 174 and 176. 


113. Effect of the Frequency and Other Influences on the Iron 
Losses. If the induced effective emf ^ in an electromagnetic 
apparatus is constant, then 


cB 


j^lQs 


= constant 


Now, from equation (179), the eddy-cuneiU loss is proportional to 



(178) 


From this it follows that the eddy-aa'n ent loss is p qm tional to the sqnme 
of the effechve Muced E M F vnd^end&tithj of the f eqimmi aiul waveshape 
of the latter 

This only holds, however, up to a certain value of the frequency, 
when the mduction becomes unsymmetrically distributed over the 
section 

The hysteresis loss is, from equation (167), proportional to 




(179) 


From this we see The hystmesis loss is inv&i'sely piopmtioml to the 
0 6^ pow&i' of the fi equency 

The greater the frequency the gmaller the hysteresis loss (for the 
same pressure), and up to a certain limit this holds for the total iron 
losses As the frequency increases a point is reached lioyond which, on 
account of the unsymmetncal distnbution, the eddy losses increase 
faster than the loss due to hysteresis decreases 
Further, it is held that, in addition to eddy currents, there are yet 
other differences between static and alternating magnetisation Max 
Wien has attempted to shew experimentally, in Wiedenumns Amialen, 
Bd. 66, that the so-called Tmgmtic vm tia or viscosity at rapid reversals 
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causes a decrease in the permeability and an increase in the hysteresis 
loss per cycle at a constant maximum induction Thus, a similar effect 
IS ascribed to magnetic inertia as to eddy currents To prove this, 
Max Wien took care to make the eddy losses quite negligible in every 
respect, whilst the experiments were undertaken throughout with 
sinusoidal e M F.’s and very different frequencies From Figs 316 and 
316, based on Max Wien^s experiments, it is easily seen that the flux 
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Fig 816 — Bliortouliig of the HystoroBia Loop duo to Iiioroaslng Froquonoy 


at rapid reversals cannot quite follow the magnetising force, conse- 
quently the hysteresis loops under these conditions appear different 
from those taken with slow changes 

At the close of his paper. Max Wien writes as follows on the 
relation between magnetic after-effect and inertia “Whilst inertia 
becomes noticeable with flux variations completed within ^ 

second, the magnetic after-effect does not begin before a lapse of 
several tenths of a second (Klemencic-Martciis). This after-effect is 
greatest for weak fields, where the differences of the penneability and 
hysteresis loss at the various frequencies are scarcely noticeable 
These differences attain their greatest value at maximum permeability, 
at which point the magnetic iSter-effect vanishes On the other hand, 
there are several analogies between the two phenomena — chiefly the 
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dependence on the diameter of the wire magnetised and the decrease 
with the hardness of the iron ” 

Like magnetic inertia, other magnetic phenomena can also be ex- 
plained by Ewing’s molecular theory 
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Vihatton decreases hysteresis loss. This is especially so with soft 
iron au4 weak fields 

The conviction is now fairly general that the hysteresis loss depends 
much more on the physical nature of the iron than on the chemical 
P^emire mcreases the hysteresis loss and decreases the permeabihty, 
even when the force is removed 

Mmdey found that a pressure of 270 kg per cm^ caused an increase 
of 20 % in the hysteresis loss ; on removing the pressure, the loss sank 
to its onginal value 

In one and the same plate, the hysteresis loss varies from point to 
pomt, and this vanation may amount to 28 V Near the edge and 
perpendicular to the direction in which the plate has been i oiled, the 
loss IS greatest, and in the inside portion parallel to this direction the 
loss IS least 

Laym's of omlatimi on the plate, which have a low permeability, lead 
to an increase in the hysteresis losses Iron plates are annealed to 
reduce hysteresis loss The latter, plotted as a function of the 
annealing temperature, gives a curve shewing that minimum loss 
occurs at 950“ C. When we come above this annealing temperature 
the loss curve nses rapidly At higher temperatures the plates may 
stick together and be destroyed 
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Up to about 200“ C , tbe hysteresis loss is almost independent of 
the temperature, whilst between 200" and 700“ C. the loss decreases 
from 10 to 20 % 

With continuous heating, however, the hysteresis loss increases — this 
process is known as age/mg The higher the annealing temperature, 
the more pronounced does this property shew itself 
The curves in Fig 317 were taken by ^ E Fmd au four different 
transformers of 1 to 2 K.w The transformers were fully loaded during 
the whole of the experiments Ford maintains that ageing can be 
reduced by rapidly cooling the red-hot plates. 
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Mauermann * investigated a number of plates with respect to ageing, 
some of which were annealed at 700-750" C and the remainder at 
950-1000" C Those plates which were annealed at 950-1000“ C 
shewed a noticeable increase in hysteresis loss after one week’s heating 
at 56" C , whilst the plates annealed at the lower temperature shewed 
little change After bemg heated at 77" 0 for a fortnight, the latter 
plates still shewed little change, whilst the increase for the plates 
annealed at the higher temperature remained about the same 

Consequently, on account of ageing, it would seem that the annealing 
temperature should not be too high 
The investigations of a committee on Hysteresis appointed by the 
V&ihaml thuthch&i EleUwtechmk&} gave the following results {E 2\Z 
1904, p 501) 

1 After lying m the temperature of the laboratory for some months, 
some transformers shewed a higher loss coefficient t than on entering , 

*ET Z 1901, p 861 t Total iron loss m 1 kg at c = 50 and B= 10000. 
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on the contrary, the loss coefficient of the testing-transformer, kept at 
the temperature of the room, shewed no change duiing the months’ 
continuous experiments, so that it appears the loss coefficient got worse 
at the beginning when the iron was brought into the laboratory 
temperature and then remained constant 

2 Only one plate shewed no signs of ageing — all the others shewed 
a tendency to this, which was moie marked with the 0 35 mm plates 
than with the 0 6 mm , in general, the ageing is very small (3 to 8 %), 
with the exception of one plate, which was found to be iion-homogeneous 
on delivery In this case the loss increased 25 % 

3 Marked ageing, on the other hand, was observed in the alloyed 
plates, and was found to be larger m those with 2 % A1 (33 %) than 
in those containing 1 % A1 (15 %) 

4 An increase m the loss due to hysteresis was always the cause 
of the loss coefficient becoming worse (i] getting worse by 47 %), 
whilst the eddy-current loss in general remained constant and iii the 
alloyed plates rather decreased (12 to 17%) The figures obtained 
from static methods— in so far as could be expected from the un- 
certainty of the separation— agreed in general with, those olitained by 
wattmeters 

From recent experiments by Do E Kolhen, on the influence of 
silicon on the ageing of iron, it appears that this phenomenon of ageing 
disappears rapidly as the amount of silicon increases, until with iron 
containing 3 6 % of silicon it vamshes almost entirely 

The waveshape of the p^essm e, like the frequency, has no effect on the 
eddy-current loss at low and moderate frequencies At high frequencies, 
however, the eddy losses are larger when the pressure curve deviates 
from a sine wave, because the higher harmomcs cause larger eddy 
losses than the fundamental. From formula (182) it is seen that the 

hysteresis loss varies inversely as 
^ the 1*6*^ power of the form factor 

^ Since peaked piessure curves have 



the largest form factors, the 
hysteresis loss is smallei foi such 
than for flat-shaped curves lliis 
follows also fiom the fact that the 


iff 

60 



maximum induction B is propor- 
tional to the area of the pressure 
curve, whilst this area is inversely 
proportional to the form factor for 
the same effective value Conse- 


quently, the maximum induction is 
/ i{t p i,^ e inversely proportional to the form 

^ T 4 .T, « factor and the hysteresis loss to 

Hysteresis Lossos the 1 powci’ of the foim factop 

To give an idea of tho influence 
of the wave-shape on the hysteiesis losses, the latter have been calcu- 
lated for various form factors as a percentage of the hysteresis losses 
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foi a sinusoidal pressure, assuming the applied E M F. constant in 
every case The results are plotted as a curve in Fig 318 

It seldom occurs that a pressure curve has a form factor greater 
than 13 to 1 35 , with such a wave shape the hysteresis loss will be 
reduced some 25% Such highly peaked curves, however, are a 
disadvantage in other ways — especially on account of the heavy strain 
placed on the insulation In addition to this the eddy losses are 
increased with peaked curves, so that they are not so efficient with 
regard to the iron losses as indicated by Fig 318. 

114. Flux Distribution m Armature Cores. In most electrical 
machines the iron is not continually magnetised and demagnetised 
in diametncally opposite directions, 
but the induction often remains more 
or less constant, whilst its direction 
rotates Such a magnetisation occurs 
m the armature of the foui-pole 
dynamo in Fig 319. A rotating 
induction of this kind can always 
be split up into two components 
perpendicular to one another. 

To determine these components, we 
start with the assumption that the 
induction at the surface of the arma- 
ture IB sinusoidally distributed, — a 
field thus distnbuted is called a sine- 
wave field To calculate the flux 
distribution inside the armature, we Pm 3i9 —Flux oistHbution lu Pom -pole 
can suppose that magnetic charges Annaturo 

exist on the surface of the armature, the density of which 

varies after a sine wave These magnetic masses exert magnetising 
forces H in the interior of the core, in accordance with the law of 
magnetic potential — these forces cause the magnetic induction B, 

R Rudenberg* has calculated the components of this induction from 
diflPerential equations of the magnetic potential, on the assumptions 
that the permealnlity (jl of the plate is constant at all points and 
in all directions, and that the distribution of induction is not affected 
by eddy currents. 

In polar co-ordinates, the radial component is 

and the tangential component 

h^ = {Ai ^ + Bi “^)sin^</), 

* E T Z 1905 and R Riidenbeig, Eimqie der Wiihchb Ume Saminluiig ehctr 
Voi trage (Stuttgart), 1900 
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where ^ is the numbei of pole-pairs in the machine and ^ and B two 
constants These are obtained fiom the limiting conditions for the 
inside and outside radius 


(!)?=?„ 

( 2 ) } =?•„, &,=^,cosi></>, 

assuming a sine- wave flux distribution Bi in the gap 


Hence follows 



and 



If we change u and these formulae hold for machines Avith rotating 
poles. In Fig 320 the flux distribution in the machine in Fig 319 is 
shewn, as calculated by Eudenberg from the above fomulao. 



Fio 820 —Flux Dlati-inutlou in Poiu polo Ai-niiitiu e 


From the fomiulae it is seen that the induction at every point of a 
revolving armature is made up of two components, one of which vanes 
with cos^i<^ and the other with 8iap<t> If the 2p-polar annature 
revolves at n revolutions per minute, e.m p/s will be induced in the 
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amaature conductors at a frequency ni) per 
second Further 


minute or c = ^ cycles per 




■go" 




where t is the time in seconds taken by the armatuie to rotate through 
the angle , hence 


2)cj,= 


“6^ 


t = ^ird == (iiL 


The two components can therefoie be expressed thus 

cos oitj 
h^ = B^ am mt, 

and the resultant induction can be represented by a vector OB revolving 
about 0, as in Fig 321 
The angular velocity of this rota- 
tion IS vanable, and its average is to 
The extremity B of the rotating 
vector moves over an ellipse (elliptic 
induction, elhptic rotary field). Near 
the external surface of the armature, 

Br = Bi and 

D a ' U D 
'a ' i 

hence, for i, = 0, or when -p is very 
large, at the surface where r = 7„, 
we have 

B,^B^=:B, 

At the internal surface of the amiature, where ?=?i, then Br = l) 
and i+p^-i 

P — P ^ ^ 



Whilst the radial component always decreases from the outside to 
the inside surface of the core, this is only the case for the tangential 
component when the number of poles is greater than two The 
ellipses, after which the induction vanes, become flatter the deeper we 
go into the core At the interior surface it becomes a line, because 
the induction here vanes in diametrically opposite directions, as in a 
transformer core The ellipse only becomes a circle m the theoretical 
case when the inside diameter is ssero, and only the induction at the 
outside layer of such an ai mature follows a uniform rotation like a 
circular vector (perfect rotary field) Assuming that the molecular 
theory of magnetism conesponds to the physical phenomena in iron, 
we see that the molecules have the tendency to rotate when the 
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armaturo lotates, the mean velocity corresponding to the fiequency of 
the E M F ’s induced m the armature winding 

If the field m the gap is not a sine wave, the flux curve can be 
analysed by Fouriei’s Senes into its fundamental and higher hamionics, 
and the calculations repeated for each field By superposing the 
inductions due to the several fields, we get the resultant flux distnbu- 
tion in the armature Naturally, the fields with the largest numbeis 
of poles penetrate the least distance mto the core, 

If j; IS very large or equal to oo , the equations assume the folloiving 
forms when rectangular co-ordinates aie introduced The tangential 
component becomes 

T 


and the ladial 


= -Be /cos-il’, 


when T IS the pole-pitch and A and B two constants which aie found 
from the two limiting conditions 

{V) y=h, K=0, 

( 2 ) y=0, b,=B,ooB^x. 

T> 

We then get ^ ^ , 


B = 




-2-h 
1 -€ ’ 


TT?' 

1i IS the core-depth. Thus, in the first formulae, = u and 

The last formulae give an insight into the flux distribution in the 
laminated pole-shoes of a continuous or alternating-current machine 
with open or semi-enclosed slots in the armaturo On the mean 
induction B^ a magnetic wave, with its maximum value B„ opposite 
the teeth and its mniiraum value - i>„ opposite the slots, is supeiposed 
(Fig 322) 

At a depth ^ = -i = T, the magnetic waves have practically vanished. 
Since they are here reduced to 

rT’' = r’' = 0 0435, 
le 4^ % of their original value 

The two assumptions on which we have based all our calculations, 
VIZ, that the peimeabihty is constant throughout, and that the eddy 
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currents do not affect the flux distnbutiOD, are not always quite true. 
Since, however, the peimeability inci eases towards the iiiteiior, the 




Pia 822.— Flux PuUatioBS In tbe Gap, duo to Slot-openlngB 


induction inside will be somewhat larger than that given by the 
formulae The eddy currents have ]ust the opposite tendency, and 

strive to keep the flux to- 

wards the exterior Figs 
323 and 324 shew the dis- 
ti’ibutioii of the flux in 
a smooth-cored and in a 
toothed armature These 
pictures of the lines of force 
are reproduced from photo- 
graphs taken by Jv M 
Thm-nton^ earned out by 
the method due to Hele- 
SJlo/w, Hay and FowelL The 
method is based on the fact 
that the fundamental equa- 
tions for the magnetic hues 
of force agree with the 
fundamental equations for 
the flow in two dimensions 
of an ideal — i e. frictionless 
and incompressible — fluid 
A perfectly frictionless 
fluid does not exist, but 
it IS sufficient to take an 

* Electrician 1905/06, p 969 Pxa 324 , — Flux Diflti’lbutlon in a Toothed Arraaturo 



Pm 823 —Flux Dlfltrihutioii in a Smooth corod 
Armature 
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ordinary liquid flowing in a very thin layer between two parallel 
surfaces By forcing a coloured bquid id streaks between two parallel 
glass plates, Hele-Shaw and others succeeded in producing stream lines 
which agreed with the lines of force in a magnetic field The coloration 
of the hquid was obtained by forcing an aniline dye into the liquid 
from a tube containing a large number of fine holes at small equal 
distances from one another — thus forming sharply-defined stream lines 
of extraordinary regularity 

Further, it can be proved that the velocity of the fluid under like 
conditions vanes with the cube of the thickness of the layer This 
fact gives a smtable means for producing a mechanical analogy for the 
various permeances of the several parts of the current path. The parts 
of the one plate which is to represent the air-gap are covered with a 
layer of wax, and the other plate is brought so near to this that only 
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a minimum gap is left between them ; if, for instance, this gap was a 
tenth of that at the part not covered with wax, the “permeability” 
would be reduced to a thousandth The liquid used was glycerine, 
which was led in at one pole and out at the other As shewn by the 
photographs, the paths of the “ lines of force ” correspond exactly with 
those obtained from comphcated calculations 
In the calculation and construction of diagrams of the lines of force 
it IS best to make several pictures of the lines of force by estimation, 
split these up into tubes of force and calculate the permeance of the 
tubes Since the path of the hnes of force is always such that the totfil 
flux is a maximum, the diagram fflving the greatest permeance can he 
taken as the best It is often well to draw in the equi-potential lines 
^ the flux, and^ from these obtain the position of the lines of force 
This IS only advisable, however, in cases where the equi-potential lines 
l^n at once be drawn more easily and accurately than the hnes of force 
If we have now the figure of the lines of force —as, for instance, between 
the pole surface and armature surface in Fig 325~and have found 
that this possesses the largest permeance, we then pass on to calculate 
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exactly the flux between the pole and armature surface 
Aj. of a tube of force is r 

A ^ 

'""-o-ss; 


The permeance 


where is the mean width and the mean length of the tube of force. 
The breadth of the tube perpendicular to the plane of the paper is 
assumed to be 1 cm If the ma^ietic potential difference between the 
pole and armature surfa.ce is the flux in the tube in question 

will be , 


and the flux density at the armature surface 


a.“0-8aA’ ■ 


.(180) 


Since the tubes always enter the iron at right angles If the flux 
density has to be found at a point in the gap, then must be divided 
by the part of the equi-potential surface at the place in question, which 
IS cut by the tube of force In this way, the flux in all the tubes and 
the flux density at any point can be fomid with fair accuracy 


116. Iron Losses due to Eotary Magnetisation, (a) The eddy 
Giment losses in the iron with rotary magnetisation are obtained by 
simply adding the losses produced by the two components of the 
induction. 

If the iron is magnetised by a pure rotaiy field, then — — 

and we get just double the eddy losses obtained with a linear 
alternating magnetisation to the same value B 



Fig S30 — Diatributiou of Eddy ciii-reiitB duo to Rotating; MdgiietiBatlon 

Starting from the formula in Section 114 for the flux distribution, 
li Budenh&ig has analytically investigated the eddy currents in 
revoLung armatures and obtained the interesting result that the stream 
lines of the eddy currents are identical -with the lines of force of the 
magnetic field except 'at the boundary surfaces where the currents 
are reversed. The current distribution is illustrated by Fig. 326 
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For the eddy-cnrreut losses, Rudeubeig obtained the same formula 
as above 


W„ = <r„{h 


c 

100 1000^ 


watts. 


Here -5ineaii=^^z mean tangential induction m the neutral 

zone where Z),.=0 Only the eddy-current coefficient for rotary 
magnetisation is larger than for linear magnetisation, and, as seen from 
the following formulae, depends largely on the armature dimensions 
For a rotating armature, we have 


h\^ 


TT® irh 


-('-ir 


(181) 


For 00 , t,e for a flat armature surface, 


7r2 

o'„ = -;r 


h 

TT - 
T 

taiih — 

T 


(182) 


and for hollow armature cores such as stators. 



(183) 


In Fig 327 the values of cr„ for different numbers of polos are 

h TT^ h 

plotted as functions of -• All these curves start from ~ for - = 0, 

corresponding to alternating-current magnetisation Bi-polar rotating 
armatures have the lowest eddy-current coefficient and bi-polar stator 
cores the largest These formulae are deduced under the assumption 
of uniformly distnbuted induction over the width of each plate and for 
constant permeability /x These assumptions are only partly correct, 
so that the eddy losses are always somewhat larger than those gven 
by the formulae These losses are further increased by the filing, etc , 
done in bmlding the core, so that the experimental values of the eddy- 
current coefficient usually he between 6 and 10, and in continuous 
current machines may be still higher. This is largely due to the fact, 
that in addition to the eddy losses in the armature plates there are 
also the further losses m the pole shoos, duo to the teeth passing over 
A similar effect is produced m an induction motor These losses must 
of course be separated, as will be shewn ni the latter part of this 
section 
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(b) With respect to the hysteresis loss due to rotary magnetisation 
(so-called rotary hysteresis), uot many investigations have been made. 
As shewn, the iron molecules in a revolving armature strive to rotate 
at a frequency c correspondmg to the mean angular velocity w, but are 
prevented from foUowmg the magnetising force by the fnction between 
them and the neighbouring molecules rotating in the opposite direction. 





4/ ^ ^ 4^ 0,1 9,8 0^ i,o^ 

Pig 827 — Halation of Eddy .cun ant OoolHolant o-^ to Core Depth with Dlffoiont 
Nuinbera of Poles 

Consequently, losses occur here which ajwwt are not necessarily equal 
to the hysteresis loss due to alternating magnetisation, for in this case 
the magnetismg force does not alter in direction but only in stren^h. 
The most recent researches, however, shew that the hysteresis loss 
with rotary magnetisation has about the same value as alternating 
magnetisation for low induction up to about 10,000 At higher in- 
ductions, on the other hand, the hysteresis loss is somewhat smaller than 
with alternating magnetisation Yanous wnters have even asserted 
that the rotary hysteresis loss reaches a maximum at flux densities of 
16,000 to 20,000, and then at higher values falls off very rapidly to a 
very low value It has been attempted to explain this phenomenon by 
means of Ewing^s molecular theory, but neither the explanation nor 
the expeiimeiits seem to be free from objection The hysteresis 
losses obtained with alternating magnetisation in formula (168) are 
therefore generally used directly for rotary magnetisation also, and 

calculated for the mean tangential induction Bf. 

TTII 

AG 2a 
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(c) Losses in Pole Shoes With a slotted annature the induction over 
the surface of the pole shoe is not constant, but vanes along a wave 
corresponding to the teeth and slots When the annature revolves, 
the maxima and minima of this wave move over the pole shoe, so that 
at any point in the latter the induction pulsates at a frequency corre- 
sponding to the number of teeth Z moving across the pole per second. 
Aa a consequence of this, eddy currents are induced in the shoes having 
Zn 

the frequency = gQ and penetrate to a depth h, where the induction 

IS constant The direction of these currents is such as to damp the 
oscillations of the flux, that is, they exert a screening effect and are 
therefore chiefly confined to the surface of the shoe , below the surface, 
they are rapidly damped out 

the pole shoes are laminated, the eddy-current loss due to the 
teeth can be calculated from formula ^176) for ^ = oo. It must be 
remembered, however, that the gap density must be replaced by the 
amplitude of the flux pulsations at the surface of the shoe and the 
pole pitch T by the half slot-pitch The depth of the laminations is 

taken as for if they were deeper, this would have but little effect 

on the calculation, since the magnetic waves— -as shewn — are practically 
damped out at this depth Thus, in a pole shoe of length I cm, width 

h cm and depth cm, the eddy-current loss wiU bo 


since 


Here 
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and the frequency 


100^; 


where v is the peripheral speed of the armature in metres per second 
Inserting these values 


1000/ 2000;r’‘iJ 

“ 120^ To 1000 j * 

where I, h and are in cm and A m mm 


( 184 ) 
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The hysteresis losses are approximately 


( -Sn \ 
‘lOOVirlOOGy 
_ o-A V ( B„\ 
~400ff lOUOOOy 


^ watts 


U) "vvatts 


In this formula, as in the earher, the flux distribution is taken as 
constant over the whole plate For most pole shoes, however, this 
does not hold, partly because the plates are often 1 mm or more thick 
and partly because the frequency c,^ lies between 600 and 1600 The 
thickness 8 of the equivalent layer of a plate in a pole shoe, where 
c= 1000, p= 10”® and /a = 2000, is 

5 = — = cm = 0*08 mm, 

TT v0*8c„/x 407r 

thus being much less than half the thickness of the plate In such 
cases the values obtained from the formulae are too low It is seen, 
however, that it is extremely important not to use too thick plates for 
pole shoes It is therefore of interest to calculate the eddy losses in a 
solid pole shoe and compare these with the losses in laminated shoes 
For this calculation we shall use the method given by Rudenberg in 
the UTZ 1905, p 182 

The magnetic wave entering the shoe will again be represented by 

7 73 

h 

In each element at the surface of the pole shoo and parallel to the 
axis, the E M F induced per cm length is 

ey, = vb^lQ'~^ volts, 

where v is the peripheral speed of the armature in m/sec This e m f. 
produces an eddy current near the surface 

i„ = f2. = »^10-«amp 
P P 

In section 112 it was shewn that the eddy currents are propagated 
in solid iron m accordance with the exponential function where 


_ Stt 

' loWio 


t 

lOp 


a constant depending on the iron, and y the distance of the point in 
question from the surface 

Hence the general expression for the eddy currents can be wn tten 

i,, = - cos ^ 35 10”® 

P *1 

We take now the expression %,pch, which represents the loss due to 
eddy cun’ents in the element of volume dv, and integrate over the 
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surface of the pole shoe t-J, It is conveuieiit to exteud the integration 
with respect to y to oo, but the magnetic waves do not extend even 
a wave length into the iron , we then get the total eddy-current loss in 
a slot pitch , 




dx ^ dy[ 
Jo Jo Jo 

Jo Jo Jo 




hence 


<1 

2 2A.’ 


Integrating over the whole polar arc instead of over a slot pitch 
we get the total eddy-current loss 

^ U ,, 


, — hi watts, 
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where h, I and are m cm and v in m/sec 

As seen, this expression differs considerably from that for laminated 
shoes. They are in the ratio 


1 5!!}-» 


6 6A2 / 

(lo) — t-'r 


w 


to one another 

For A = 0 5 mm, ^^ = 2 cm, ^j = 20 m/sec , /a = 2000 and p= 10“^ this 
ratio becomes 


66x 0_62 / 20 X 2000 
2 '\1 2x10^x10 


= 0*116 


In this case, therefore, the losses in the laminated polo shoos are little 
more than one tenth of those in the solid pole shoos To o])tain this 
result, however, the plates of the laminated shoes must not lio more than 

2S = 0 16 mm, for c„ = ^^^^=1000 cycles per second 

Since these thin plates are not practicable, the odd}^ losses in the 
actual laminations will have a value between the above 
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116. Testing and Fre-detemination of Losses in Iron Stampings. 

For investigating iron, the apparatus should be arranged so that the 
mafflietic circuit is entirely composed of the sample to be tested. 

In the standards of the Ve^hand D&idscJi&t EhUiotechmk&i the arrange- 
ment shewn in Fig 328 is proposed for the testing of iron plates 


1 



Fia 828 —Apparatus for Testdug Iron Stampings. 


The magnetic circuit is made up of four cores each 500 mm long, 
30 mm wide and at least 2J kg in weight The several plates are 
insulated from one another by tissue paper The cores are held in 
position by wooden clamps and at the junctions separated by a 0 16 mm 
strip of presspahn Special care is to be taken that the coies are strictly 
in line, correct position being detected by minimum noise and minimum 
magnetising current The exciting coils are wound on presspahn spools, 
on each of which there are 150 turns of wire of 14 mm^ section 
The stampings — according to these instructions — shall be taken from 
a sample of four lots weighing at least 10 kg From the total losses 
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measured hy the wattmeter, the loss in the winding is to be deducted 
m order to obtain the iron loss JV^ Fiom fonnulae (168) and (176), 
the total iron losses are • 

The coeflBcients o-j, and o-^ can be found by expeiiment, by testing 
the sample at a constant induction B with alternating-currents and 
variable frequency c For this purpose we have only to maintain the 
excitation of the generator constant and vary its speedy for then the 
E M F. vanes in proportion to the frequency and the flux remains constant. 
The losses measured by the wattmeter are then divided by the volume 
of iron to obtain the loss per dm®. These values divided by their 
respective frequencies c are plotted as functions of the induction B, 
and must — according to the above equation — give a straight line 
The intercept of this straight line on the ordinate axis equals 

vTOOO j ’ ^ point on the straight line aliove 

this pomt of intersection with the ordinate axis is 


ca-J ^ . 
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In Fig 329 the above-mentioned lines have been determined for 
0 5 mm dynamo plates at the inductions J5=:6000, 10,000 and 16,000, 

and the values of and o-„ cal- 
culated from the same are given 
j This method of separating the 

hysteresis and eddy losses is 
based on the assumption that 
' the hysteresis loss per cycle is 
~ independent of the frequency 
Z' i This IS not, as we have seen, 

strictly correct, for the same 
increases somewhat as the 
frequency increases Conse- 
quently, by this method of 
separation the eddy-cun’ent 
loss will appear somewhat 
greater, and the hysteresis loss 
somewhat smaller than is actu- 
ally the case But in any case 
Fin 320 —Sepal Loasea by Frequency tho method enables US tO See 

what part of the losses is 
proportional to the frequency and what part to the square, which 
m of importance for pre-determinmg the losses and obtaining 
the coefficients and cr„ experimentally Further, wo have seen 
that the eddy currents — especially at high frequencies — cause a non- 
uniform distribution of the induction over the section of the plates. 


c 
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In consequence of this, the hysteresis loss will be further increased 
with increasing frequency, which appears as an increase of the eddy- 
current coefiScient (r„ in the above separation This coefficient, therefore, 
will generally be found considerably greater when determined by this 
means, than when it is deduced from the thickness and permeance of 
the plates If the paper between the plates does not insulate properly, 
or if a direct path for currents from plate to plate is made during 
erection or construction, as is often unavoidable in practice, the eddy- 
current coefficient may be stiU further considerably increased 

The total loss in watts in a kilogram of iron at an induction of 
10,000 and frequency of 50 is called the speafic loss of the iron 
Assuming a specific gravity of 7 77, the iron tested in Fig 329 has a 
specific loss of 4*1 

A-coordmg to Ewing, the best result obtained by him was from iron 
having the following composition 

Carbon 0 02 % Phosphorus 0 02 % 

Sihcon 0 032 % Sulphur 0 003 % 

Traces of manganese Iron 99 926 % 

This iron ages considerably, however By adding 3 % of silicon or 
aluminium it has recently be found possible to produce an iron, in 
which the hysteresis loss is less than that of the best Swedish iron 
This iron is also consideiably less affected by ageing. The permeabihty 
of such an alloyed iron is, however, lower than that of ordinary iron, 
and likewise its mechanical strength 

Since such alloy plates have 4 to 6 times the electrical resistance 6f 
ordinary plates and therefore smaller eddy losses, they are particularly 
suitable for transformers and other electromagnetic apparatus with large 
iron losses and poor cooling. 

For the specific loss the Bismarck hutte — whose plates are largely 
used in Germany at the present day — guarantees 

Ordinary plates - - - 3 6 watts per kg 

0 6 to 0 7 % Sihcon Alloy - 3*2 „ 

3 0 to 3*6% „ - 18 

The composition of alloy plates is usually as follows 

Carbon 0*03 %, Phosphorus 0 01 %, 

Silicon 3 4%, Sulphur 0 04 %, 

Manganese 0*3 %, Iron 96 2%, 

and they have a specific resistance of 0 6 ohm. 

117. Oalculation of the Magnetising Ampere-tnms with Continuous, 
and Alternating-Current. To calculate the ampere-turns in a magnetic 
circuit excited by direct current, we divide the magnetic circuit into 
parts made of the same matenal and having approximately a constant 
induction Starting, for example, with the value of the flux in the 

first part, we find the induction where is the mean section 
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of this part Similarly, the induction at another part — 

V® ^ox 

where denotes the leakage coefficient of the part x with respect to 
part 1. We now need the magmtisatimi cm ves of the respective materials 
These curves give the inductions B for the difFeient mateiials as functions 
of the ampere-turns aw per cm length of the magnetic path Such curves 
are detennmed by the above-mentioned ballistic meaaui'ements, or 
by means of some form of permeameter, and take no account, 
therefore, of the effect of hysteresis The error hereby introduced is 
usually not considerable In Fig 330 the magnetisation curves for the 
commonly-used magnetic materials of average quality are given 

The permeability of good cast steel is independent of the amount of 
carbon present up to 0 25 % of the latter. Above this value the steel 
becomes harder both mechamoally and magnetically and its permeability 
rapidly decreases 

Let etc, denote the values of the ampere-turns per cm 

length, as given by these curves, for the inductions B^, etc , in the 
several parts, then for the whole magnetic ciiciiit we have the total 
ampere-turns ^ ^ ^ 


where L^, etc , denote the lengths of the several parts 

If we carry out this process for a number of values of the flux 
we get a curve shewing as a function of ATf, (cp magnetisation 
curve or no-load characteristic of machines) 

The calculation of the magnetic circuit with an alternating flux, as 
in the case of transformers Or induction motors, is quite similar 

Here we have usually the r)um7mm value of the sinusoidal alternating 
flux either given or assumed, whilst the effective value of the magnetising 
ampere-turns or current is to be calculated Further, this effective 
value has to be split up into an energy or watt component and a wattless 
component If the magnetic circuit is made up of seveial paits, the 
problem cannot be solved accurately, unless we have the hysteresis 
loops for the several inductions in the various parts. From tliese the 
hysteresis loop for the whole magnetic path could be calculated point 
by point and the curve of magnetising cuiTent found, similarly to that 
shewn in Fig 307. 

Since this method is much too roundabout for practical purposes, it 
IS better to use the following approximate method 

On a test-ring of the particmar material, as shown in Fig. 299, with 
various applied pressures P, the effective current I and consumed 
watts W are measured. If the pressure is sinusoidal, 


A _ 108 


and the maximum induction 


P 108 
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Fio S30 — Magnetifiatloii Curves for a Armature Stampings , b Cast Steel , 0, c, Oast Iron. 
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whore Q equals the section of the matenal The effective value of the 
magaetisiiig ampere-tump per cm leugth of the ring is 



where is the mean leugth of the iing 
Further, the watt component of the magnetising current is 



and the watt-component of the corresponding ampere-turns per cm 

, I„w Ww 
i,. -fl: 

The wattless component of the magnetising cuiTent and of the 
corresponding ampere-turns per cm length of the magnetic path are 

slT^=^af -ail 

In Fig 331 the values of a/^^and at^j^ are plotted for different values 
of B at 50 cycles per sec The curves are taken for iron plates of 
various quahties and thicknesses, curves I and II being for dynamo 
plates 0 6 nun and 0*35 mm thick, and curve III for alloy plates 
0 33 mm thick 

To calculate a magnetic circuit for alternating-current, the procedime 
IS similar to that for a circuit excited by continuous current After 
the circuit has been divided into parts of the same material and with 
approximately constant inductions Rj, etc, then, by means of the 
curves, we can get the watt ampere-turns ATj,^ for the whole circuit 

Yj. jjr= -f- ai 1^3X2 + , 

and likewise the wattless ampere-turns 

AT, + • . (188) 

The resultant ampere-turns are then 

= . ... (189) 

By this method, we not only take into account the effect of magnetic 
hysteresis, but also the influence of the eddy-current losses on the 
magnetising current. 

The calculation of the watt ampere-turns is quite accurate, since 
these are simbsadal and give the total watts lost in the circuit 

=^r*,^4 44c4>„^„10“8 watts 
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The calculation of the wattless ampere-turns in the whole circuit by 
summing up the wattless ampere-turns in the«^several parts is not quite 
exact, since these components contain higher harmonics which have 
different relations to the fundamental in the seveial parts This 
method, therefore, gives a somewhat too high value for the wattless 
ampere-turns, especially when strongly saturated iron is in series with 
feebly saturated or ^vith air. 
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The error can lie reduced somewhat by splitting up the ampere-turns 
at^j^ into a fundamental at^^L and a component ata comprising the 
higher harmonics The latter is found fiom the equation 

= n/ — {oil 

In Fig 332 the curves for ati and at^, are calculated for laminations 
of the material used for curve I, Fig 331 

Similarly, as in the above, we can now calculate from the curves for 
the whole magnetic circuit 

A: IFi = irz, A + oil + • > 

ATaji = otaiLi + atfi2L2+ . , 

whence = + 

and AT, = ^ATl,+ATl^,=slArt^+ATl,,, + AT^^ . (190) 

At the present time, plates with low losses are usually used for 
static transformers, which make it possible to work at high densities 
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In these special plates, however, saturation is usually reached com- 
paratively early, so that the magnetising current quickly becomes 
distorted On this account, in the diagram of such transformers, the 
magnetising current cannot be considered sinusoidal, and therefore 
cannot be added geometncally to the sinusoidal load curieut in the 
ordinary way , but, as shewn above, the sinusoidal part of the wattless 


Bnodo 

^29 
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Fig 882 

component of the magnetising current must first be added directly to 
the wattless component of the load current and then the components 
of the higher harmonics at 90" to these geometncally added, in order 
to obtam the total wattless component of the primary current supplied 
to the transformer By means of this accurate procedure the wattless 
component of the primary current will appeal* smaller than the sum of 
the wattless components of the magnetising current and the secondary 
load current, which is usually the one calculated The error introduced, 
however, by the latter simple method is generally negligible 

118. The Magnetic Field in a Polyphase Motor. For the sake of 
simplicity we will consider the actual case of a symmetrical two-pole 
three-phase induction motor. The stator coils of the three phases ore 
displaced from one another by 120" in space To the three phases the 
following symmetrical pressures are applied 

i^n = Pmnx sin (w + - 1 20"), 

!Plll = P max Sin (wjf — 240"). 
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These pressures produce the following fluxes, which are interlinked 
with the windings of the three phases 

^1= -^nu^cosHn-^), 

^II = - ^mui cos (wif + j/' - 120"), 
and cos ((ot+\p- 240") 


These fluxes are displaced by 120" in space, whilst in time they 
succeed one another after one-third of a complete period 

The resultant flux in a direction x, which encloses the angle x \vith the 
perpendicular to the coils of the first phase, can therefore be written 

-^ma^COS(W+^-ai). 


Suppose the direction x rotates with the angular velocity cu, then we 
can write / 

X = Xq-\- Oif, 


and we get cos - x^), 


.(191) 


IQ the fim ahiig m am 'i evolving mth the angulai velocity of the (nment is 
constant Such a field is called a rotary field 
If we take the mitial position iCo = ^ 

instant ^ = 0 is a maximum in the direction jTq, then this direction x 
corresponds with the maximum flux at every instant 
Hence, in a •polyphase motm we ha/oe a constant flux rotating with a 
constcmt angular vdoaty o), the direction of flux coinciding with the 
perpendicular to the coils of each phase at thq instant when the 
pressure of the respective phase is zero The flux distributes itself in 
the gap in practically a sine wave over the amature periphery 

To calculate the magnetising current in each phase, the effect of all 
three phases in producing the common rotary field must now be taken 
into account. Consider, for example, the instant when the flux is a 
maximum in the first phase, then the resultant magnetising ampere- 
turns along the perpendicular to the coils in this phase are also a 
maximum and equal 

^ ^inax = cos 0" -f- l^W COS 120" -f- W COS 240", 


and this -i4!r,„ax has to produce the maximum flux density Bi in the 
gtip along the perpendicular to the first phase w equals the number of 
turns per pole and phase Since the magnetising currents are practi- 
cally wattless, ii IS a maximum, since the phase pressure is zero at this 
moment Hence, we have 


A = w j^ 4 ,„ coa 0 ° sin ^ + 7„„x cos 1 20 “ am (| + 3 ’r) 

+ cos 240“ sin 1 ir) j 

= -^inas ^ (cos^O" + cos^ 1 20" + cos^ 240") 
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that IS to say, the magnetising current per phase required to produce 
the rotary field in a three-phase motor is only 4 of the current required 
to produce an equal alternating field by means of a single phase 
For an ?i-phase motor we should have 

=/nii«^fcOa20‘’ + COS2— + COs2^+ + COS^ ^ ^ ^ 

\ n n n J 


-- I 


(192) 


Eence m an n-phase motoi, the magmtising mireni in each phase lequiied 

2 

to p9 ocluce the rotanj jielcl is only ^ of the magmtmng mirent ? eguii ed to 

pi'oduce a coii espondmg altetnating field. 

In a two-phase motor, where n = 2, 




In this motor the total flux is produced by one phase when the flux 
IS a maximum along the perpendicular to this phase Suppose the two 

phases of the two-phase motor produce 
alternating fields bi and of the same 
maximum density J?,, which are dis- 
placed by 90® both in space and time, 
then, as shewn in Fig. 333, these combine 
to produce a rotary field of constant 
intensity Bi From the above it is clear 
that to produce a rotary field, t'wice as 
many ampere-turns are needed as to 
produce an alternating flux Whence it 
follows further, that a single-phase 
induction motor at no-load (1 e. running 
light) takes twice the magnetising 
current that it takes at rest, since at 
rest an altematmg field is produced, and when running a rotary 
field. ^ 

If the three-phase motor is wound for 2p poles, the rotary field will 

again move over a double polo-pitch in a period, — thus through -th of 

a revolution Hence the rotary field in a 2j}-pole motor moves p times 

more slowly than in a bi-polar, 1 e at the speed - With the same 

magnetic reluctance per unit-tube of flux, the 2;j-pole motor requires 
p times the magnetising current that the bi-polar takes, since there 
are p times as many fields to produce 
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THE FUNDAMENTAL PRINCIPLES OF ELECTROSTATICS. 

119 The Eleofcrio Field 120 Capacity 121 Specific Inductive Capacity 
122 The Energy in the Electric Field 123 Electric Displacement. 

119. The Electric Field (a) By the term “ eleotnc field ” is under- 
stood a space where electno forces can be observed The electric field 
has several properties m common with the magnetic field, though in 
several points, on the other hand, there is a marked difference For 
example, the total quantity of magnetism in a magnet is always zero. 
With bodies in electric fields this is not always so , a body, for example, 
may contain only positive electncity, in which case it is said to be 
positively electrified or charged. Electrically-charged bodies produce 
in their neighbourhood an electric field, which becomes weaker the 
further we go from the charged body The repelbng force exerted on 
one another by two small bodies carrying the charges q-^ and in air 
or in vacuo can be calculated from Coulomb's Law • 

. .(193) 

where ? is the distance in cm between the bodies If the charges are 
expressed in electrostatic units, the force K will be given in dynes. 
In the electrostatic system of units, therefore, the electnc quantity or 

charge has the same dimensions as the magnetic quantity 

in the electromagnetic system of units If we have an electric charge 
-h 1 in an electric field, it will be acted on by the mechanical force / 
This force / is termed the eledrtc field-sU ength, and has the same 

dimension as the magnetic field-strength in the electro- 

magnetic system of units 

As in a magnetic field there are magnetic lines and tubes of force, 
similarly in an electnc field there are electnc lines and tubes of force 
An electric line of force is defined as a line such that its tangent 
at any point coincides in direction with the field-strength The 
number of unit tubes of force passing through a surface of 1 cm® 
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perpendicular to the direction of the force is taken as niiraerically equal 
to the field-strength at the respective point 

(b) Every point in a constant electnc field possesses a potential At 
any point in the field the potential is 

P = 2?, .(194) 


where q denotes the electric charge of a point at the distance ? from 
the point considered. The summation has to be extended over all the 
electnc charges m the field 

If we calculate the woik A done when the electnc charge -i- 1 at 
distance 7 j from the charge q-^ is removed to infinity, we have 



The work A is thus equal to the potential of the charge q-j^ at a 
distance Since this work is independent of the path s over which 
the unit charge is conveyed, the potential wiU be 


P-hds^[-f.ds 

Jri Jeo 


By difiTerentiating, we get the field-strength in the direction s 


/.= - 


ds 


.( 195 ) 


equal to the fall of potential in this direction. From this, the potential 
difference between two points A and B is 

Pa~ P a=^ ftds 

A surface perpendicular at all points to the direction of the field- 
strength, and hence the locus of all points having the same potential, 
18 called an eqm-potential surface The earth^s potential is usually 
taken as zero, and in this case the potential of a point can be calculated 
as the work done in moving positive unit charge from earth to the 
point considered 

(c) Gauss and Gheeiis Tlieoiem The total flux </> leaving a closed 
surface Fis equal to 47r times the sum of the electric charges q inside 
the sphere This theorem can be directly deduced from Coiilomli's 
Law Symbolically p 

-^ = J (196) 

where /„ is the normal component of the electric field-strength, diicctcd 
outwards, on the elemental surface dF^ and the integral is taken o\^oi 
the whole closed surface F 

Inside a solid conducioi, maintaining eqmlih'mm, the elect) ic jield-siioiglh 
f is evei'ywheie z &)0 Thus if the closed surface is placed inside a con- 
ductor where /=0 everywhere, then 2^ = 0, le no clcciiimUj tan cni 
inside a charged conductou The electricity inside the conductoi raiitually 
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repels itself to the surface, where the total electncal charge of the 
conductor is therefore located The q'u-anhty of ehchi/ydy per unit of 
surface w called the surface deimty cr of the eUctnc chaige 
On the element of surface dF the charge is 

dq = (rdF. 

If a closed surface — as shewn in Fig. 334 — is placed very near to 
the elemental surface dF, then as the electric field-strength inside the 
conductor is zero, and from Gauss’s Theorem we have 


or 


j /’„di^=/rfF=47rS<7=47ro-f?F 

/=47r(r . (197) 

Hence the electric field-strength at a point near the surface of a 
charged conductor is 47r times the surface density From this it follows 
that the surface of a conductor forms an equi-potential 
surface, and that the electric lines of force leave the 
surface perpendicularly when it is positively charged, 
and enter perpendicularly when it is negatively charged. 

The positive and negative charges form the termini of 
the tubes of electric force 

(d) The electric field-strength at a point in the 
surface of a conductor is not equal to the field-strength 
at a point just outside 

Just outside the surface, both the electric charge 
O’ dF and all the other electric charges on the conductor 
exert their effect , hence we can put fa=f\+f%i where the field-strength 
/j IS due to the charge xrdF At a point on the surface, the charge 
o-dF exerts no force /g, so that the resultant field-strength here is 
/n=/i At a point ] list inside the conductor the charge o-dF exerts 
the force ^ /g, directed inwards, since the point is on the opposite side 
of the surface element Since the electric field-strength inside a con- 
ductor IS zero, then f=f^-f^ = Q^ i.e /i =/2 = ^/a- Consequently, the 
electnc field-strength at a point on the surface is 

/()=T/a = 2’ro- 

In a field of this intensity there acts on every unit of surface havmg 
the surface density tr, the mechanical force 



Pw 334 


A-/o(r-27ro’ 


(198) 


which IS always directed outwards, and is known as the electrostatic 
icrismi Its presenpe can be observed by electrifying a soap bubble, 
which grows lar ggi^jaii finally bursts 

If the conductor is a solid body and the electrostatic tension becomes 
too high, the conductor will discharge itself into the air. At ordinary 
atmospheric pressure and tempeiature, such a discharge occurs when 
J5 l = 400 to 500 dynes This tension corresponds to a mercury column 
of 0 3 mm 
A c 


2b 
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The distribution of the surface density o- over the surface is usually 
non-uniform On a conductor removed from all other conductors, it 
only depends on the shape of the surface , the density at any point is 
inversely proportional to the radius of curvature at this point The 
greatest density, therefore, is at points and edges of the conductor, so 
that the discharge occurs first m these places 

(e) Electnc conductors are not only charged with electricity b^’^ 
direct contact, but also by electrostatic induction If a conductor is 
brought into an electric field, then negative charges will collect on the 
part of its surface where the lines of force enter the conductoi and 
positive charges where the lines of force leave. TJie aJgehi aw; mm of ilia 
cJiaiges of eledmity thus poduccd is always z&io» 

To protect a body against static induction it can be enclosed in a 
conducting cover No lines of force enter the hollow space, thus the 
conducti^ cover acts as an electric screen against all external electric 
forces This property is employed in electrostatic measuiing instru- 
ments. In the interior of a hollow conductoi^, no electricity can exist 

120. Capacity. By the capacity (? of a conductor is understood 
the ratio of its charge 0 to its potential P , hence 

Q^OP (199) 

Since the potential P = 2?, capacity has the dimension of a length 
in the electrostatic system of units 

(a) If the electric charge Q is concentrated at a point, then the 
electric field-strength at a distance p is 


and the potential P at the point in question is found from 

dP 


P= ® + const 


Since P = 0 when p = co, the constant disappeais, and the potential is 



Since P = constant for surfaces at the same potential, p is constant 
tor such surfaces Hence the eqm-potential surfaces are sphoi es .ibout 
the charged point as centre Considering the space enclosed by one of 
these spheres when the enclosing cover is metal, then the whole chaigc 
Q passes to the surface without the electric field being affected in any 
way For, from Gauss’s Theorem, the total flux 0 through the several 
equi-potential surfaces is not altered , this is 


^ = 4:7rQ = 4:7rpf, 
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and the surface density on a spherical surface is therefore 

4:7r iirp^ 16‘7r^p^ 


The potential at the surface of a 
sphere of radius r and charge Q is 
thus 

P = ^ ( 200 ) 

Hmce, it follows that in air the 
capacity of a sphme eqmh its lachus 
Inside the sphere the potential is every- 
where zero, irrespective of whether 
the sphere is hollow or solid 

Consider a straight line of infinite 
length (Fig 335) with the charge Q 
per unit length The field-strength 
due to it at a point distant p from 
the straight line is 



Fio 836 



Qcda 



^os “ ^ 

p p 


(201) 


The potential at this point is 

P= -|/dp= -|^tZ/Q = const -2Qlog,/) 

The equi-potential sui faces also satisfy the equation /d = const here, 
1 e they are cyhndeis about the straight line as axis. Suppose again 
an equi-potential surface to be metallic, then the charge Q will pass to 
this metal cylinder, without affecting the electric field The electric 
flux for the length I of the cylinder is in this case 

</) = ^ttQI = 47r/o*^ I = ^irplf 

Ji 


and the surface density is 

47r 477/5 277/0 87r‘^/oZ 

The potential and capacity of an infinitely long cylinder cannot be 
expressed m finite teims, since there are no limiting conditions for the 
constants Later, however, we shall return to special cases 

Lastly, we can consider an infinitely large plane with the surface 
density cr, the field-strength at a point near the plane is /=27r(r, 
since half of the 47 ro- lines per unit surface go out perpendicularly 
on the one side, and the other half on the other side On the surface 
itself /o = 0 
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(b) To calculate the capacity of a line, it la best to proceed as 
follows We start from the assumption that the conductor has a 
certain charge and calculate its potential by finding the work 
necessary to bring + 1 charge from infinity or earth to the conductor 
The path along which this is done is, as mentioned, immaterial 

As an example, we shall calculate in this way 
the capacity G of a cylinder of diameter 2o 
(Fig 336) and length I surrounded by a co-axial 
earthed hollow cylinder of inside diameter 2i2 
The hollow cylinder has zero potential, and the 
potential of the internal cylinder is the work 

pp=» 

-fclp, which IS required to convey unit charge 

Jp=i2 

from the outside cylinder to the inside. For a 
very long cyhnder we had 

where Q = charge per unit length , hence 

P= f -^dp= -2Q(\og,i -log.7f>) = 2(?loge^, 

Jp=7i P ’ 

and the capacity 0 of the two cylinders is 

nJQ- J_ 

B' 

21og.y 

In a Similar manner we find the capacity of a sphere of radius q 
concentncally surrounded liy a hollow spheie of inside radius E Heie 



( 202 ) 




A? 


Hence the capacity G= “ = 


Q R'i 


This may bo very different / — 






P li-r 

from the capacity of a sphere removed far away from other 
bodies The charge on the inner surface of the hollow 
sphere equals the charge Q on the surface of the inner 
sphere. 

If a surface F having the charge Q placed opposite to an 
earthed surface at a distance 7‘, the field-strength between 
the two plates is everywhere constant (Fig 337), when the 
surfaces are large compared with the distance r The 
direction of the field is normal to the plates, and its strength is 


^—2 


Pin 337 


( 203 ) 
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At the surface of the charged plate the field-strength /q is only one 
half, since here only the charge of the earthed plate can produce a 
component of force ^ thus 

/(, = 2r<r=V- 


The potential of the chaiged plate is 



and the capacity of the pair of plates 

n Q-Z. 

P~i:vr 


( 204 ) 


Such systems of two conductors having large surfaces a small distance 
apart are called condensms^ the two conductors being termed the plates 
of the condenser Condensers are used for collecting large electric 
charges by means of moderate potential differences. 

In all practical condensers, the plates are so near together, that they 
always receive the same charge, which depends only on the potential 
difference applied to the plates, and is wholly independent of external 
influences such as the presence of strong electnc fields or other 
condensers Usually the plates are made of tin-foil, whilst the dielectric 
consists of paraffin-wax paper or thin mica sheets Eecently, high- 
pressure condensers with glass tubes and metal plates— similar to 
Leyden ]ais — have been placed on the market 

Tlie capacity C of a cmideiisei is nvmencally equal to the diarge Q which 
collects on one plate when tt is i aised to unit potential^ the other 2 date being 
eaithedy or in other words, when the potential difference between the 
plates IS unity If several condensers are placed in parallel, each 
assumes a charge proportional to its capacity and to the common 
potential difference, and the total charge of all the condensers equals 
the sum of the charges of the several condensers 2'hus the capacity of 
condenses mpamllel equals the sum of the capacities of the several caudens&ts, 
when these are independent of one another If several condensers are 
placed in series, they will all assume the same charge Q, and the 
potential difference F between the first and last will be divided 
between the several condensers in inverse proportion to their capacity 


Thus, 







~0 


whence it follows that the reciprocal value of the capacity of several 
condensers in senes equals the sum of the reciprocal values of the 
capacities of the several condensers 

(c) We have seen that when other bodies, e g the earth, are in the 
neighbourhood of a conductor, the capacity of the latter alters Every 
body at zero potential which is brought into the electric field of the 
conductor in question raises the charge of the latter, and thereby 
increases its capacity. 
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Maxwell defined the capacity of a conductor as the ratio of its charge 
to Its potential, the potential of all ueighbounng bodies being zero, as 
when they are earthed If there are several conductors etc, 

with charges Qj, etc, m the electnc field, the potential at any 
point equ^ the sum of the potentials assumed by the same point when 
each conductor receives its charge separately whilst the others remain 
uncharged We have thus a superposition of the electric effects. 

If the first conductor has the charge whilst the others remain 
uncharged and insulated, the potentials of the couductors /vT^, iTg, 
will be respectively 

PiiQii FijQii etc, 

where ^12, etc, are constant magnitudes depending only on the 
position and dimensions of the conductors These constants are known 

potential coefficients If conductor la charged with the quantity f?,, 
whilst the others remain insulated and uncharged, the conductors will 
have the potentials 

Hence when the conductors have simultaneously the charges (Jo, 
etc their potentials will be 

-^1=^^1161+^^2102+^^31^3+ 1 

A=i?126l+i^2269+i?J26j+ . I . (-^05) 

From these equations, we get 


61 ^i-Pi + ^i^a + + 1 

6 a = ^ 2-^1 + ^ 2-^2 + + r ( 306 ) 


The magnitudes c are functions of the magnitudes p, and like the 
latter are determined by the position and dimensions of the condiictois 
The magnitudes c are called capacity cocfficioih^ when the two sufhxes 
are the same, or simply, the respective capacities Thus is the 
capacity coefficient or the capacity of the conductor Aj, C22 similar 
coefficient for conductor iTg, and so on The magnitudes c, wheic the 
two suffixes are different, are called the mutual capacity cjocfficicnh of the 
respective conductors. In this case = Thus Cjo is the mutual 
capacity coefficient of conductor ATj relatively to conductor A'g, and 
so on 

From the last senes of equations, it follows The cnpacihi m the 
capacity coeffici&ni of a conducta' is equal to the quantity of electi laty possessed 
by the cmdudm when its potential equals unity, the potential of all othei 
conduct(yi*s being za 0 

The mutual capacity coefficient of a coiuluctoi Ki relatively to a conducts 
eqrials the quaMy of eled'i'icity which collects on when all othci conducfr/is 
exc^t have zero potential whilst the coiuliictor is hi might to unit 
potential 
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If the conductor K-^ is charged positively whilst the remaining 
conductors in the field are earthed, the lines of force from conductor 
pass into these conductors and away to earth. Obviousljr, lines of force 
cannot come from the other conductors, since no point at a lower 
potential exists in the field Consequently, there can be no positive 
charge on any of the other conductors. The sum of the negative 
charges on the earthed conductors, therefore, can never become numeri- 
cally greater than the positive charge on the conductor K-^ From this 
it IS seen that the mutml capacity coeffi^Us must always he negative (m' 
and that the sum of the mutual capacity coefficients is numerically smaller 
than {m at the most equal to) the capacity coefficient 

(d) To determine the capacity coefficients experimentally, the method 
given by Professor Schleiermacher* can be used with advantage 
All conductors except the are earthed, and the capacity of 
the IS then measured , from the above definition this equals the 
coefficient c^^^ Similarly, we proceed with all other conductors, 
whereby c y, equal to the capacity of the y^^ conductor, is obtained 
If now all the conductors with the exception of the and are 
earthed, whilst these two are joined in parallel, we shall not get the 
capacity as would be the case with parallel-connected inde- 

pendent condensers, but a capacity c^a,+i/) since both conductors mutually 
affect one another. If we form the system of equations (185) for the 
two conductors x and y under the assumption that all the remaining 
conductors are earthed whilst they have the same potential P, then 

and Qy ~ ^^{x+p) 

By eliminating and from these three equations, we get 

If = as in independent condensers, then = which 

indicates that the two conductors x and y induce no charge on each 
other 

It follows further that the three capacity coefficients of tAvo con- 
ductors can be determined expeiimen tally by three capacity measure- 
ments For three conductors six capacity measurements are necessary 
and for n conductors (1 -h 2 -i- 3 -t- -^n) measurements in order to find 

all the coefficients 

If one of two conductors acts as a screen to the other, as in two 
concentric spherical shells, then the lines of force go partly between 
the two opposing spherical surfaces and partly lietweeii the external 
spheiical suiface and the outside space The latter lines are only 
piesent, however, when the outer conductor is charged Hence the 
outer conductor possesses a capacity equal to the capacity of the 

*ET Z 1905, p 1043 
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inner sphere increased by the capacity it would have if the internal 
conductor were not present With two spherical shells with radii 

^2 respectively (Fig 338 ), the 
capacfty of the inner shell is 



and of the outer shell, 

Cs}2 = ^l 


Ri — ^2 

Hi-' ) 2 


From this the mutual capacity coefficient is 

1 (iRi 

and ^(1+2) “ 2 c 22 + C|i + “ ^2 “ “ -^^2 

If the outer shell is charged, a charge will collect lioth on its inner 
and on its outer surfaces, when the inner shell is earthed On the 
surface of the inner sphere there will then exist the same charge as on 
the inner surface of the larger shell. 

(e) The formulae ( 206 ) for calculating the capacity are inconvenient 
in many practical cases Thus in transmission lines, for example, in 
which there may he several conductors supported by the same poles, 
each conductor can possess a different potential In this ease it is 
complicated to calculate the charge on a conductoi from formulae ( 206 ) 
Hence we define in general the effective cxupacity of a corulucioi m the 
latio between its charge and its potential 

Since the effective potential of a conductor depends on the potentials 
of the other conductors, both the capacities and potentials of the othoi 
conductors must always be given The capacity? of a conductor can 
then in general be found in the same way as above, by calculating the 
work done m moving unit positive charge from earth to the surface of 
the conductor. 

In calculating this work, not only the charges on the conductor, but 
also all electnc charges in the field must be taken into account 

By way of example, the relation existing between the effective 
capacity and the capacity coefficients will now be shown in the calcu- 
lation of the charging current of a double-lino of a single-phiiao 
alternating-current system with earthed neutral The potentials of 
the two lines with respect to earth are^^ and wheie 

1 D 

2h= 

The charges are 

?1 = Cj + Cji Pa = (Cj 1 - Cj i) ^ Siu (ot, 

^ 2 ^ ^ 22^2 ^ 2 Pl ~ " (^22 " ^2) 2 
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and the charging currents 

j 

^ = (^1 “ ^ 21 ) 5 ^maxCOS = ^ C'l COS (02(, 

H “ “ ~ (^22 ~ 2) 2 ” 9 ^2 COS Ojf, 

whore <^1 = ^11 “'^12 ^2 = ^23~^]2 j effective capacities of each of 

t>ho two conductors 

If the neutral point of the system is not earthed, the same current 
= i will flow in the conductors and 



*1 = (Ci 1 - ^1) W A max COB (at = (tiCj COS Co^, 

= - (^22 - ^ 2 ) ^^2, max cos 0)^ = - inC^P^ max COS (ot, 

whence 

^{Pl max A max) COS 0)^ = ^ ^ 

or 


where C is the effective capacity of the double-line Since 


C 6j Cij Cjg ^23“ ^12 

it follows 

C= 1 “ 2 ) (^22 “ ^ 3 ) 

^11 + ^22 “ 2^13 


111 calculating the effective capacities, however, it is not necessary to 
first determine all the capacity coefficients, but the effective capacity is 
calculated for the actual conditions, as will be shewn in Chap XXI 

121. Speciflc Inductive Capacity Until now we have assumed 
that the conductors are surrounded by air. If some other insulator 
(solid or fluid) other than atmospheric air is brought between the 
plates of a condenser, it is invanably found that the capacity of 
the latter is increased Even in air the capacity is somewhat — although 
very little — greater than in a vacuum 

(a) The ratio of the capacity of a condenser, in which the space 
Id et ween the plates is filled with an insulator, to the capacity of the 
same condenser when this space is occupied by air (or is a vacuum) is 
defined as the specific inductive capacity of the respective insulator 
Since the insulator m this relation is often called the dielectnc, the 
above ratio is frequently referred to as the dielectnc constant of the 
particular dielectric 

In what follows, we shall denote this constant by e. 

*With ordinary gases, € differs only very little from unity, and can 
therefore be taken as unity for all practical purposes 
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All solid and liquid dielectncs have dielectiic constants greatei* than 
unity 

In the following Table, the dielectric constants for solid and liquid 
dielectncs in common use are given The values vary within 
fairly wide hnuts — owing to the fact that the mateiials were of 
different composition and were investigated under different physical 
conditions 


Ether . . . - 

- 

- 

3 4—4 7 

Ethyl-alcohol - 


- 

24 3—27 4 

Amyl-alcohol - 

- 

- 

15 

Aiiline - - - 

- 

- 

7 1 

Benzine - - - - 

- 

- 

1 9 

Benzol _ - - - 

- 

- 

2 2—2 4 

Methyl-alcohol - 

- 

- 

32 7 

Olive-oil - - - - 

- 

- 

3—3 16 

Ozokent oil - 

- 

- 

2 16 

Paraffin oil - - - 

- 

- 

1 9 

Petroleum 

- 

- 

2 

Rape seed oil - 

- 

- 

1 47 

Castor oil - - - 

- 

- 

4 53 

Carbon disulphide - 

- 

- 

1 7—2 7 

Turpentine 

- 

- 

2 2 

Water (distilled) 

- 

- 

76—82 

Xylol - - - - 

- 

- 

24 

Ebomte - > - - 


_ 

2 1—3-1 

Ice - 

- 

- 

30 

p, /heavy, easily fusible 

1 light, difficult to fuse 

- 

- 

2 0—5 0 

5 0—10 0 

Mica _ - _ . 

- 

- 

5 0—7 0 

Rubber - - - - 

- 

- 

2 35 

Vulcamsed rubber - 

- 

- 

2 5—3 5 

Gutta percha - 

- 

- 

3 0 — 50 (usually 42) 

Impregnated paper or jute 

- 

- 

43 

Colophonium - 

- 

- 

25 

Manilla paper - 

- 

- 

1 8 

Marble - - - - 

- 

- 

60 

Paper impregnated with turpentine 

- 

2-4 

Paraffin - - - - 

- 

- 

2 3 

Porcelain - - - - 

- 


63 

Shellac . - - - 

- 

- 

2 75 

Sulphur - - - - 

- 

- 

40 

Silk ... - 

- 

- 

1 6 


As the temperatuie increases, the dielectric constant deci oases 
Thus if Cq denote the dielectric constant at then at f wc have 

C = G '\'(l (^0 — ^ ) 
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For the following substances the values of a are 

Mica (between 11“ and 110°) 0 0003 

Ebonite ( „ 11“ „ 63“) 0 0004 

Glass ( „ 17“ „ 60“) 0 0012 to 0 002 

Benzol and Toluol 0 0035 

In the case of some media, the dielectnc constant depends on the 
strength of the electric field 

(b) If 6 IS the specific inductive capacity of the dielectric, the 
potential difference of a condenser is, for the same charge, oidy 

~ times that of the potential difference in air 

Smce (from Eq. 195) 

it follows that the strength of the elective field / in a dielectric, foi 
a given charge, is only - times as large as in air Two electnc charges 
g'j and when situated in a dielectric, repel one another with a force 

.. .. (308) 

c 



If wo represent the field-strength in the dielectnc hy hues of force, 

the number of lines leaving positive unit of electiicity is — 

Between two parallel conducting plates with the surface charge cr, 
and separated by a dielectric, the fielistreugth is 

(209) 


where P denotes the potential difference between the plates 
The force acting on unit suiface of either of the plates is 


, 2iro-2 c P2 


( 210 ) 


If the surface densities <r are given, the attraction between the plates 
IS therefore inversely proportional to the dielectnc constant On the 
other hand, for a given potential difference, the attraction between 
the plates is directly proportional to the dielectric constant 

The capacity for F cm^ of the effective surface of a system of plates 
in a plate condenser is 


F 


( 211 ) 


where € = dielectnc constant of the dielectnc, — that is e times greater 
than in air 

(c) Gauss's equation (182) for a closed surface sui rounded by a 
dielectric will be P 

el f,^dF^i^^2q (196a) 
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We shall now consider the boundary surface, F, between two dielec- 
trics I and II (Fig 339) having the dielectric constants and €3 

The positive diiection of the field-strength f is assumed to be from 
dielectric I to dielectric II 

It can be deduced from the pnnciple of the 
S f conserv^ation of energy, just as in the case of a 

^ magnetic field, that the tangential component 

( of the electric field-strength is continuous in 

\ \ passing through the surface F, het fu and 

) denote these tangential components at two points 
very near to one another, but on opposite sides 
of the boundary surface , then 

Fia 83U 

Now consider the normal components /i„ and/y,* of the electric field- 
strength at two such points Imagine an extremely short cylinder 
placed perpendiculaily to the sui'face F with the points at the centres 
of its end surfaces (see Fig 339) These end surfaces are parallel to 
the element dF of the surface considered and both have the same 
area as dF Let cr be the surface density on the element, then 

ea/2« dF - €3/1,, dF^ 4:7r<r dF , 

€ii/2«-€i/i„ = 47r(r 

If the sui face is uncharged (o- = 0), then 

42 = -^ (212) 

/2n ^1 


Thus, in passing from one dielectnc to the other, the normal com- 
ponents of the electric field-stron^h vary inveisely as the dielectnc 
constants of the two dielectncs Thus 

we have an analogous law for electnc e 

hues of foice to that for magnetic / ! j 

Similarly, termini of the electric lines 
of force occur at the boundary sui’face, 
which appear to give electric charges ^ 
to the surface 

Fig 340 represents the transition of 
electnc lines of force from one medium 
I to another medium II having double 
the dielectnc constant One half of 
the lines terminate at the surface, the d I 

other half pass out at an angle which Fia 340 

is inclined to the normal, such that its 

tangent is twice that in medium I. A horizontal plane a — h cuts 
the same number of lines of force per unit of suiface 111 both media 
A vertical plane c — d in medium I will cut twice as many lines per 
cm^ as a vertical plane e—fm IL 
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At the boundary surface of the two insulators theie will be an 
apparent electnc surface charge, whose density <t, will be given by the 
following equations 

/2n "/ln= 

whence = 

Let an insulator be brought into an insulating medium of smaller 
dielectric constant, then where the electric lines of force enter, there is 
an apparent negative, and where they leave, an apparent positive 
surface charge Such an apparent electnc charge is called the injkience 
elect'iiatij of the insulator It corresponds to the magnetic surface 
charge of paramagnetic substances, and vanishes as soon as the insulator 
IS removed from the electric field It disappears also when the in- 
sulator IS divided into two parts while in the field, the one part 
containing the positive and the other the negative apparent charge, 
and the individual parts are removed out of the field. The same 
holds also for the magnetic surface-charge 

On the other hand, a conductor retains its charge in the latter 
case 

(d) By the term indmimi flux through an element of surface dF^ we 
mean the magnitude 

d<l> = efJF, ( 213 ) 

where /„ denotes the electric field-strength normal to the elemental 
surface The ratio 



can be defined as the imluchm or jfolamahon in the direction normal to 
the surface element dF at the place considered In air or vacuum the 
induction coincides with In dielectrics, b is always greater than /. 
From positive unit charge there are always 47r induction lines 
leaving and into negative unit always 47r lines entenng, no matter 
whether the charge is placed in air or in some other insulator. 
Induction lines only start and finish at actual electnc charges, and not 
at apparent charges on insulators In passing through the boundary 
surface between two insulatois, the normal components of induction 
remain continuous, whilst the tangential components are in proportion 
to the dielectnc constants Thus we have 

• ( 216 ) 

^2t ^2 J 

At such a boundary surface no induction lines will terminate, 
provided there is no actual electnc charge on the same 
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(e) Let two conducting plates and (Fig 341), charged with 
+ Q and - 6 , be separated from one another by insulators of different 
dielectric constants Co* thickness 

' ^ 2 > ^8 density of tne charge is 


■| 




t 

* 


Q 




where F denotes the effective surface of a plate 
The induction between the plates can be taken as 
constant, le h^^Tra- 

Since the electnc field-strength is inversely pro- 
portional to the dielectiic constants, we have 


Fin 341 


y-l /-A f -I 

h % 


(216) 


Let P be the total potential difference between 
the two plates, and Pj, P^ and Pg the potential differences lietween 
the several boundary surfaces, then 


P=A+A+i>3 = i(V^ + ^ 




47ro- - 

\€l ^2 


The capacity of the system per unit of effective siiifaco of a plate 


IS therefore 




Putog is.i, 1 =..' 


47r 

47rt' 


^2 Hy 


(217) 
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wheie Gp Gg and <7g represent the capacity per cm^ foi' each of the 
dielectncs at the given thicknesses, then we have 

(217a) 


1-1 1 1 
C ~ G^'*' C^’ 


1 e the capacity of a condenser, whose dielectric consists of several 
parts, equals the resultant capacity obtained when the capacities of 
the several parts are connected m senes 
The potential differences P^ P^, P 3 between f 

the several boundary surfaces equal the y I I ‘ I I ' II 

terminal pressures which act across the * 

several condensers 6 ^ , and 0^ when P is ' ' ^ ^ 

applied at the terminals. Hence the con- 

denser (Fig 341) can be replaced by the connection shown ii> Fig 342 
Let Cl be the capacity when we have air between the plates, then the 
ratio between the capacities is 


Cl 




L + _a 





A 




SPECIFIC INDUCTIVE CAPACI 


D^??AR Y 


Thus the capacity is increased by introducing wh^^electncs into 
the field ' 

If we make £2 = 63=1 and ?2 + ^8 = ^o> 1 e we place 
of thickness 1. between the plates, the remainder of the 
air, then for the same charge Q, the field-strength in the air remaina- 
the same as if the whole space were filled with air The potential 
difFei once between the plates is reduced to the value 





P' = 4n-(r^^ 

which IS 47ro-^l - “^7 times less than that existing when the plates 

are separated by air The introduction of the dielectric of thickness 9 ^ 
has the same effect os if the plates were brought nearer together by 
the amount . ^ 

('-O'- 

For the same potential difference between the plates, the electric 
field-sti’ength in the air is increased in the latio 


9 



The capacity of the plates increases in the same ratio when the 
dielectric is inserted The electric field-strength in the inserted 

dielectric is — times that 111 the air, and is thus 


1 9 


9 

9 


1 





times the field-strength in the air before the dielectnc was introduced. 

When a conducting plate of thickness i\ is placed between the two 
plate conductors, we have only to insert = 00 in the above equations 
The two charged plates behave in exactly the same way as if they 
were brought neaier together by the amount 9| Provided the inserted 
plate IS insulated, its position between the charged plates is quite 
immaterial, as in the case in which a dielectric is inserted 


122 . The Energy in the Electric Field. Similar to the magnetic 
field eiieigy the energy required for the production of the 

electric field is, 

A = ^{QiFi + QzP^-^ ) 

= i ) + (P12Q1Q2 + 

= i (^11-^ + ^22-^3 4- 


)| ( 218 ) 
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If the charged plates are insulated so that their charges remain 
constant, the work done by a displacement of the plates in the field is 
equal to the energy lost by the system due to the displacement The 
forces exerted by the field on the plates tend to move the latter, so 
that the energy m the field is a minimum 

Ifj on the other hand, the potential of the plates is kept constant, 
as is the case, for example, when the plates are connected to galvanic 
batteries, the forces acting on the plates tend to displace the latter, 
so that the energy of the field is a maximum In this case, the work 
done by the forces due to the displacement m the field equals the 
increase of energy in the system Both the mechanical work done 
and the increase of energy in the field is taken from the battenes to 
which the system is connected 

The equation for the energy of a system of conducting plates holds 
good independently of the dielectric m which the conductors may be 
situated 

(a) If two parallel plates have a surface density cr and a potential 
difference P, then the energy per cm^ of the internal surface of 
either of the two plates is 

The constant electric field-strength in the space between the plates is 



where r is the distances between the plates 
If the space between the plates is filled by a dielectric whose constant 
is €, then - 

- = 


and the energy per unit of volume of the dielectric is accordingly 


2 1 


(219) 


This equation holds quite generally for a field /j, m any dielectric. 
For a given electric field-strength (or potential difference) the energy 
in the dielectric is thus proportional to the dielectnc constant 
Since the induction 

it follows that the expression for the energy is 




Stt 87re 


(219a) 


For a given induction (or charge^ the energy in the dielectric is 
inversely proportional to the dielectnc constant 
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The two Burfaeos of the plate condenser are attracted by a force 

per cm^, and exert a pressure on the dielectric equal to the energy per 
unit volume stored up in the same We thus see that the stored-up 
energy in the electnc field (like the stored-up energy m a magnetic 
field) causes a mechanical strain between the respective bodies. From 
this follows that the energies of the electnc and magnetic fields do 
not reside in the magnetic and electric charges — as indicated by the 
formula from which they are calculated — but, as first pointed out by 
Maxwell, in the media of the fields 

(b) From the law of minimum field-energy it follows that a small 
uncharged conductor, exerting no perceptible influence on the field 
distribution in the neighbounng space, tends to move in that direction 
in which the field-strength increases 

An uncharged conductor m a uniform field does not experience any 
resultant transverse foice, nevertheless it stiives to set itself — just 
like a piece of iron in a uniform magnetic field — so that its longitudinal 
axis coincides ivith the direction of the electric field. This is due to 
the fact that unit volume of the body in this position can embrace the 
greatest number of lines of foice and neutralise the same 

The following method, which is often used to represent electnc 
lines of force diagrammatically, is based on this phenomenon. It is 
similar to the representation of magnetic hues of force by means of 
iron filings If an insulating liquid is mixed with an insoluble powder 
possessing a greater dielectiic constant than the liquid, and the whole 
IS placed in an electric field, the powder will set itself in lines which 
run parallel to the electnc lines of force 

A positively charged conductor in a uniform 
field is acted on by a resultant force along the 
positive direction of the field, since in this 
direction the field is strong and in the opposite 
direction weak When a movement occurs in 
this direction, the space in which the field is 
strong IS reduced and that in which the field 
IS weak is increased, so that the total energy in 
the field decreases (see Fig. 343) 

(c) The insulator also, like the conductor — 
in consequence of the principle of minimum energy in the field — tends 
to embrace as many induction lines as possible when it is surrounded 
by a medium of smaller dielectnc constant 

If it has a longitudinal shape, it tends to set itself with this axis 
parallel to the electric lines of force If the field is not uniforai, 
it tends to move in the direction in which the field-strength 
noreases 

When an insulated sphere is brought into a uniform field m a 
nedium having half the induction capacity of the sphere, then we get 
AC 2o 
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a diatrilmtion somewLat as shewn in Eig 344 Lines of force am 
induction lines are drawn full, whilst induction hues alone are shew 
dotted 



Fia 844 —Spherical Lisulator In a Medium 
with amaJloi Dielectric Constant. 



Pin 846 — Spheiioal Conductoi In Eloetrle 
Field. 


In comparison with this, the influence of a conducting sphere on a 
uniform field is shewn in Fig 345 All lines of force and induction 
terminate at the influenced charges on the sui*faco of the sphere 


123. Electric Displacement 

(a) By the electnc displacement at a point in a medium we moan 


a vector whose absolute value is 


€ . Z) 


(220) 


and whose direction coincides with that of the electric fiold-streiigth /. 

Just outside a charged surface of a conductoi with surface density o- 
the displacement is 

j — ^j • 

and IS directed outwards in the case of a positive charge or inwards 
in the case of a negative charge. 

Inside a conductor ^ = 0, since here f= 0 

In passing from one dielectric to another e,, the normal com- 
ponents of the electnc displacement remain constarrt, provided there la 
no real charge on the boundary surface 


Jnl Jn2 


^ifnl _ ^a/wa 
47r 47r 


( 222 ) 


On the other hand, the tangential components arc different, for 


Jn 


47r ^ 




47r 


and since 


fi\ —ft2—fti 




then 


(223) 
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For electric displacement, therefore, the same law of discontinuity 
holds as for electi ic field-strength and electric induction 
A unit tube of electric displacemeut encloses 47r unit tubes of 
electric induction, and is directed from the positive to the negative 
unit charge 

The displacement flux through a closed surface F is, from Grauss*s law, 

= (224) 

where 2^ equals the quantity of electnoity enclosed by the surface. 

(b) An electric difference of potential can only produce a constant 
electric flux, i e a contmuous-ourrent, in metallic conductors, whilst it 
places the djelectrica m a state of strain which can be regarded as an 
elastic displacement Consequently a continuous current cannot flow 
m a circmt in which a condenser is connected, when once steady 
conditions are reached, that is, when the charging cun'ent ceases 
With alternating-currents it is different, because here the condenser 
IS always being charged and discharged, whereby the dielectric is 
subjected to displacements pulsating to and fro with the current 
Hence, in an alternating-current circuit with a condenser, the charging 
current of the condenser will flow Maxwell designated the currents 
111 the condenser as displacenient (yimeni% and asserted that such currents 
obey the f>awe Jaws as electnc mri&tiiSy except that no heating 

losses occur in the dielectiic This not only holds for the displace- 
ment current in the condenser, but also for all the other displacement 
currents in the dielectncs of the electric fields The magnitude of the 
displacement current i is the quantity of electricity which conveys 
unit quantity to the sui*face normal to its direction at the instant 
the polarisation of the dielectric occurs Oonsequeiitly, the displace- 

, 1 . d(/> i ,, 1 electric flux electric charge 

ment curient has the dimension . or ^ ° , 

fit time time 

1 e in the electrostatic system of units If the displace- 

ment current is to be treated like an ordinary current, it must be 
expressed in electromagnetic units In this system, current has the 

dimension The ratio of the current in electrostatic units 

to that in electromagnetic has therefore the dimension that 

IS the dimension of a velocity The value of this ratio has been 
expeiimentally determined, and is approximately 3x10^® cm/sec 
This agrees with the velocity of light in a vacuum, which Maxwell 
3xplaiiied on the ground that electi ic charges must move at very high 
^^elocitios in order to exert the same effect on magnets as ordinary 
lurrents 

From this latio v between ciments in the two systems, it follows 
hat the practical unit of cunent 

1 ampere = 01 c G s electromagnetic unit 
= 3 . 10® C G.s electrostatic units 


( 225 ) 
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The same ratio exists between the units of electnc quantity m the 
two systems 

1 coulomb = 0 1 C G s electromagnetic unit 

= 3 lO^OGS electrostatic units . . (226) 

The ratio between the units of potential in the several systems of 
units can be found by considenng that the expression for the energy 
consists of the two factors, electric quantity and potential, i e the units 
of potential must bear to one another the inverse ratio to that of the 
units of electnc quantity 
We have thus • 

1 volt =10® c G.s electromagnetic units 

= o.G a. electrostatic umts, ... . (227) 

or 1 C G s. electrostatic unit = 300 volts 

For the umts of capacity, we have . 

1 farad = ^ == ^ = 9 10^^ electrostatic units, (228) 

or 1 microfarad = 9 . 10^ c G s electrostatic units 

= 9 kilometres, .. (229) 

1 e a sphere of 9 kilometres radius has a capacity of 1 microfarad 
For the displacement flux in the electro-magnetic system of units, 
we have the expression 



and the displacement cunent is ^ = •“ 

(c) Starting from the hypothesis that the displacement current obeys 
the same law as the ordinary current, Maxwell developed the equations 
for the distnbution of the electnc and magnetic forces, and the pro- 
pagation of their vanations m space It will only be mentioned here 
that Maxwell’s equations can be deduced from the fundamental law^ 
of electro-magnetism, ^ 

47rt=l Hidl, 

where C. is a closed curve interlinked wnth the current % and from 
Maxwelrs fundamental law of electromagnetic induction 
After inserting the electric field-strength, this is 

■ ■ <“) 

where is a closed curve embracing the flux This method of 
deducing Maxwell’s equations is that given by Galileo Ferraris * One 
deduction from Maxivell’s equations is that the electric and magnetic 

* WtsaenacJiafthche Qnvndlagm dtr ElektroUclimk 
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forces move in vacuo with the velocity of light. The electric and 

magnetic forces form an angle of 90” and are both transverse to the 

direction of propagation , they travel by moans 

of oscillations ]ust like heat and light waves 

As a strict consequence of Maxwell's equations, 

we have the following hypothesis due to 

Poynting “The direction in which energy & f 

travels through an electromagnetic field is & 

always perpendicular to the directions of the ^ 

magnetic and electric field-strengths ^ Through 

each unit of area of the plane normal to the 

direction in which the energy is propagated, j£ 

the quantity of energy passing per second is 

equal to the area of the paiallelogram (Fig 346) 

whose sides are measured by the electnc and magnetic field strengths. 


divided by 47r " 

From Poynting's hypothesis, the energy in a transmission line is not 
propagated in the conductors, but in the surrounding dielectncs The 
conductor does not represent a channel along which the eneigy travels, 
but a space in which a part of the energy converges and in which this 
part IS conveited into heat 
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ELEOTBIC FBOPEBTIES OF THE DIELECTBICS 

124 Conductivity and Absorptivity 125 Energy Losses in tlio Dieleotuc 
126. Influence of tlie Specific Inductive Capacity and Conductivity of the 
Dielectric on the Distribution of the Electric I’leld-scioiigth 127 
Dielcotno Strength, 

In Chap XIX. mention was made of the difference in dielootiics in 
respect of their inductive capacity Other electrical properties are 
also possessed by dielectncs, and as these properties are importciiit in 
practice, they will therefore be shortly dealt with here. 

124. Conductivity and Absorptivity. 

(a) When the two conductors of a cable or the two plates of a 
condenser having either a sohd or fluid dielectric are connected 
thiough a galvanometer with the terminals of a contmuous-cuiTeut 
machine of constant pressure, it is found that a 
large current flows at the first instant, thus 
charging the condenser This charging cunont 
does not sink immediately to zeio, but decreases 
comparatively slowly, until after a fairly con- 
siderable time it reaches an almost constant and 
usually very low value The explanation of 
this is partly that the dielectrics have a ’certain 
small electi’ic comhictirnty^ due to which a current of conduction is added 
to the charging current The conduction of the dielectrics may lie 
purely metallic or accompanied by electrolysis The latter effect is 
avoided as much as possible on account of damage done to the insulation 
Regarding the conductance of the dielectric as constant, thou an actual 
condenser can be replaced by an ideal condenser with a perfectly 
insulating dielectnc and a parallel-connected ohmic lesistance Such an 
equivalent scheme is shewn in Fig, 347, which can be used foi calculating 
the time of discharge of a condenser when left to itself, i e completely 
insulated. The discharge takes place in accordance with the equation 

= .... ... (231) 

where Q is the initial charge and t is the time of dischaige in seconds. 
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The conductance of the dielecti'ic generally increases with the 
temperature and with the eleotnc tension. Media, which retain their 
chemical composition at high tempeiatures, such as glass, porcelain, 
etc , become comparatively good conductors when raised to then 
melting temperature An interesting application of this phenomenon 
13 the Nernet glow lamp The dielectric fornung the glowing filament 
of the lamp in this case consists of magnesia — the latter is warmed up 
by a special attachment, whereby the conductance increases to such an 
extent that an appreciable ciin'eiit begins to fiow through the filament 
which bungs the same to incandescence 
BieJecim'i hare in gcne^ al a negative temp&i atm e coefficient 
Fui'ther, the resistance of dielectnos depends largely on the electric 
conditions (thus on the strength of the electnc field) — decreasing as 
these become more stringent 

The following table gives the specific resistances for several insulat- 
ing materials at ordinaiy temperatures, and for average electnc 
conditions 


Miitodiil 

Bpeclflc Reslatnnce 

Pf ill uogohiua 
poi cm/om* 

Degi-eos 

Oontigrside 

Chitta-pcrolui - - - - | 

7x109 

0 45xl0'> 

0 

24 

Wiio'? insulated with Gutta-percha - 

0-2 X 10“ 

24 

Puio Rubboi 

10 9x 10“ 

24 

Vulcanised Rubber - - - - 

1 5x10“ 

15 

Paper impregnated witli Turpentine - 

.1x10“ 

16 

Jute imiiregnated with Tiu pontine - 

11 9x10“ 

16 

Sholloo 

9x10" 

28 

Paraflm wax 

24x 10“ 


Mica 

0 084x10“ 



The effect of the tompeiature on the insulation resistance of a 
tiaiisfoimor (curve A) and of dry cloth (curve B) is shewn in Fig 348 
With the cloth the resistance increases at first with the temperature 
until the moisture has been dnven out, and then for still higher 
temperatures it falls again to a value of only a few megohms 
(b) Prof Schleierraacher* has proposed the use of the same ex- 
pressions foi the currents due to conduction as used by Maxwell for 
the charging currents, when several conductois at different potentials 
are placed in the electric field These conduction cuirents for the 
several conductois aie 

(/i 1^1 1^1 2-^2 .^13-^8 ■*" • 5 


£! TZ 1905, p 1043 
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where the coefficients with like suffixes denote the ratio 

of the conduction current to, the potential above earth, when all the 
other conductors are earthed The coefficients with unlike suffixes 



Fig 848 —Relation between Insulation Healstance and Temponituio 
-rf, for Ti*anBfonnor , for diy Clotb 


correspond to the mutual capacity coefficients, defined as follows 
denotes the current flowing from conductor y to coiiductoi a*, when 
the former has unit potential- and all other conductors have zero 
potential The expenmental determination of ^those coefficients is 
quite similar to that adopted for capacities 

To determine g^^^ all the conductors except the are earthed, 
and the ratio of the conduction current i of the 2;^ conductor to its 
potential F is measured 

__ i 
Uxx^~p 

In the same way g^^ is determined for the conductor and g^^j^-j,) 
for the and together Then it follows 

= ( 232 ) 

(c) The dow falhng off of the charging cuirent with time is not 
explained by assuming a constant conductance for the dielectric, but 
must be considered in connection with the phenomena which occur 
when a condenser is discharged 
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If the two plates of a charged condenser are connected through a 
galvanometer, at first a large current will flow, which gradually begins 
to sink, and only after some considerable time vanishes altogether 
If the connection is broken aftei the first rush of current and made 
again after some time, another but weaker rush of current will ensue 
in the same direction as the first The condenser can thus give 
several such discharges, which gradually become feebler and feebler 
This phenomenon is due to the residml chai gc m the dielectric. The 
explanation of the phenomenon was first given by MaxrweU Accord- 
ing to him, the residual charge is due to the heterogeneous nature 
of most dielectrics 

Fig 349 shows a section through the dielectric of a condenser, 
whose plates are A B Assume the dielectnc consists of the 

layers D and D\ having different properties As shewn on p 398, 
such a condenser can be replaced by two condensers C and O' con- 
nected m senes (Fig 360) If the dielectnc L' is not a perfect 

A 



r' 
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insulator, wo must suppose an ohmic resistance / to be connected in 
paiallol Avith the condenser C Fig 350 thus gives the equivalent 
scheme of the condeusei in which the dielectnc i) is a peifect 
insulator. 

Whetbei the above mentioned action of the several layers of 
a dielectric is the sole cause of the residual charge or whether 
other infiiieiicos, e g chemical action (similar to that in an electric 
accumulator) are at work, is not yet certain Certainly very 
heterogeneous dielectrics have specially large residual charges, but 
even quite homogeneous liquid dielectrics appear to shew traces of 
the same 

Since transmission lines and all electrical apparatus subject to high 
potential difterences act as coudenseis, the formation of residual 
chaiges (or the so-called ahsai'ptimi of the dielectrics) must not be left 
out of account when worlaiig with high pressure currents, otherwise 
sol ions consequences may follow If for example a cable or transforaier 
is disconnected from the high-piessuro terminals, the disconnected 
apparatus should he first connected to earth before it is touched A 
single earthing, however, is not always sufficient, since charges may 
afterwards collect and may give dangerous shocks Special attention 
should be given to earthing where high direct-current piessures are 
concerned, since the habihty to residual charge is greater in this 
case 
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As a practical case in which all parts of the dielectric possess con- 
ductance, the equivalent scheme shewn m Fiff 351 may be taken 
According to the above, a residual charge should not occur when the 
ratio of the dielectric constant to the electric conductivity is the 
same at all points in the dielectric 
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(a) The energy loss in a dielectric placed in a constant field 
IS given by the leakage current If, however, the electrification is 
alternating, as for instance in a condenser to which an alternating 
pressure is applied, the losses aie m general much greater than those 
con’espouding to the insulation resistance. The cause of these 
additional losses has not yet been thoroughly investigated It may be 
due to the absorptivity of heterogeneous dielectrics, discussed in the 
previous section * In the dielectric represented m Fig 350 a loss will 
ocGUi' when an alternating pressure is apphed, but not with a contiiiuons 
pressuie Also in the scheme in Fig 351, the loss is greater with 


alternating-current than with continuous when 


0^ C' 


when the 


ratio of specific inductive capacity to resistance of the seveial parts of 
the dieleetnc vanes These losses are often supposed to be due to 
what IS called dielecti^ hysteiem — of a similar nature to magnetic 
hysteresis 

Steinmetzf found for practical condensers made of paraffined paper, 
with tin-foil plates dned in a vacuum-drying oven and steeped m 
paraffin, that the losses at constant frequency incioase with the square 
of the pressure, which corresponds to a constant conductance g foi the 
condenser Since the dielectric constant, and with it the capacity or 
the susceptaiice b of the condenser, is — under normal conditions — 
independent of the pressure, the phase displacement of the charging 
current remains constant, at a given frequency If the thickness of 
the dielectric of a condenser be increased, the curient remains the 
same for the same electnc field-strength, whilst the pressure increfises 
in proportion with the thickness The loss then increases in propoi tion 
with the thickness of the dielectric, so that the phase displacement of 
the charging current remains constant for the same frequency Thus 
for a given frequency, every dielectric has a constant phase displacement 
Stemmetz found for the above paper condensers, cos = 0 0038 to 
0 0068, according to the frequency. 


*Hesa, L’Edairage Electr 1896, vol 4, p 205 
World, 1901, vol 37, p 1066 
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For the power factor of the charging current in electiic cables, we 
have the following values 

0 01 to 0 026 for paper and jute cables, 

0 02 to 0 04 for rubber cables, 

0 03 to 0 07 for gutta-percha cables 

(b) The capacity generally deci eases somewhat as the frequency 
iiici eases, which is easily explained by the action of the heterogeneous 
nature of the dielectric mentioned in the previous action 

In the scheme in Fig 350, for example, let the capacity for con- 
tinuous charge be then for rapid charge and discharge it will be 
CO* 

- — In a paraffined paper condenser it was found by Eisler* that 
U + U 

the capacity was 2 6 mfs. for continuous charge; 2 15 mfs for c=18 
cycles , and 2 01 mfs for c = 46 cycles 

The decrease of the effective capacity of condensers with increasing 
frequency must bo specially noted in measurements It follows also 
that the dielectric constant of a dielectric will vary with the frequency 
at which the dotenmnation is made To eliminate absorption phe- 
nomena as far as possible, such determinations are often made with 
very high frequencies, as with Hertzian waves 

At constant piessure, the losses in the dielectnc increase with the 
fieqiioncy The energy absorbed per cycle usually increases at first as 
the frequency is increased, attains a maximum, aud at higher frequencies 
may decrease. Eisler found an increase of 17 % in the losses per cycle 
from 18 to 46 cycles In the experiment of Steinmetz mentioned on 
p 411, the loss per cycle increased up to a frequency of aliout 100, and 
liegan to fall at higher frequencies 

Since the couductaiioe ff oi & condenser is always small compared 
with the susceptauce &, we can wnte 

Since 6" only \aiies slightly with the frequency, the power factor 
will vaiy 111 the same way as the losses per cycle 

Thu inconstancy of the losses per cycle is explained by many as a 
kind of viscous hysteiesis, or the same phenomena may be deduced 
fiom the equivalent scheme for non-homogeneous dielectrics (Pig 361) 

126. Influence of the Specific Inductive Capacity and Conductivity 
of the Dielectric on the Distribution of the Electric Field-strength 
(a) If layers of vanous dielectrics are placed between the plates of a 
coiidensci, then— provided no conductance is present — the distribution 
of the electric fiold-streiigth will vary inversely as the dielectnc coii- 
atants Thus a uniform field can by this means be made iion-umform. 

^ZeiUchr,/ EleUr 1896, H. 12, p 345. 
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Conversely, a iion-miifoim field can be made moie or less uniform by 
the use of various dielectrics 

Cousideniig a long conductor of radius ? (Fig 352), having potontial 
P and surrounded by a co-axial, conducting cylinder of radius li and 
potential wo, then at distance p fiom the 
let the dielectric constant be e The 
I eleotiic induction at this distance is, accoiding 

1 Grauss’s theorem, 

■ 1 where Q = electnc charge per cm length of 

1 conductor. 

1 yM The electnc field-strength is therefore 


/ \ 1 e if the dielectric constant t is constant 

I f \ throughout, the field-strength will vary iii- 

' J f versely as the distance from the axis of the 

y / wire, as the figure shews The variation of 

\ T''" / fp 

V y the potential P=\ -fdp is shewn by the 

362 . second curve P If, however, we wish to keep 

the electric field-strength constant, an insul- 
ator must be used whose dielectnc constant is inversely proportional 
to the distance away from the axis of the conductor. This can be 
obtained by using various insulating mateiials in several layeis. 

Moreover, it follows from the integration to the limit B, that air- 
bubbles and other irregularities m the insulating matenal are to be 
avoided, both in compound and solid cables With stranded cables, 
on account of the small radius of the single ’wires, the maximum 
electric field-strength is 26 to 40 % greater than with solid cables 
or lead-covered stranded cables 


e 


. (233) 


On p 401 W 0 have seen that particles of a dielectric having a larger 
dielectric constant than the neighbourhood, tend to move m the direc- 
tion m which the field increases In a liquid or semi-liquid dielectnc, 
such particles would assist in forming a uniform distnbution of field, 
which is of importance, as will be shewn later in connection with the 
piercing strength, and this propei*ty can be utilised in cables 

(b) The distribution of the electnc field-strength is only determined 
by the dielectnc cojistants when no conductor is present, or when the 
field 18 alternating so lapidly that the conduction currents are negli- 
gible compared with the displacement currents Otherwise the specific 
lesistances determine the distnbution In a umfoi'ni and constant fields 
the elect'no Jield-sti ength distnhutes itself accmdvng to the specijic oesistances 
of the sev&tal layeis of the dielectnc If a constant potential difference 
he apphed at the terminals A and £ in Fig 361, the pressures P and 
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F of the coudeiiseia U and 0' will have the ratio of ? to and are 
independent of the magnitudes of the capacities G and 

In a uon-uuiform field produced by a direct pressure, a constant 
electric field-strength can be obtained by giving to each part of the 
dielectric a specific conductivity, proportional to the induction in 
the field at the respective point In Pig 352, for example, the con- 
ductnuty of the dielcctnc at any point is inversely proportional to the 
distance of the point from the axis of the conductor Use is made 
of this in the insulation of cables by saturating the inner layers of the 
insulation with a liquid of higher conductmty than the outer * 



Pin 868 — Wiill inBuUitor for Hlgh-tonslon I.lnoB 


In some cases an approximately uniform distribution of field-strength 
throughout the dielectric may be obtained by an arrangement due to 
the Siemens-Schuckert-Werke t The insulator is composed of thin 
layei's separated from one another by a conductor (tiii-foil) Fig 353 
shows a leading-in tube for high-tension alternating-current made on 
this pnnciple The tin-foil is shewn by full lines and the insulating 
layers dotted 

cIq = diameter of wire, 

/q — length of the inner layer of insulation, 

= diameter of the hole in the wall, 

/„ = length of the hole in the wall 

For a sheet of tin-foil of length I and diameter we have 

The layers act therefore, neglecting electrical leakage, like a number 
of condensers of equal capacity connected in series, and each layer 
takes up the same pressure 

Moreover, with this type of leading-m tube, the harmful discharges 
between wall and wire disappear With the ordinary leading-in 

*0’Goinmn, “Insulation of Cables,” Jowni, Imt E E 1900, xxx. p 608 
+ R Nagel, Efehlr Bahnm imd Betnehe, 1906, p 278 



414 


THEORY OF ALTERNATIHG-CURRENTS 


tube, as shewn in Fig 354, large surface discharges occur, and are 
unavoidable even with very loi^ insulators The following con- 
sideration will make this clear. Each element of the conductor with 


-i f- 

Pig S54 — Wall-luaulator foi Low-tension Linos. 


it-s insulation forms a small condenser, of which the primary plates are 
metallically connected by the conductor and the secondary plates 
are connected in senes thiough the surface resistance, as shewn dia- 
grammatically in Fig 365 If 9 is the surface lesistaiice pei unit 



Pin 355 — Equivnlout Oiroult of WaU-lnauIator 


length of the insulator and 0 the capacity, the potential along the 
whole surface is distributed according to the same exponential law, 




(234) 


in accordance with which the potential is distributed over a long 
alternating-current cable without conductance or self-induction when 

one end is earthed In this equation A.= ,^ = s/i^cG, and the slope 

of potential is a maximum near the end of the insulator, where 

x = l The slope is here almost independent of the length of the 
insulator, so that surface discharges always occur, even with long 
insulators, when the slope of potential is high, relatively to the 
surface resistance r per unit length ^ATien the leading-in tube is 
of the form shewn m Fig 353, on the other hand, the pressure is 
distributed according to a straight line over the whole surface of 
the insulator, and no harmful surface discharges can occur until the 
pressure is sufficient to produce a spark over the whole surface. 
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(c) To determine the olectnc field-stieiigth, it is Lest to use the 
same methods as for magnetic fields , viz that of dra\ving a diagram 
of the lines of foices and thence calculating the field strength /„ 
foi each point, equal to the electnc flux of the tube of force 
divided by the section dF of the same at the point considered 

Thus /„ = where e is the dielectric constant. 

As starting-points in drawing out the hues of force, we can apply 
the law of discontinuity to the liftes passing from one medium to 



Fio 85ea 




Fio aotic. Fig SSOti. 


Pig 350a to d —Linos of Poreo in Thioo pboao Cabloa (Tliorutoii). 

another and the law of maximum field-energy According to the 
lattei, the linos of force between conductors of given potential arrange 
themselves, so that the displacement flux between the conductors is a 
maximum Owing to the small values of the dielectric constants 
compared with, the magnetic permealiility, it is much more difficult to 
di’aw electnc lines of force accurately than magnetic, when insulating 
matonals of different dielectnc constants are present in the field For 
this loason liele Shawls method of representing the lines of force by 
sti'Gam lines between two flat plates, as described on p 365, is very 
useful in this connection Prom such figures it is easy to determine 
simply the electric flux in each tube and thus obtain the field- 
strength at each point Figs 356a to d shew the diagrams for two 
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three-phase cables, taken by W M Thornton and 0 J Williams * 
The dielectric constant of the conductor is assumed infinitely large, 
and the space between the plates where the conductors are is there- 
fore made as large as possible At the places where the insulation is, 
the space between the plates is made directly proportional to the cube 
root of the dielectnc constant The fluid is led in and out at the 
places where i^he conductors are, and the quantity of fluid for each 
conductor is made pr^ortional to the pressure in that wire at the 
moment considered Jigs a and h shew the field when one ivire has 
zero potential and the other two the potentials ±\/JP„uvx c 

and a shew the field when one wire has a potential Aiaxj the 
other two the potential -iPmas The sheath of the cable has zero 
potential in all the figures. As is clear from the diagrams, the field- 
strength alters from point to point, and at every point vanes ^vith the 
time 

127. Dielectric Strength If the pressure between two insulated 
conductors (electrodes) is gradually raised, various discharge phenomena 
occur within the dielectric and along its surface, and finally the 
pressure is equalised by a sudden discharge through the dielectric 
The dielectric is then said to be pierced If the dieleotric is liquid or 
gaseous, all traces of the passage of electricity immediately vanish , a 
solid dielectric, however, will remain pierced at the place where the 
discharge occurred If sufficient electric energy is supplied to the 
electrodes, the break-down will continue in the form of an arc, even 
with comparatively low pressures. 

The pressure between the electrodes at which the break-down 
occurs, IS called the piercing pressure ‘ This latter depends on the 
material, the distance of the electrodes apart, and on the distribution 
of the electric field in the dielectric (shape of the electrodes) The 
length of time dunng which the pressure acts on the dielectric has 
also a considerable effect on the piercing pressure For a very short 
time the insulation can often withstand a much higher pressure than 
continuously The piercing pressure of a dielectric for a given distance 
between the electrodes is a maximum when the field is uniform, as 
for instance, between two parallel plates at a sufficient distance from 
the edges, in which case the maximum field-strength is a minimum 
Between two points or between a point and a large plate, the electric 
field is very vaned, so that m this case the piercing pressure for a 
given distance is smaller 

Between the edges of two parallel plates the electric lines of force 
are curved. The electnc field-sijrength near the surface of the dielectric 
IS consequently increased and on' the inside decreased Since the 
maximum field-strength in the dielectric is thus increased, the break- 
down between two such plates generally occurs at the edge For this 
reason, high-pressure condensers are often made so that the dielectnc 
IS thicker between the edges of the plates than elsewhere 

* Ei}^ine&nng, 1909, p 297 
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In the case of alternating currents, piercing depends chiefly on the 
amplitude of the wave of pressure 

The dielectric strength of an insulating material can be small even 
when the specific resistance of the same is high and vice versa Dry 
air, for 'example, is a very good 
insulator, but compared with most 
solid and liquid insulators its di- 
electric strength is veiy small 

The piercing pressure usually in- 
creases somevmat more slowly than 
the thickness of the insulating 
medium With thin layeis, how- 
ever, the converse may be the case. 

Fig 367 shews by way of example 
the piercing pressure for mica as a 
function of the thickness of the 
same, taken from expenments made 
by Steinmetz The amplitudes of 
the pressures are given in lalovolts and the thicknesses in hundredths 
of a mm * In this case an alternating-current at 150 cycles was used 
Since the raatenal shewed much heating, the pressure could only be 
applied for J minute 

In the following Table, duo to Steinmetz and Dr Baur, the piercing 
pressures for 1mm thickness of various insulating materials are gi^^en 


fiKiJmft Mojy 


IB 

n 

8 


I 1^^ 


/ 












0 2 ^ 6 S iO 

Fig 857 -Break-down Preasura for Mica 


Dielectric 


Pioi’cing Prcflsui'O 
for 1 mm tlikkuoaa 


Mica - - - - 

Mioamte - 




58000 
about 35000 

Paraffined Plates*)^ 

Pai affined Paper J 

Dry Wood Fibre 




n 

M 

30000 

13000 

Hard Porcelain - 




IS 

13000 

Oiled Linen 




IS 

12600 

Presspalin - 




IS 

12000 

Loatheroid 




IS 

10000 

Vuloanised Rubber - 




IS 

10000 

Rod Vuloanised Fibre 




IS 

6000 

Asbestos Paper - 




IS 

4300 

Vuloanised Asbestos - 

- 



IS 

3500 

Transformer Oil 

- 



IS 

9000 

Melted Paraffin - 

- 



IS 

8000 

Boiled Oil - 

- 



IS 

8000 

Oil of Turpentine 

- 



II 

6500 

Insulating Varnish - 

- 



II 

5000 

Lubncatmg Oil - 

- 

- 


IS 

1500 


^ETZ 1893, p 251 
2d 
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The figures represent average values taken from expenments with test 
pieces of various thicknesses and, on the assumption of proportionality 
between thickness and piercing pressure, are reduced to a thickness 
of 1 mm Since, however, no relation exists between the thickness of 
the insulating material and the piercing pressure, the values can only 
be taken for plates about 1 mm thick 

Inaulatmg oil under high pressures gives a straight line increase of 
the piercing pressure with the distance between the electrodes For a 
mineral transformer oil with plate electrodes, the alternating pressures 
P P 

+ ~ and - o, at which breakdown occurred, were found, for sparking 

la J • 

distances d greater than 5 cm, to be 

P==l 24000 + 9000^^ 

With very unsymmetrical distribution of the electnc field the 
piercing pressure is much less Between an earthed plate and a 
pointed electrode at potential P, it was found for the same oil as above 

P = 37000 + 7000^^. 

If the spark gap d is given in cm, the effective pressure will be in 
volts. These pressures can act on the oil for about 5 minutes without 
causing a break-down. If the pressure is quickly raised, much higher 
pressures can be reached before the oil breaks down — in such cases, 
however, the results are generally irregular 

The breaking-down strength is considerably weakened by moisture 
in the case of both solid and liquid insulating materials Oils are 
dried for this reason either by heating, or by treating with quicklime 
and such like Hygroscopic solid substances must be dried in a 
vacuum oven and impregnated with vainish of some kind, so that 
they cannot absorb moisture from the air 

The breaking-down strength of an insulating material is in general 
reduced when mechamcal stresses are simultaneously applied 

With most solid and hquid insulatois, the duration of application of 
the pressure has a considerable influence on the insulation resistance as 
well as on the dielectnc strength The dielectric strength usually 
decreases considerably for the first few minutes, while the insulation 
resistance increases A well-dried machine usually has a very high 
insulation resistance at the beginning when cold At first the in- 
sulation resistance decreases very rapidly, oven after the temperature 
has become constant, and often reaches a minimum after seveial days’ 
work, after which it slowly recovers during a still longer time 
Measurements of insulation on machines and apparatus should there- 
fore be earned out after the normal temperature rise has been reached 
in the process of its work 

The temperature has httle effect on the dielectnc strength, provided 
that the same is not sufficient to bnng about chemical changes in the 
material. This is, however, often the case even at comparatively low 
temperatures 
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If the dielectnc consists of several layers of different materials 
perpendicular to the lines of force, the electric field-strength dis- 
tributes itself — as previously shewn — over the several materials 
according to their respective specific resistances when the pressure is 
constant With constant p'essniG theiefme^ m ord&} to use the seveoal 
mat&} mh to the best advantage, the dielectnc strengths of the matei lals shoidd 
he popmiional to theii specific resistances 

If the pressure is alternating, the electric field-strength distributes 
itself over the insulating substances inversely as their dielectric con- 
stants Hence, wdh alternating-cun ent apparatus, in order to use the 
insulating raaienal to the best advantage, the dielectnc strengths of' the several 
rruitenals should be in/versel'y as their dielectric consta/nts 

In the construction of insulators for high pressures, attention must 
be paid not only to the dielectnc strength of the insulating material, 
but also to the phenomena at the boundary surface of two dielectrics 
For example, if two conductors at a large difference of pressure are 
supported in air by solid insulators, it is not sufficient that the distances 
between the two conductors, in air and through the insulator, corre- 
spond to the pressure, but it is most important of all to see that the 
distance apart measured along the sun face is sufficient. 

E, L 

^ I 1 

^ /// ' ////J 

P 

Fin 368 

Sparking may easily occur through the collection of moisture and 
dirt on the surface Moreover, if the capacities of the two electrodes 
are different, the electrode with the smaller capacity produces surface 
discharges in the form of rays, which assist the sparking between the 
electrodes Also, the capacity of the two conductors under pressure 
with regard to a third insulated conductor can influence the piercing 
pressui'e between the two former conductors to a less extent For 
example, if two electrodes and (Fig. 368) stand on an insulating 
plate J under such a pressure that sparking does not yet occur, and an 
insulated conducting plate P is brought to the other side of the 
dielectric J, surface discharges occur between the two electrodes and 
sparking takes places from one to the other This phenomenon is 
similar to the surface discharges with leadmg-m tubes Sparking 
occurs with a still smaller pressure when the plate P is connected to 
one of the electiodes The surface discharges are then seen only about 
the electrode not connected to P, in the form of rays In order to 
obtain the largest possible distance over the surface with the smallest 
distance between the electrodes and still avoid sparking, bell and 
petticoat insulators are used 

In accordance with the standards of the Verband deutscher Elektro- 
techniker the dielectric strength of electnc machines and transformers 
should be tested for one minute when they are warm 
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The testing pressures shpuld be 


Working Prosaure 


Tost Pleasure 


Under 40 volts 
40 to 5000 volts 
6000 to 7500 volts 
7600 and upwards 


At least 100 volts 

24 times working pressure, but not less than 1000 volts 
7500 volts above working pleasure 
Twice working pleasure 


The dielectne strength must be tested between windings and frame 
and between electrically separated windings In the latter case, with 
windings of different pressures, the highest must be used as the 
test-pressure. 
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CONSTANTS OF ELEOTRIO CONDUCTOES 

128. Reaiatanoe of Eleotrio Conduotorfi 129 Self- and Mutual Induction of 
Electric Conductors 130 Self- and Stray Induction of Coils m Air 
and Iron 131 Increase of Resiatanoe, due to Eddy Currents in Solid 
Conduotois 132 Stray Fields and Eleotrodynamio Foroes due to 
Momentaiy Rushes of Current 133. Capacity and Conduction of Electric 
Cables 134 Capacity of Coils in Air and in Iron 136 Telegraph and 
Telephone Lines 

128. Resistance of Electee Conductors. Most conductors consist 
of copper. With continuous cuneiits and alternatmg-cunents of low 
frequency, the current is uniformly distributed over me section of the 
conductor If I denotes the single length of the line in km and q its 
section in mm^, and /o = 0 016 (1 +0 0047^), the specific resistance of 
the copper, then the ohmic resisteice of the whole Ime is 

1 = — 1000 ohms 

The heating loss in the line is 

1000= loooprss, 

whore V = 2Jq denotes the volume of the hue in dm®, and s the current 
density m amperes pei mm^ 

Of late years bare aluminium conductors have also been used for 
transmission linos. An aluminium line with the same ohmic i esistance 
as copper will have ^ ^lametor 1 3 times, 
a section 1 69 times, 
a weight 0 613 times, 

larger than the coppei line The aluminium -wire, however, has only 
0 66 times the tensile strength of the copper According to circum- 
stances, sometimes the aluminium is cheaper and sometimes the copper 
In the following table the specific resistances and weights of the 
materials most commonly used are given The specific resistance is 
for 1 metre length and 1 mm^ section If this is required foi 1 cm 
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length and 1 cm^ section, as ifc occurs in many formulae, the values 
given in the table must be divided by 10^ The specihc weight is 
given in gms per cubic cm 




Specific Reatstauce 

Inoieaao of 

Siicclfic 



at 0° III olima 

Reslntanoe per 

Wolglifc 



pai in/mmS 

1' 0 in V« 

1 


Silver ... - 

. 

0 015 

0 36 

10 5 

Copper - - - - 

- 

0 016 

0 40 

89 

Gold - - - - 

- 

0 021 

0 35 

19 3 

Aluminium 


0 027 

0 40 

2 75 

Zino .... 

- 

0 056 

0 39 

7 2 

Platminm 

- 

0 090 

0 24 

21 6 

Tin 


0 10 to 0 13 

0 46 

7 3 

Niokel . . - - 

- 

0 10 to 0 12 

0 4 to 0 3 

8 9 

Lead .... 

- 

0 19 

0-37 

11 4 

Pure Iron 

- 

0 096 

0 5 

— 

Wrought Iron and Mild Steel 

0 10 

05 

78 

Iron Wire Conduotor 

- 

0 125 

05 

7» 

Oast Steel 

- 

0 20 

04 

7*8 

Alloyed Stampings - 

- 

0 54 

— 

7*8 

Coat Iron 

- 

1 00 

0 1 

7-2 

Brass (30 % Zuio) - 

- 

0 065 to 0 086 

0 12 to 0 20 

8 3 

Manganm 

- 

0 41 to 0 45 

0 001 

8 4 

Constantin 

- 

048 

0 003 

88 

Niokehn I - - - 

- 

0 41 to 0 43 

024 

8 8 

German Silvei 

- 

0 36 to 0 38 

027 

87 

Rheotm - 

- 

0 47 

0*21 

8 55 

Kruppin - - - - 

- 

0 84 

0 07 

8 1 

Retort Caibon 

- 

13 to 100 

0*08 to 0 02 

2 3 to 1 1 


The specific resistance of oidiiiary fresh water is about 10^ ohms 
For liquids and electrolytes the lowest specific lesistances aio those 
given in the following table,* along with the corresponding solutions. 



pacific 

Real stance 

Percentage 

Solution 

Specific 

Weight 

HNOg 

136 10^ 

29 7 

1 185 

HCl - 

139.10* 

18 3 

1 092 


145 10* 

30 4 

1 224 

KOH- 

1 96 10* 

280 

1 274 

NaCl - 

1 70 10* 

25 0 

— 

MgSO^ - 

217 10* 

17 0 

1 183 

ZnS 04 

- 22 6 10* 

23 5 

1 ‘286 

CtiSO^ 

22 7 10* 

18 1 

1 210 


* De^Usclm Kale-iidar fur EleUroLechmlei von Uppenhoi'ii 
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The resistance of the earth, in so far as it affects electric railways 
and earthed installations, is very vanable It not only depends on the 
nature of the soil and on the weather, but chiefly on the arrangement 
of the earthing plates ,or rails The highest value that has been 
observed for the earth’s resistance in the case of railways is 0 2 ohm 
per km It may, on the other hand, be also nearly zero To 
obtain low contact resistance, it is advisable to have several parallel 
plates placed at some distance from one another and sunk as 
deeply as possible, so that they come into contact with underground 
water 

The contact resistance of a plate is proportional to the specific 
resistance of the soil surrounding it, and inversely proportional to 
the mean Imear dimensions of the plate Let r denote the contact 
resistance m an unlimited medium having a specific resistance p 

Then for circular plates of diameter r = 

for square plates with side q = 97 ^^* 

for oylmdncal electrodes of diameter d and length I, 



129. Self- and Mutual Induction of Electnc Conductors. 

(a) In the determination of the self-induction of conductors, we shall 
first start with the case of a single-phase system The two conductors 
which serve as the outgoing and return lines are assumed to be fixed 
to poles and parallel to one another over the whole length We 
suppose that the two conductors are connected by wires at both ends 
instead of by the actual apparatus, so that we have to determine the 
self-induction of a rectangular loop 

For the time being we assume that the current is distributed 
uniformly over the section of the conductors, and further that no 
ferro-magnetic bodies are present in the magnetic field produced by the 
current m the conductors It is therefore allowable to superpose the 
magnetic fluxes produced by the current flowing m each of the wires 
As shewn in the introduction, the current flowing in each conductor 
produces a magnetic field, whose lines of force are circles round the 
conductor. 


The field-strength i/" at a point P at a distance p from the axis of 
the we IS MM.F 

[ ill length of line of force’ 


or, when the point P lies outside the wire, 



0 24 

j 

P 
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and, wheu the point P lies inside the wire, 


^irp (\(lf 


From this we get the diagram of the field-strength for the plane AB^ 
as shewn in Fig 359 



If there are two conductors serving as outgoing and return lines, 
the current produces a field for each of the two wires Supei posing 
these fields, we get the resultant field-strength of a double line, as 
shewn m Fig 360 The shaded surface serves as a measure for the 
flux per cm length interlinked with the conductors 
Since, however, the total current is not interlinked with the whole 
flux, we must take this into account. 
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The energy supplied to the magnetic field during a time interval dt is 

Here (or since in the calculation of L, ^ is put equal to 
1 ampere) denotes the current interlinked with the tube of force 
From Formula 27, p 41, we get the following expression for the 
coefficient of self-induction Z, 

Z=2(^10“® = 2(w^4>„)10'® henry, 

where the summation is to be taken over all the tubes of force in the 
field Since, however, the field is produced by the superposition of 
two equal fields, it is sufficient if we integrate the tubes of force in one 
field and multiply the result thus obtained by 2 

We calculate first the sum for the space between the wires The flux 
in this part is interlinked with the whole current in the conductors , 
hence is here unity, and the sum is 

= 2 r ^ IH„ dp, 

d d 

P=2 


where d = diameter of wires 

and , a = distance between the axes of the wires 

By assuming the limit p = a small eiTor is introduced, which, how- 
ever, 18 negligible for small values of - 

CL 


Hence 


'■=2 ^ 


or, substituting ordinary for natural loganthms, 

p = a 

2 


p=“ /2ft\ 

2^CJ>,„) = 0 92nog,„(^). 

p=2 


For the intenor of each wire we consider only that field pioduced by 
the current in the wire itself, and since heie 

7rp2 ^2 

"W ( 2 ) 

=- =- =- 

j,-. J,-. 


we have 


p = 

2 

p 


_ d 

2 i 


2p^dp 

dr' 


= 2Z[ *‘^^^'' = 0-42 

J/>=® A 


‘©‘ 


= 01 / 
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Hence the coefiBcient of self-induction of a double line is 

L=j^-3[o92logio(|)+0l], .. (335) 

and its reactance 

* = 2«i = [O 92 log,o (1^) + 0 l]' 

where I is measured in cm. If I is measured in kilometres, the 

reactance is 9 .7 p / 9 „v -i 

w r (^) 

We have seen that the magnetic field inside a conductor is not 
constant It follows from this that the cuiTeut lines in the conductor 



Fio 861 —Effect of Earth on the Self Induction of a Conductor 

do not all have the same inductance, and that when the alteniatiiig- 
current is of high frequency the current is not uniformly distributed 
over the section of the conductor We shall return to this in Section 
131. 

(b) In a system in which only one overhead conductor is used and 
the earth acts as a return, the self-induction of the former can be 
ascertained from the following considerations 

In Fig 361 the lines of foice of the magnetic field represented are 
those produced by the current floivmg in the two conductors ^ and 
B' It IS clear that perpendicular passing through the middle point 
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of the line joining the centres of the two circles, represents a line of 
force The flux above is interlinked with the conductor A and that 
below with the conductor B' If we now substitute for the conductor 
F a surface-carrying current (for instance, the surface of the earth) By 
then this will have no effect on the diagram of the lines of force and 
equipotential surfaces above J5, so that the self-induction of the con- 
ductor A remains the same and that of the conductor B vanishes, 
since the radius of B is infinite From this it follows that as regards 
self-induction the earth leturn acts like a conductor which is the 
image of the first conductor with respect to the earth’s surface 

If a denotes the distance of the conductor from the surface of the 

earth, then the summation must be extended from p — ^ to 

p = 2ay and since we only have one conductoi the coefficient of self- 
iuducfeon will be t [- n 

J^[046(^)+006] . .(237) 

(c) We have still to investigate the influence of a current in a 
conductor on the neighbounng conductors of other circuits If, for 
example, there are four conductors on the 

same pole, of which A and B belong to A B 

one circuit and C and D to another, then ® 

some of the tubes of force of the magnetic 

field produced by the currents in A and T 

B will be interlinked with the loop “ g'\ | V,^ 

formed by the conductors C and D, and ''Dg"" [ 

will therefore induce E M F ’s in the latter \ I 

conductors It is simplest, however, to \ 

calculate the effects of the two fields due Cg 1 1 

to the current in A and due to the current ' | 

in B separately and afterwards to super- h 

pose them ' 

The magnetic lines of force produced 1 

by the current m A are concentric circles, fio 8(32 

whence it follows that the mutual induc- 
tion coefficient of the conductor A and the loop formed by C and 
B IS p^tLi 1 / n \ 

= 461ogio(y 

In the same way w’e find the mutual induction coefficient between 
the conductor R, and the loop CD equals 

M„-on = **2 ‘ = 1^8 0 46 logio (1^) 

Since the cim’cnts in A and B are equal but of opposite direction, 
the mutual induction coefficient between the two circuits is 

0 46 (log,o ^ - log,o ^) = 0 46 log,o (238) 


■ .AV' T 
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If the circuit GJ) consists of one overhead wire with an earth return, 
then and are to he taken as the distances of the conductors 
A and B from a conductor situated symmetrically, with respect to the 
earth’s surface, to the conductor C Accordingly a^ = b^, and we get 
for the simplo expression 

Mi.-c=i ^8 0 461ogio(|^} 

In general, the mutual induction between neighbouring couductois, 
(as, for example, between telephone wires on the same poles as a 

transmission Ime) is made as small 
as possible This is done by cross- 
ing the wires A and B or by placing 
the telephone wires symmetrically 
with respect to the conductors A 
and Bj for m this case we got 

(d) In an uninterlinked two- 
phase system, which is the system 
usually employed for two-phase 
transmission, the best arrangement 
for the wiies is that shewn in 
Fig 363 The mutual mduction 
coefficient between the two phases 
in this case equals 

since flj = flg and \ The two 
phases are entirely independent of 
one another as regards inductive 
action between the wires, and the resultant coefficient of self-induction 
for one phase is , 

^=i^[0'921ogao(f)40l] 

(e) If the three conductors of a three-phase system are symmetiicalJy 
arranged, i e placed at the three angles of an equilateral triangle 
(Fig. 364), then equal currents flowing in hues II and III will induce 
the same E M F in phase 1. 

Since now two wires can always be considered as the return for the 
third, the coefficient of self-induction of a phase with the above 
sjnnmetncal arrangement of the wires is independent of the load in 
the several phases and equals 

^ [o ^9 ( 7 ) + 0 06], (239) 

Since here for one phase only the single length has to bo considered 


A D 



Fig S6S 
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If the three ^virea are not syinmetrical, but arranged in a straight 
line, as shewn in Fig 366, the current in the middle wil*e cannot exert 
any inductive effect on the two outer wires and conversely. The 
coefficient of self-iiidiiction of the middle phase is, therefore, 

i„ = j^[o461og,o(^) + 005]. 

while with a symmetrical load in all three phases the coefficient of 
the two outside phases is 

4 = ^[0461og„(^) + 0 119]. 

To make the coefficients of self-induction of all the phases equal 
with this aiTangement, each of the three phases may in turn occupy 


I 



Fio 804 
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a third of the length I as the middle phase. In this case the coefficient 
of self-induction of each phase will be 





[0461<,g„(? 

“) + 0096] 

(240) 


(f) With concentric cables the conductor forming the core is a 
complete cylinder, whilst the other is a hollow concentric cylinder 
This arrangement of the two conductors as one cable used to be 
almost exclusively used and was most convenient for manufacture 
The capacity of the outside conductor of such a cable, however, with 
respect to the inner conductor, is so large that in recent years stranded 
cables, m which the conductors lie side by side, have come more into 
use If each conductor is ananged in a cable by itself, an iron sheath 
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should he avoided, because the latter would considerably increase the 
self-induction of the conductor Since the iron covering is only re- 
quired for giving strength to the cable, stranded cables with several 
conductors are largely used 

For stranded ctuiles with two and three conductors we get precisely 
the same formulae as for a double hue and a three-phase line Hence 
with a double-line cable, 

L = ^3 [o 92 log + o-l], (235a) 

and in a three-phase cable, for each phase 

i = [o-46 logio (I) + 0 05]. .(239a) 

When cables are provided with an iron sheath, the lines of force outside 
the conductor close through the covering, whereby the self-induction 
is increased The eddy-currents produced in the iron covering liy 
these lines of force are however so small that no heating is pro- 
duced in the covenng when the load is symmetrical, and only very 
little heating when the load is shghtly unbalanced 


130. Self- and Stray Induction of Ooils in Air and in Iron 

(a) Of all coils the simplest is the circular coil formed by a wire of 
circular ci’oss-section (Fig 366) Its coefficient of self-induction is 






l + 1 645|)logio| + 0 37 ^-0163 


]■ 


(241) 


■ d 


or, if the value of - is not too large, 

‘j 


L = ^[0461og,3|-0 163] 

This can only be determined by means of a complicated integration 



Another simple coil is of a circular wire wound in the form of a 
rectangle of sides and Since the coefficient of self-induction pei 
unit length for two parallel round wues of diameter d and (list;iiico 
a apart (Eq 235) is 


i; = jL[^0 921og,„(^) + 0l], 
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and since, further, two conductors at right angles can exert no i 
ductive action on each other, the coefficient of self-induction of tl 
rectangle, shewn m Fig 367, is 

“ IF® (^0 ^ ^ (^) ] 

By accurate calculations this constant is found equal to - 0 : 
instead of -r 0 1, which might have been expected , hence the coeflficiei 
of self-induction of a rectangle equals 

(^) ^ (^) ^ ^ + ^2)J 


or approximately 

i 0 93 [l»s„ - 0 3] - [leg,. (^) - 0 3], (243, 


where 1, is the mean length of the coil 

If the circulai or rectangular coil is not formed of 
wire of circular section, but say of rectangular section, 
the calculations may be earned out with sufficient 
accuracy by taking the diameter d as the diameter of 
a circle having the same periphery as the section of 
the conductor (see Fig 368) This, however, is only 
permissible when the section is not too flat 

If the circular coil consists of several (w) turns, as is 
shewn in Fig 369, the formula becomes 

i-^-[0461og„@-0163]. . 
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(34; 


where d, is the diameter of a circle of equal poripheiy to the coil an 
ls = TrD IS the mean length of the coil. It is assumed in this formul 
that I, IS large compared with d. 
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Fiom the above foivhula it follows diiectly that the coefficient of sel 
induction is pi opmtimal to the squaie of the numb&i of tunis 

Treating a rectangular coil with w turns (Fig 370) in a similar wa;j 
we have 


L 


S[o 92«2logio(^) 


0 

- IQS 


+ 0 93ailogi„(^) 
[logxo(^^)-0 2] 



(244 
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If such a coil 13 laid on a flat non surface, the coefficient of self- 
induction IS approximately doubled, because the magnetic reluctance is 
practically reduced to half. 



This is also approximately the case, even when the iron surface is 
cylmdiical, because the lines of force always pass into the iron at 
n^t angles , the surface of the iron forms an equipotential surface. 

Fig 371 shows the distribution of the lines of force for a coil of 
circular section half embedded in an iron cylinder The lines of 

force are dotted foi the case in which the 
cylinder is made of non-magnetic material. 
From the distribution of the hnes it is clear 
that the introduction of the iron cylmder 
into the field of the coil reduces the mag- 
netio reluctance to half and thereby doubles 
the self-induction 

The field-strength in the middle of a long thin coil of diameter D 
^ind length (Fig. 372) is 

TT _ 0 iiriw iw 

Denoting the section of the coil by = the flux through the 

middle part of the coil equals approximately at the ends of 

the coil, however, the flux is somewhat smaller, so that all the w 

turns do not embrace the same flux is a mea.sure of the flux- 

K 

interlinkages with the coil, where the factor \ is greater than 1 and 
takes into account the decrease in flux at the ends of the coil 


YTTnrrr fT iiiiixifirri 


"If nmiix.iiix 


X Y rTnnrrxY-T XYTL ' 

4, 


Fia 872 



INDUCTION OF COILS IN AIR AND IN IRON 


433 


Hence we obtain the coefficient of self-induction L of such a coil, 
equal to the sum of the flux-mterlinkages for ^ = 1 ampere, 


__ q. 


(245) 


Ic, depends on the dimensions of the coil, especially on the ratio 
-i- The greater this ratio, the nearer k, approaches unity. If i is 
very large, is the magnetic reluctance of the cylindrical coil and 


0-8A;;, 


is the magnetic reluctance of the effective flux, which is con- 


sidered to be interlinked with all w turns. 

(b) When dealing with the coils in electric machines and trans- 
formers, it is not usual to calculate with self- and mutual induction, 
(as mentioned in Chap VIL, p 116), but wuth the mam and leakage 
fluxes, or the quantities corresponding to these, i e the coefficients of 
mutual and leakage induction It would carry us too far here to 
calculate all the coefficients occumng in machines and transformers , 
and therefore we shall confine ourselves to pointing out the methods 
by which they may be calculated 

Fig 373 shews the distnbution of the lines of force in a single-phase 
iron-core transforaaer with a cylindrical winding. I denotes the 
pnmary coils and II the secondary Both embrace the main flux, 
which is produced by the difference between the primary and secondary 
ampere turns The lealcage lines, of which the primary are inter- 
linked with part of the primary winding and the secondary with part 
of the secondary winding, are squeezed between the primary and 
secondary coils, in which currents flow in opposite directions. The 
leakage coefficients S-^ and are given by the summations (p. 112) 


^1 














wj 


which extend over all the tubes of force interlinked with the primaiy 
and secondary turns respectively 

In general, it is only necessaiy to know the sum of these two 
coefficients, and this can easily be approximated as follows 
Foi each limb of the transformer, 


1 U'? 


+ henrys, 


where is the number of primary turns per limb, the secondary 
leakage coefficient reduced to the primary and B, the effective magnetic 
reluctance of the space between the two windings This reluctance can 
A.C 2n 
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be expressed in 
(Eq. 245), 


the same way as the reluctance of a cylindiical coil 



where is the section of the effective flux between the primary 
and secondary winding, I, the mean length of the two windings and 
a factor which takes into account the magnetic reluctance of the 
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leakage flux outside the space between the two windings, and the 
decrease m the leakage field at the ends of the windings Denoting 
the radial distance between the two windings by A, the depth of the 
primary and secondary windings by A, and A,, and tlio pcnjihory 
between the two windings by we have 

E?(a+^-±^) 

The presence of ^ and ^ in this expression la due to the fact that 
the integration has to be earned out for the intorlinkogcs of tlio tnl)es 
of force 2 and not for the tubes of force 2 The result of 
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this 18 not the mean of and A,, but a third of their sum Hence 
the sum of the leakage coefficients "of the windings per limb is 

The strength of the leakage field itself for a section in the middle of 
the windings is shewn by curve C m Fig 373 
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Prof 0- Kapp has determined experimentally the values of It, for 
several transformers in modern transformers lies between 0 95 and 
1 05 In order that no local leakage fields may exist in the trans- 


former, care must be taken that the 
possible alike in shape and arranged 
symmetrically with respect to each 
other. 

The armature coils of electric 
machines are nowadays nearly always 
placed in slots In this case it is of 
advantage in calculating the leakage 
coefficient to split up the leakage lines 
into three groups 

1 Lines A (Fig 374al, which 
entirely pass through the slots 

2 Lines B, which pass between the 
tops of the teeth 

3 Lines C (Fig 374/^* which are 
closed round the coil-eiids outside the 
iron 


two windings are as far as 


rt. 

_ \j 


t , t . 


C^) 


Cl-f + ♦ 


C") 


Fio 3746 — Loiikago Plaid of Ooll onda 

In addition to the leakage lines, there 

are also the lines D of the main flux, which pass through the armature 
coils and produce in them the E M F of mutual induction The main 
flux of a polyphase generator, as shewn in Fig 374a, is produced by 
the resultant of the held and armature ampere-turns 



436 


THEORY OE ALTERNATING-CURRENTS 


As was pointed out iii Sect 118, p 382, the resultant ampere-turns 
of an ?i-phaae armature \vindiiig having w turns per pole and phase, and 

having a current of maximum value is equal to » this M M F. 

rotates in synchronism with the field, and is displaced from it by a 



Fin 874r Pin 374fZ 


certain angle This angle is identical with the internal phase 
displacement ^ of the armature cuiTent, if the angle of a pole-pair 
IS ]ust equal to 27r 

Using the same method as employed above, the leakage coefficient of 
an armature coil can he written 

cv L 

*^“108 ij ; 

where is the magnetic reluctance of the oficctive leakage flux, 
inteihnked with all the turns in a slot It is, howcvei*, more 

convenient for our division of the 
leakage hues to write 

i=2/A,.+ 2/A, + 2/A., 

where is the permeance of the 
leakage field acioss the slot for 
1 cm length of iron, the same 
for the leakage field across the tops 
of the teeth and A,, for the coil-onds 
or overhang 1 is the length of 
the iron and /, the length of the 
overhang 

In Fig 375, the leakage linos A 
considered, and curve C shews the 
calculated from this 



passing through the slots are 
strength of the leakage field The permeance 
distribution of the leakage hnes, ueglecting the magnetic reluctance in 


the iron, is given by 

0 8r3 + 08n 


2?„ 




2?„ 


’"i + ’a 


0 8(91 + 73 ) 


+ 


0 8(i 


( 247 ) 
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Here we have again and not because tve integrate over 

3? 3 ^^*3 

the interlmkages of the tubes of force 2^, i e l-j dx 

For the leakage lines B we take the distnbution as being two 
quarter-circles and the straight lines joining them, as shown in 
Fig 375 From this we have 




^ <i-ri 

ix 

L=o 0 8(ira!+ri) 


23 

OStt 



2h J- 



(248) 


The integration is here taken to the limit which it is best 
to put equal to the slot-pitch, since all the tubes of force outside 
this hnut usually embrace several slots To estimate these correctly 
necessitates complicated consti notions, into which wo shall not enter 
further 

To calculate the leakage lines O', it is beat to consider the two 
coil-ends as comprising one rectangular coil (Fig 374t;), whose per- 
meance IS equal to 

A. = 0 46[log,„(^^)-0 2] (249) 

Hence the leakage coefficient of an aimature coil is 

9o/;2 

S = + IK + I.K henrys, ( 250) 


where A.„, and A, can be calculated from the above formulae 

If two similar coils, belonging to different circuits, he side by side in 
the same slot (Fig 376), the currents in them are mutually inductive 
The coefficient of mutual induction M of two such coils 
is equal to the leakage coefficient *?, assuming the dis- 
tribution of lines of force m Fig 375. 

The distribution of the lines of force, however, will lie 
quite another thing if the currents in the two coils are 
very different from each other, and especially if they are 
oppositely directed In this case M is somewhat smaller 
than 8 

The above formulae for the calculation of the leakage 
coefficients of armature coils do not of course give qiute accurate values, 
since the lines of force are not distributed along the assumed geometric 
lines, but always choose complicated paths, for which the magnetic 
permeance of the leakage fields is a maximum For this reason 
experimental values are usually somewhat gi’eater than calculated 
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131. Increase of Resistance, due to Eddy Currents in Solid 
Conductors In the previous section we have seen that the magnetic 
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field in the interior of an electrio conductor is not constant, from 
which it follows that the current lines do not all possess the same 
self-mduction On this account the distribution of a high-frequency 
alternating-current over the section of the conductor is not uniform, 

but such that the variation of the potential energy is as small as 


possible For this reason the gi*eatest cun*ent-donsity is obtained lu 
that part of the conductor in which the magnetic field is strongest. 
Lord Kelvin first demonstrated this phenomenon, which is known as 


Its action produces an increase in the resistance and reduction in the 
self-induction of the conductor When the field in a mre is due to 
the current in that wire alone, the curient-deiisity is dependent on 
the distance of the point considered from the axis of the wire The 
current-density is greatest at the surface and least at 
the axis 

(a) We first calculate the distribution of current 
over the section of a round wire, in which case the 
approximate equations are similar to those for the 
distnbution of a rapidly alternating magnetic flux in 
a round iron wire 

Let us consider the element of the wire formed by 
a cylinder of thickness tZa; at a distance x fiom the 
axis (Fig 377) Let the maximum cuiTent-donsity lie and the 
magnetic field-strength This increases from the inside to the 

surface by the value 
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dH = 


0 47r/^27nc dx 

2TrX 


= 0 irrl^dx, 


while the induction, assuming constant permeability, increases by 
fidEj,^dB^, On the outside of the cylinder a smaller emk is 
actmg than on the inside The increase in the K M F assuming a 
phase displacement of 90“, is 

dE^= 2TiycB^xlO~^ = 2TrjCfiIl^xlQ’~^ volts 


This increase in the pressure requires an inciease in the cuirciit- 

P-E 

density, according to the equation equal to 


dP 


- 27rjc- E^oAO~^ Yolta 

P P 


Hence 


dx^ 


■' p (lx 


lUL 


Substituting now the value of we have 


ch' 

m. 



INCREASE OF RESISTANCE 


439 


Introducing (in the same way as for the distribution of induction in 
iron wires) 


we obtain 


dU, 

dx^ 


f=-2y\V, 


The solution of this equation is 

where A and B are equal, since the same value is obtained for for 
both + X and - x Hence 

At the surface of the wire, where x = '}, the oui rent-density is a 
maximum . , 


Theieforo 


-^11! 


g(l-j)A:B + g-(l-j)Ax 


(252) 


The current-density theiefore decreases from the outside to the inside 
111 a curve like the induction in an iron wire To determine the 
effective resistance of the wire, the mean of the squares of the current- 


densities 


pJCSsJ 

Jx=Q 


2Trxdx must be divided by the square of the mean of 


the current-density /3.27ra;6Za;J . The real ratio of these two 

of the ( ” 

Ja=0 


quantities gives the ratio h of the effective resistance rou to the ohmic 
resistance ^ 


Hence 


1 


I^27rxdx 

[rj.2™*] 


(real part). 


Since this ratio can only be determined by tedious calculations, the 
result of exact calculations is here shortly given For low frequencies, 

we have for copper wire (h'=^ 3,nd p = 0 017 x 


ifc=l-l-070 


cd^ Y 
1000 / 


-0 40 


/ Y 
uoooj ’ 


for aluminium wire 1 and p = 0 0285 x 10 




cd^ Y 
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for thin iron ^^]^es ^/i=: 1000 and p = 0]0x 

where the diameter d of the wire is expressed in cm 

For medium frequencies it is best to use the table calculated by 
Hospitaller, which gives the values of k for different values of cd'^ 
This table applies to copper wire with /? = 0 017 ohm To obtain the 
ratio for wires of other materials, the value of cd^ must be multiplied 

by ~0 017, and the value of h corresponding to this new value of cd^ 

found from the table 


cd^ 

1 

ccP 

z- 

0 

1-0000 

1520 

1 8628 

20 

1 0000 

1880 

2 0430 

80 . 

1 0001 

2280 

2 2190 

170 

1 0258 

2710 

2 3937 

300 

1 0806 

4820 

3 0956 

470 

1 1747 

7500 

3 7940 

680 

13180 

17000 

5 6732 

920 

1 4920 

30000 

7 3250 

1200 

1 6778 




(b) For very high frequencies and conductors of magnetic material, 

. ^ 27r j CfjL 

wyio^ 

reaches such high values that can be neglected compared with 
The current-density can then be wntten 

(1-;)Aj: 

/-/ ^ =7 /OKQ) 

-‘luax 


This, like all the previous equations, serves not only for round 
wires, but also for bars of rectangular section Foi such a bar, x 
denotes the distance from the middle of the bar and 2? = A its thickness 
For very high frequencies or permeabilities, the mean current-density 
in a bar is . 




g(i-j>(*- 2 ) dx 


^ [1 g - (1 -M ^ , 


P-kjoax (1 2 P-^m\ 


or 


(264) 
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When we remember that denotes the pressui e-drop per cm 
length of the conductor, due to the ohmic resistance and to the field 
within the conductor, we see that this pressure-drop, based on the 
mean current-density 1^^^ or on the current A/u,ean flowing in the 
conductor, is composed of two equal components. One of these com- 
ponents is in phase with the current and represents a lesistanoe-drop, 
Avhile the other leads the current by 90", and therefore becomes a 
reactance-drop Each component is equal to ^kp Hence the same 
resistance would be obtained, if the current in the conductor was 

divided into two layers each of thickness since these layers would 

have an ohmic resistance of per cm length For this reason it is 
said that high-frequency currents only penetrate into the conductor to 

a thickness 1 or that an outer layer of the conductor of thickness 


Soff — 


1 

A 


10^ 

27r 



(265) 


Carnes the whole current The efiective resistance of the conductor is 
equal to the resistance of this outer layer, and at the same time this 
is equal to the effective reactance of the conductor, due to the field 
within itself This reactance, however, is usually negligible compared 
to the reactance due to the field outside the conductor 

The same result is obtained for round wires, where only an outer 

cylindrical layer of thickness ^6®=^ serves to carry the current. For 

this reason copper tubes are also used as conductors for very high- 
frequency currents They not only possess the advantage of utilising 
the copper better, but they also have a smaller self-induction. Such 
tubes are used, for example, in switch-gear, and especially for the 
connections of lightning protectors. The thickness of the conducting 
layer is as follows 

For copper conductors (p = 0 017 x 


. 104 llOp 6*5 

2ir V c ^/c 


for aluminium conductors 


(p= 


0 028 X 10-^i2 


s 8-6 
Ortr = -3= cm, 
VC 


for iron conductors ^/i = 1000, p — 0 lOx 10 


j, _10^ /I0p_0 6 

27r V cp ~ Jc 


cm 
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For railway rails we obtain S^= 0 1 cm = 1 mm. at 2D cycles If U 
IS the periphery of the rail in nun, the effective resistance per kilometre 
length at 25 cycles is 

0-1x108 100 , 

^ ^ jj- OllIlQiS, 


At 15 cycles the resistance is n/5| = 7o 6 = 0-775 times us largo, 
i.e. ohms. 

The effective reactance of the rails, due to the field within them, 
18 of course equal to the effective resistance, 

(c) If the wires lie near one another as in cables, their mutual 
induction affects the distribution of current Tho highest current- 
density here occurs in the parts where the wiioa are near together, and 
the skin-effect may become very considerable For this case wo can 
use the formulae mven by Prof G Mie {JVwil Ann 1900) for non- 
magnetic wires at Tow frequencies The ratio for twin-coppor cable is 
approximately 


and for aluminium cable 

4.1 + [025h.3.0(4)'](j^)‘-[0O6 + 41 



where a denotes the distance between the axes of the two conductors. 
For conductors of magnetic material tho distance between tho wires 
has hMle effect on the current distribution, and in this case tho same 
formulae may therefore be used as for a single conductor. 

If the reactance of a cable, due to the field within itself, fonns a 
eousiderahle part of the whole reactance, it is also necessary to correct 
the coefficient of self-iiiduotion at high frequencies. In, stead of 0 1 in 
tormula 23oa, we have to put for copper cables 


i-l {l - [o 36411 234 46(4 )'](j^)‘} 


and for aluminium cables 

«l{l-[013644o(^)](^)%[0„3,46r(^)*](jQ-} 

Wires moio or 

each other, the skin-effect is considerably i educed, 
due to thus splitting up the section. ^ 

following formulae for rapid oscillations, in 
the same place as the above The ratio h for copper wires is 

V1000 + 8+ 
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and for aluminium TTires 


jfc = - 


2a 


,0 92 


V: 


cd^ 1 {a-M^c^W + as/a^-i 


'-Jo?- (^2 “ “""V 1000 8 2 V(ffl2 - 

whilst the coefficient of self-induction approaches the value 


i = 


0-92 


a + sja^ - d^' 


W i 





as the frequency increases, 

(d) In a coil consisting of several turns, the distribution of the hues 
of force of its field is still more complicated 
than with one or two wires, so that the cal- 
culation of the effective resistance is much 
more difficult In order to keep the increase 
in resistance as small as possible, the conductors 
should be made of flat copper stnp, arranged 
in such a way that the longer side of the section 
coincides with the direction of the leakage 
lines Further, turns which lie m different 
leakage fields should not be connected in 
parallel, since heavy local currents might ensue, 
producing an apparent increase in resistance 

Messrs Field* have exhaustively treated the 
distribution of current-density for coils in slots 
and the increase in resistance due to fields 
occasioned by the presence of the teeth Only 
the mam points and the result of these investi- 
gations will be given here 

Let us consider two bars placed one above 
the other, as in Fig 378, and again assume 
that the leakage field traverses the slot in 
straight lines, and that the magnetic reluctance 
of the iron can be neglected compared with 
that of the slot Then it follows that the 
current-density does not vary in the breadth 
of the slot, but only in the height. The 
field-strength increases with the height x ac- 
cording to the following law 

dll 
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In the upper surface of the element of conductor of thickness dx, 
which we are considenng, an E M F is induced, which differs from that 
induced on the lower surface by dB^, equal to 

dU^ = dx\0~^ volts, 


Tramcbctxmis A I E E 1906 and Proceedings I E E 1906 
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whiGh. causes an alteration in the current-density of 


dl^ = - ^TTjc ~ dx 10“8 


Hence, from these two differential equations we obtain 

or g.-0 8;A&/.10-., 

wbch differs from the equation for wires lu air on p 438 only m the 
factor If we substitute 

?o 


27r / /«» 3 

TmViOp? ’ 


we have 


lO^'VlOpjg’ 


and JI= !^= --^ 1 - 

^TTjc/i dx 2vjeiJ. '■ / 

To determine the constants A and B, we have the following two 
limits ' ° 


Firstly, for a =0, 


where /mewi^a denotes the maximum current per conductor, and (w — 1) 
IS the numbOT of conductors m the slot underneath the conductor 
considered The conductor considered is therefore the from the 
bottom, and (va- 1) TTg is the maximum current-volume Ivinff 
beneath this conductor ^ ° 

The second limit is, that the maximum current in a conductor is 
equal to 


rx=? 

I lx^\dx—^ 

Ja:=0 


i limits we can first determine the constants 

A and B and then find the ratio k of the effective resistance to the ohmic 


k=B!= 

r 


resii 

no 

Jz=iQ 


- (real part). 


-|2 paiu;. 

A B Field has given the following formula for this latio 

^ ^ - 1 ) (co sh A? - COB ;Vr)(sinhA 9 - sin A.? ) + (sinh 2h + sin 2A? ) 

cosh 2A.9 - cos 2A? » 
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and this is shown in Fig 380 for different valuos of Av By means 
of these curves the ratio h for each turn of the annature coil can now 
be found, and thus the moan increase in lesistanco of all the turns 
easily determined Fig 379 shews the cun ent-density and phase- 
displacement with regard to the main current as functions of the 
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height of bar The curves were calculated by A B Field for the two 
conductors shewn in Fig 378 at 25 cycles It will bo noticed that 
great variations occur in the current-density For the lower conductor 
it IS a maximum at the upper corner, while for the upper conductoi 
it IS a mimmum in the middle From this, as well as from the cuiwcs 
in Fig 380, it IS clear that the increase in resistance is much gi*eater 
for the conductor near the araiature surface than for the other 

As for wires in air, the skin-effect has not only the eftect of in- 
creasing the resistance of armature coils, but also of deci easing their 
self-mduction This is due to the fact that the current is driven 
upwards in the bars, so that the path of the leakage field acioss the 
slot IS not straight, as shewn in Fig 375, but posses chiefly between 
the bars and through the highest and lowest paits of the bars If 
many turns are arranged above one another in the slot, the distortion 
of the leakage field is not so marked, since the conductors are very 
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thin and the leakage field vanes fi‘om the bottom to the top almost 
according to a atraight-hue law. 

If there are only a few large conductors in the slot, it is advan- 
tageous to laminate them parallel to the lines of force or to make them 
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of pressed cable. In many electric machines, such as continuous- 
current machines, and to a still higher degree m rotary converters, the 
wave-shape of the cun*euts flowing in the armature conductors is very 
different from a sine wave In such cases the current must be resolved 
into the fundamental and higher harmonics, and the losses on the 
ratio h calculated for each of these currents If these ratios are 
/jg, Z. 5 , etc for the currents 7^, /g, /g, etc , then for the effective current 

j=VJ?+Jj+7;+ 
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the effective ratio ^ is obtained from the equation 

Hence k^k.Q'j +h (7)' + h QJ + 

These considerations and formulae for armature coils can also be 
used in many other cases with close approximation, so long as the 
leakage lines run parallel to the surfaces of the conductors, and the 
path of the lines of force is not appreciably altered through unsym- 
metncal distribution of current Such cases occur in transformers 
and induction coils , but here the paths of the lines of force must be 

taken into account in choosmg the ratio 

? 3 

(e) Besides the eddy-currents induced in electric conductors by fields 
within them, there are also currents induced by external fields, which 
however, do not result in an apparent increase in resistance, but only 
111 a production of heat in the conductor For these currents the for- 
mulae may be used which were developed for the eddy-currents in iron 
wires and plates It will be best to demonstiate this by two examples. 

On the surface of a smooth armature there is a copper conductor of 
breadth A and thickness ? (Fig 381) The armature has a diameter D 
TT 7~^ 

and pole-pitch t=-^, and rotates with a peripheral speed of v We 


will consider the field in the air-gap as 
being distributed sinusoidally over the 
pole-pitch T. Then the field-strength at 
any point in the conductor at any moment 
can be expressed by 


; dx 

*1 M— 


;• — ^ ^ 


h = Bi sin 


(o.t-lx) 


Fio B81 


The middle of the conductor, where = 0, then falls in the middle 
of the neutral zone of the magnetic field, where h = 0, at time ^ = 0 
In an element of the conductor at distance x from the middle, an e.m F 
per cm length is induced equal to 

10”^ volts, 

where v is expressed in metres per second Hence the current-density 
in this element is 

= 10-» + C'=^„ Asm ((Oi + 0 

The presence of the constant C is due to the fact that the sum of 
all the internal currents induced in the conductor is equal to zero 


Therefore 


0 


= r 


- 2 cos (sit Bin - ^ + CA, 


from which C can lie calculated and placed in the expression for 
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Heuce the current-density is 

' a-A 

. .5, ““t2- 


' plQO wA 
T 2 


cos<u<-hsin 


— -3!^ . 


To find the loss w„ per unit volume, we integrate over and 


rdt r=+9 diB B (t 2 ) 

"’«-Jo a a"-'’ 2/.10“ /^rAy 

L Vv2; , 

Developing the sine into a senes and neglecting all terms of the 
higher orders, we have 



t) 

1, 

rir AV 

^ /T A' 


3^ 

<r‘2) 


Further, putting = expressing A in mm, 

TT 

for a form factor of /^== I’ll the loss per dm® is 

This formula corresponds exactly with the expression given on 
p 361 for the eddy-current loss in iron plates It holds only so long 



as the eddy-currents do not appreciably affect the distribution of the 
lines of force 

If the armature bars he in slots, e M f ’s are also induced in them by 
the mam field These E M F ’s are due mainly to the hnes of forces 
passing between the surface of the pole and the sides of the teeth, 
which are chiefly present with large open slots and a small air-gap, 
as IS shewn in Fig 382a 

The field-strengths of the slot-leakage field can be resolved into 
radial and tangential components, the tangential component mainly 
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induces harmful eddy-currents in the upper conductors Strongly 
saturated teeth also raise the field strength in the slots If the slots 
are very deep and the teeth only strongly saturated at the root, 
the lines of force pass between the sides and bottom of the slots 
(Fig 382Z*) They induce eddy-currents in the lower conductors, and 
m Siis case the ladial as well as the tangential components detenmne 
the magnitude of the eddy-current loss 

The eddy-current loss can be determined in this case also by formulae 
similar to those used for a smooth armature It is, however, much 
more difficult to determine, as the calculation is much more com- 
phcated, and can only be approximated. 
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Dr Ottenstein* has determined the order of magnitude of this loss 
by a long series of careful experiments, and has found that maximum 
tooth-densities of 24-25000 can be employed before large losses occur, 
due to the lines of force between the sides and bottom of the slots 
In Fig 383 the loss per cm^ is plotted for diffeient slots and different 
arrangements of the conductors m the slots as a function of the ideal 
maximum tooth-density (i e the tooth-density calculated on the 
assumption that all the lines of force pass through the teeth, which 


*“Da8 Nutenfeld in Zalinaimaturon und die WirbelstromveiluHte in inossivon 
Armatur-Kupferleiteni ” Samordung dehtroieclimsche.i Stuttgart, 1903 

A 0. 2f 
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is not actually the case with highly satumted teeth) Fiom tins figure 
it IS clear that the lines of force between the pole-faco and the surface 
of the slots may give rise to very high losses 

The highest loss of 1 watt per era® occurring in the ciu ves coirospomls 
to an effective current-density which is obtained from 

4p=io. 

If p = 0 02 is inserted for warm coppei, the lo^ of 1 watt per cm® 
coiTesponds to an effective current-density 5^ = s/50 amp/inni^, a value 
which far exceeds the usual mean density in armature bars It is 
therefore advisable, when the copper armature liars he in open slots, 
as IS usually the case m direct-current machines, not to have the 
conductors too near the armature surface, that the air-gap should not 
be too small compared with the breadth of slot (i o not loss than 
and that the maximum tooth-saturation is not too high (i.e. not alxivo 
26000 on full load) lu large alternators with open slots tlui iirmatuie 
bars near the surface should be laminated tangentially in order tt) ketip 
the eddy-currents induced by their own field within pomnssibbs limits, 
and the same bars should be laminated radially, iinordtsr to desfroy the 
eddy-currents induced by the main field Since this la not possible in 
practice, the bars in the neighlionrhood of the siirfaoe are lutlicr made 
of stranded cable, or they are sunk very deep in tho slots aiul at the 
same time laminated tangentially 

132 Leakage Fields and Electiodynamic Forces due to Momentary 
Bushes of Current. During lecent years, commercial rejpniomeiiLs 
have led to the building of very large power-stations with large* units 
At first all the machines were connected to tho same bus-liar system 
and therefore to the same network, since no apparent leaHons wuio 
forthcommg why the usual practice for small units should be departed 
from It had not been considered that with largo units working to- 
gether on the same network, when a short-circuit occuircd anywliere 
in the system an immense amount of energy would act on the shoit- 
circuit, and therefore give nse to enormous rushes of ciuTciit Theses 
rushes produce great mechanical as well as electrical forces, and often 
lead to destructive explosions m the automatic oii'cuit-brcakers, winch 
are provided to cut out the faulty part from tlio lesb of tins net- 
work In the following section some formulae will be given for 
calculating the mechanical forces due to such momciitaiy nislics 
of current To determine the mechanical forces, liowovei, tlie rlis- 
tnbution of the leakage fields at the moment of short-circuit miisl lie 
known, and for this reason the strengths of tho Icakagts fields will be 
calculated together with the mechanical forces 

To illustrate the forces which act between straight conductuis, Fig 
384 shews the switchboard of a 6600 volt motor, destroyed by a short- 
circuit The motor was connected to tho large iiotwor'k of the 
Manchester Corporation power-station, and tho figiuc was supplied by 
C L Pearce, Esq, the chief engineer All the cables were well bung 
between insulators at a distance of about 32 5 cm apart Tlie figine 
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shews clearly how the outgoing and return cables of the same phase 
were repelled from each other, and the cables of different phases 
attracted The insulators a and h were broken and the insulating 
plate J made of asbestos board was out clean through The thin 
cables, which were for the moat pait bent, normally earned 10 amperes, 
but as the following calculations shew, must have carried a very much 
higher current dunng the short-circuit It is clear that the bending 



Fio 384 — BfTeota of a Short*eli'Cult ou the Oablo OoQUOotlona of a Switchboard 

of the calile was greatest near the angle-iron carrying it on account 
of the magnetic field-strength being greatest there Also, we may 
conclude from the figure, that the bending started near the angle- 
iron, and after the wires had first approached this place the motion 
proceeded further downwards 

(a) We first calculate the repelling force between two parallel con- 
ductors, serving as the outgoing and return lines The force must bo 
repulsion, since the currents in the two conductors are oppositely 
directed It can also be said that the wires tend to move in such a 
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way that the self-induction of the loop formed by them becomes ae 
large as possible , since the magnetic field-energy is then a maximum 
The wires therefore tend to move away from each other Parallel 
wires carrying currents in the same direction have the opposite effect 
From Ampere's law the repelling or attracting force between two 
parallel wires per cm length is equal to 


K—- 

a981000x 100 


1 ^‘>1 


(258) 


where \ and denote the currents in the wires in amperes and a their 
distance apart in cm This formula is amplified when we consider that 

one conductor produces a magnetic field oi H= at the position of 

the second conductor, and that the mechanical force on the second 

El 

conductor, from formula (7a), is dynes If the two conductors caiTy 
the effective current /, the maximum force per cm length is 


4/2 , 


Substituting in this /= 10 amperes and a = 12 5 cm, we have 

4x100 
12 6x108 

For a length of 100 cm the force is thus only about ^ kg, 
and to obtain a force of 1 kg, the rush of current must therefore 


32 


increase to 


- = 175 times its normal value. 


Considenng further that each cable in Fig 384 was repelled from 
one side and attracted from the other, it still requires = about 125 
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times the normal current to exert a force of 1 kg on a cable 1 metre 
long. This calculation shews clearly that very considerable rushes of 
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current are met with in networks of large systems Short-circuits in 
such networks act almost like dynamite explosions, in that the forces 
which occur are sudden shocks, acting momentarily This accounts 
for the great damage so often done to the windings of generators and 
transformers 

In order to calculate the mechanical forces acting on the coils, we 
shall first consider the field-strength Hy produced by a long flat con- 
ductor (Fig 386) 

For tW purpose we divide H into a component a perpen- 

dicular to the conductor and a component H =HQO^a parallel to the 
flat side of the conductor If the conductor, which stands perpendicular 
to the paper, is very thin and carnes the current in the element dy^ 
then the field-strength produced by this element at the point P is 


and Its components are 


dH^ 


^idy 

ToT 


2idym\cL . 2^dycosa 

lor- 10 , ■ 


Integrating over the whole conductor, we now obtain, 
9 da = dy cos a and d? = dy sin a, 
the two resultant components 


since 


and E, = cos a = jda = 0 2,(03 - Oj) 

% is here the current per cm 
breadth of the conductor If the 
length of the conductor is not 
very great, but consideiable with 
regard to the distance of the point 
P, the two components and Hy 

must be multiplied by where 

7 IS the angle in degrees which _ ^ 
the conductor subtends at the 
point P If the conductor is not 
very thin, the components 

and H (Fig 386) must be deter- Pro ssc 

mined by a double integration 



rr {{2idxdy ^ 2 ^ , . , 

J J ^ J To 
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tanaj='-^ and tana^ = ^ (Fig 386), 


we have 
whence 


.=.^0 




“ ■*! (“2 - “i) + 1 - 1 15yjlog,„(^)J 

( 260 ti) 

where ^ denotes the current-density per cm- and ^ 2 » U'^ 

expressed m cm In the same way we have for //^, 

|^ y 2(“2 ” ~ ~ ^ ^ 

^ (259a) 

and the resultant field-strength is 

If the conductor is not veiy long, the factor must be added to 

180 

this This foimula also holds for a coil-side consisting of several tin ns, 
m which case % denotes the curieut volume per cm-, and the lengths 
are expressed in cm As a first approximation, the field-stiongth 
can also be written - y,) ^ 

where ? denotes the distance of the point considered from the centre 
of the coil 

(b) Considering two coils placed over one aiiothei, as in Fig 387, 

then if they are connected in senes 
to oppose each other (oi if either coil 
IS short-cucuited on itself), the two 
^ ; y/Ck^' coils will be repelled by a momentary 

rush of current The leakage field, 
Pif4 8S7 — Two Mutuniiy-repoiiintf Coilei passing between the two coils, tends 

to spread out as much as possible and 
thereby exerts a strong repelling force on the upper coil This 
repeUiug force can be calculated from the above formulae foi the 
field-strength The field-strength is approximately equal to 


and the repelhng force 


rr__^tW 

^ 10a 


^ 2(w)2Z 


whore is the mean length of the coils, iw the ampeic-tuins and a the 
distance between the coils from centre to centre 

The leakage field in all electric machines and tiansformers stiivcs 
to attain maximum field-energy, just as do the two coils in Fig 387 
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Since the leakage field is squeezed between the primary and secondary 
windings, and always tnes to expand as much as possible, the 
windings are driven apart by momentary rushes of current, if they are 
not fixed secuiely enough Rushes of current which exert these 
forces are chiefly due to snort-circuits in the secondary circuit, that is, 
in the stator circuit in the case of alternators In this case the field 

winding IS the primary and the stator wind- 

mg the secoudaiy Besides this, mechanical ~l 

forces also occur in machines and apparatus 
between the several coils of one winding 

carrying the same or pioportional currents ^ ^ 

These coils need not belong to the same 

phase ' r 

In a transformer in which the coils of 

the primary and secondary windings are ^ 

sandwiched between one another, as m Fig — __ J2^ 

388, the leakage fields are squeezed between 
each primary and secondary coil, so that I 
these mutually repel one another 

It has even happened that the coils , / 

themselves have been blown apart The \ 

mechanical forces acting on the upper and J 

lower coils are of course the largest, since ^ ' 

in the neighbourhood of the yoke the 
permeance of the leakage field is greatest 

To determine the repelling force between two coils, we must first make 
a calculation of the field-strength produced by one coil at the position 
of the next coil On account of the great magnetic penneance of the 

non core, this is not but almost double this value It must of 

1 Ufl 

couise be considered that the rushes of current occur so rapidly, that 
the iron partially loses its permeance owing to the eddy-cun ents 
induced in the plates This remains, however, so large on the sides 
wheie the leakage lines enter the iron parallel to the laminations, that 

the field-strength here must be put equal to while on the sides 

where the leakage field enters at i ight angles to the plates, must be 

used The mean field-strength is therefore somewhat smaller than 

For this reason the short-circuit reactance of a transformer 
10a 

becomes somewhat smaller during a momentary rush of current 
than under steady conditions Denoting the effective value of the 
momentary short-circuit current by and the number of turns of 
the outer coil by w,, the maximum force by which the upper and lower 
coils aie prcssea against the yoke is 



456 


THEOEY OF ALTEENATING-CUEEENTS 


if all the coils have the same ampere-turns If the coils in the middle 
have double as many ampere-turns as the two outer coils, the force is 
approximately double as large as that given by the formula The 
formula is not very accurate, because of the very OTeat difficulty in 
calculating 

In transformers 'with cylinder windings, she'wn in Fig 373, the field- 
strength produced by one ■winding at the position of the second can be 
calculated from formulae 259 and 260 It only interests us here to 
find the maximum field-strength, which occurs at the middle of the 
windings Here -^* = 0 and 

Iw 

or if AS=-jj denote the effective ampere-tuins pei cm length of the 
wmding, the maximum field-strength is 


2-J2AS 


(Oj-Oj) 


Hence the force exerted outwards on a coil of w, turns per cm length 

j^Qg (“2 “i)^S (264) 


If the coil IS circular, the force, distributed uniformly over the whole 
coil, exerts a bursting action on it. If, on the other hand, the coil is 
rectangular, which is usually the case in large transformeis, the long 
sides of the rectangle tend to bend out, so that the shape becomes 
elhptical 

Mechanical forces do not only, however, act between the primary 
and secondary coils on the same core, but also the outer coils on 
neighbouring cores are mutually attracted, since currents flow in the 
same direction in the adjacent coil-sides These forces of attraction 
can be calculated from the same formulae 

In addition to short-circuits, rushes of current also occui in trans- 
formers when they are smutched on to the network These rushes aie 
heavier, the more strongly the iron is saturated In this case the 
secondary circuit is open, and therefore carnes no current , the primary 
coil then tends to move towards the position of highest reactance. For 
this reason care must be taken with cylindei windings that the coils 
are at equal distances from the two yokes, while m all transfomers 
the upper coils must be well fixed relatively to the yoke, so that they 
are not drawn agamst the yoke on s'witching in 

(c) The argument for generators is similar to that for transformers. 
The pnmaiy and secondary leakage fields strive to press between the 
stator and field windings and to drive them apart Here the field 
winding IS fixed so well on the inner rotating member that it cannot 
be displaced For this reason the repellmg forces tend to drive the 
coil-ends of the stator winding away from the field system Forces of 
repulsion or attraction also occur between the coil-ends of the se-v ei’al 
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phases, according to the direction of current in the phases at the 
moment of short-circuit If a coil-end is very near the iron, it is 
usually drawn against the iron With the arrangement of the coil- 
ends of a three-phase generator shewn iii Fig 389, the coil-ends of 
phase I are usually bent outwards by the leakage fields between the 
stator and field windings, while those of the second and third phases 
are mutually repelled To calculate the 
repelhng force on phase I, it must be ^ 

borne in mind that at the moment of 

short-circuit the main field cannot sud- n □ ^ ^ 

denly vanish despite the demagnetisuig — | j I , 

effect of the stator current and that a “i 

greater current is induced in the field coil, rff^\ ^ ^ 

which strives to maintain the field ^^ ' (((( M § 

this way a large pnmary leakage field j; g M 

crosses over to the pole-shoe, and bends ' I \V p ^ 

the coil-end of phtise I outwards To i 
determine the forces present it is neces- 
saiy to know the momentary current m ^ 

the field coils as well as the magnitude 
of the mam field. If this momentary 

exciting current is known to be the magnetomotive force '^e - 

acts on all the tubes of force between pole-shoe and yoke, where 
denotes the ampere-turns necessary to send the flux through the field 
system The field-strength about phase I can be calculated approxi- 
mately by drawing the lines of force, and we have 

TT ^ 


The maximum mechanical force per cm length of the coil-eiid is then 

~ 0 8/10^ kg, 

where is the effective momentary shoit-circuit current in phase I 
and IS the number of turns in the coil-end Since may in the 
case of large machines attain a value of 100,000 ampere-turns at the 
moment of short-circuit, while the same time reaches a value of 

150,000, we have 

^_10Sxl 5xl05_1^0, 

^ 0 82107 “0 8r^^ 

Thus if 2 = 36 cm, A'= 52 kg If the pole-arc of the machine is 60 cm 
and the length of the coil-end 80 cm, we can reckon on a force on the 


coil-end of about 


62 ®® + ®° = 3600 kg 


Evidently veiy considerable forces may occur in large machines 
For this reason the arrangement shewn in Fig 389 is not used, and 
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when possible, the coil-ends are arranged m two planes, as shewn m 
Fig. 390 The coil-ends are now so far lemoved from the field coils, 
that these have little efifect. In this latter winding there are chiefly 
repelling forces between the coil-ends, since at any moment the currents 
are almost always oppositely directed in the two planes In the part 
of the coils running axially, where they come straight out of the slots, 
the same direction of current occurs in groups, so that attracting as 
well as repelling forces are here present. The latter aie the laigest, since 



Fig 890 —Current Dlatrlbutiou lii tho Coll ouds of Thieo-plinso Gouumtor 


the leakage field between the coils is the gieatcat, where the current 
changes its direction In order to make the repelling forces between tho 
coil-ends of the several phases harmless, the5^ must be fixed iis firmly as 
possible, and further, care must be taken that the coil-onds are 
aujfficiently far from the iron It is possible to calculate the field 
strength of the leakage field, which one coil produces wheie tho other 
is situated, for various positions. To calculate it accui.atoly, the for- 
mulae on p 454 must be used, but we can write as an approximation 


JT 


and 


K= 


10a 


‘'auiBX 


10’ “ alO“ 


.(3G6) 


This holds for the moment when the current is ii maximum in one 
phase and half as large in the other two For 150,000 and 

a =10 cm, we have 

2 26x10“ 

^ 'iWT0“' = 22 5 kg per cm 


With an active length of 60 cm, the total force on a coil-ond becomes 
Z= 22 5x60 = 1350 kg, 

which is certainly a considerable force It is clear from tho fmogoiiig 
that it is of the utmost importance to keep the momeiituij' sliort- 
oirciut current in electric generators and transformers as small as 
possible. This, however, is not possible without allowing an undue 
fluctuation in pressure, due to alterations in the working load In 
this matter, as so frequently happens in practice, a compromise has to 
be made between two evils 
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133. Capacity and Conduction of Electric Cables 

(a) In order to began with the simplest case, the capacity of a con- 
centnc cable (Fig 391) will first be calculated The two conductors 
may be considered as the plates of a condenser consisting of a pair of 
cylinders Denoting the electric charge of the inner conductor by Q, 
Its potential by F, the dielectric constant of the dielectric between the 
two conductors by €, the diameter of the inner conductor by d and 
the inside diameter of the outer conductor by 2a, formula 202 (for the 
capacity of a pair of cylinders) gives the capacity 
of the coiicentnc cable per unit length (1 cm) in 
electrostatic units, thus 


jrt Q 




or for the length / m kilometres and G iii electro- 
magnetic units 

^“9x10=“-, r2ii\ 

21og(^j 
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Since capacity is usually measured in miciofarada (mfd), where 
1 mfd = times the electromagnetic unit, we have 

,, 1 e/iono" „ 




or 


G= 


0 0242€/ 


9x2x23 login login (^) 


mfd 


(267) 


The susceptance due to the capacity of a cable is 

Z>o = 27rct7, 

where C is the capacity measured in practical units (faiada) The 
capacity susceptance of a coiiceutiic cable is therefore equal to 


, ^ 0 02426Z . 

A = 27 rc -A - mho. 
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(268) 


Denoting the ettective alternating pressure between the conductois 
of the cable by l\ the capacity gives rise to a wattless displacement 
current r _ n/, 

iiV 0 ~ ^0 J 

which leads the prcssuie by 90” 
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Since the insulation between the conductors is never perfect, and on 
account of the dielectric hysteresis, a current in phase with the piessure 
also flows into the cable. This watt^urrent is equal to 

Of this we shall calculate the part due to imperfect insulation, i e. 
the (mdnctmi-ciment Pg^ g^ is the electnc conductance, or the 
reciprocal of the resistance, between the two conductors, and is called 
the cmidxidwfii of the cable It is given by 




'2,wV°^\d) 


or 



(269) 


where is the specific resistance per and I is the length of the 
cable in cm Substituting I in kilometres and as is usual pt in 
megohms per we have 


Stt/IO' 


0 272^ 


2 3 X 10, p, logio Pt logjo 


mho 


g^, however, is strongly aftected by the junctions in the surface at 
the ends and connecting-points of the cable, and therefore in a netwoih 
mth many handies the conductance g^ is xmich gieatex than the value cat 
culaied from the above fommla 

In the above calculation it is assumed that the insulation between 
the two conductors consists of a homogeneous matenal with a constant 
dielectric constant e If this is not the case, the calculation becomes 
very comphcated, for the dielectric must then be considered as several 
condensers m senes with different insulation resistances The capacity 
of the cable in this case may be approximated as follows 


C= 


0 024:21 





where is the outside diameter of the layer of insulation, 
larly the conduction is approximately 


( 370 ) 


Simi- 


<7a = 


0 2722 


Pi log,, + Pa log (^^2^ + + P„ log (^0 


mho 


(371) 


In addition to the capacity between the two conductors, the capacity 
between one couductor and earth must be considered. 
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If the inner conductor is disconnected while the outer still remains 
under pressure, the capacity of the outei conductor (Fig 391) with 
regard to earth is 


C = 


0 0242ci: 


mfd. 


If the inner conductor is earthed, the capacity of the outer conductor, 
with regard to the inner and to earth, is 


G =0 024:2(1 




mfd 


If, on the other hand] the outer conductor is disconnected, the 
capacity of the inner conductor, with regard to the outer, is in senes 
with that of the outer with regard to earth Hence the capacity of 
the inner conductor with regard to earth is 


0 02426? ^ 0 02426? 

log,o(|‘)+log,.(^) logio(^) 


This is much smaller than the capacity of the outer conductor with 
re^rd to earth 

Further, the capacity of the inner conductor with regard to earth, 
when the outer is earthed, is 


0 02426? 
log:„(|) 


mfd 


(b) We now proceed to calculate the capacity of an air-line in a 
system, using the earth as a return 

In P^g 392, the electric lines of force (current curves) x and the 
equipotential surfaces y of the electric field are shewn as they are pro- 
duced by the conductors A and B charged with equal quantities of 
electneity, but of opposite sign The curves x and y represent only 
the intemections of the current and equipotential surfaces with the 
plane of the paper The electric resistance of any element of a tube 

of force IS proportional to 

By means of a mathematical transformation,* we can now replace the 
diagram in Fig 392 by another simpler geometric diagram, in which 
each elemental tube of force has exactly the same resistance as the 
corresponding tube in the original system 

The capacity and conduction are thereby unaltered, and their calcula- 


Steinmetz, E T Z 1893, S 477 
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tion IS considerably simplified Denoting the new system of current 
and equipoteutial cui'ves by and then, in order to satisfy the 
aliove condition, we must have 

ikh (hr 
dv ” dy 

As IS well kno^ni, this condition is fulfilled by any oqiii valent 
transformation from one plane to another, any transfoi mation being 



called eqmvalent or equiangular, when any two curves of the one 
plane make the same angle as the corresponding curves of the second 
plane 

We have already had recourse several times to a ti an sfoi mation of 
this kind, namely inversion, or, as it also called, transformation l>y 
reciprocal radii. Since the problem can be solved very simply with 
this transformation, we make use of it here 

If a conductor^ is given, as above, with the earth solving as return, 
the system of current-lines and equipotential curves given by the 
circle A and line B (the surface of the earth) may be transformed into 
another equivalent ^stem We may, for example, convert the circle 
A and the hne B (Fig 393) into two concentric circles To do this, 
we mark off the inversion centre 0^ the perpendicular to B drawn 
through the centre of circle A, and further choose the inversion 
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coefficient in such a w'ay that circle A correBponds to itself and line B 
to a circle concentnc with A. We then have 

and = 

where I la the constant of inversion 



' MF = a IS the height of the conductor A above the earth, MT— 
Its radius and OM^R the radius of the large circle. 

Hence = =I={B-a)^E 

or i?2-2i?fl + (^^y = 0, 

that IS, R = a+'\ja?- 


If d IS neghgible compared with a, then 

= 2a, 

that is, the capacity and conduction between a conductor at a height a 
above the surface of the earth and the earth are the same as between 
the conductor and a concentnc cylinder, of which the radius B is 
approximately double the distance of the conductor from the earth 
The capacity in this case is therefore 


0 0242€^ _ _ 0_0^2jZ 

log,o(^j 


Ml 
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or very closely 


0 = 


0 0243*/ 




4a^ 


mfd, 


and the conductance for determining the conduction current is 

0 272Z 


ftlogi 
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(272) 


(273) 
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(c) In calculating the capacity of a double line, where the two 

conductors are arranged near 
one another as overhead lines 
or placed underground, either 
together in one cable or as 
separate cables, it must lie 
remembered that the earth af- 
fects the electnc distnbution 
We shall first consider the 
simple case, in which the eftect 
of the earth on the capacity of 
the double lino can lie ne- 
glected If the two conductors 
are represented by the circles 
A and B in Fig 394a, we 
know that the line 00 per- 
pendicular to the line joining 
the centres of A and B re 
presents an equipoteiitial sur- 
face of zero potential The 
electric field between con- 
duct A and the suHace 00 
and between conductor B and the surface 00 can therefore each bo 
replaced (Fig. 394/-i) by a condenser of capacity 

0 0242e^ 


SH 


II 
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0 

B04^ 


C=- 


Qi-\‘ — 


and of conductance 


logio (' 


1 f Ob \}q/^ — d^\ 

Alog.„( ^ 


d ) 
0 272Z 

+ slcb^ — 
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Connecting these two equal condensers in series, we obtain a capacity 
and conductance equal to half of each condenser The capacity of a 
double line, neglecting the influence of the earth, is therefore equal to 

0 0242€Z 0-02426Z 


0= 


(a + 


/2a \ 


mfd, 


(274) 
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and the conductance equals 

0 273? 

- 

2p.log,o(^- 


0 272? 


a + Ja^ - d^\ 


r- - mho 


2ft log, 


'(¥) 


(275) 


From tills we come to the conclusion, as Steinmetz first shewed, that 
an earth-return, as regards capacity and conduction, behaves like a 
conductor symmetrical to the overhead line with respect to the earth, 
whose distance and potential are the same below the earth as the air- 
line IS above it The cmiductoi, equmlent to the eaith^ is theiefore the 
image of the oveihead-h/rie in the eaotVs mface 

In Fig 392 are shewn the electric lines of force and the equipotential 
curves of the electric field of a double bne All the lines of force are 
arcs of circles, which, if produced inside the conductors, intersect at 
the points Oj and It is further known that 





-d^ 


The physical meaning of this is that the electric field produced by 
the charges on the cylindrical conductors A and B is the same, 
as if the charges of the conductors were concentrated on the straight 
lines 0^ or Og* running parallel to the axis of the conductors 

We can now determine the capacity of a double line in the same 
way as for a concentric cylinder (p 387) Thus we calculate the work 
done in moving unit positive electnc mass from the surface of a 
conductor to the neutral zone This work is equal to the potential of 
the respective conductor, and is equal to half the pressure between the 
conductors The foice acting on unit positive mass at the point P 
(Fig 394a) 18 I 2Q 1 / - 2<3\ 1 _ 1 \ 

VOjT'/ €\pJ e\ 0A-P‘' 


Multiplying this equation by dp and integrating from p = liA to 
p = 0L>„ we obtain the work for half the pressure equal to 

-?«i.gS-5«iogP 


It follows from Fig 394^, that 


and 

and therefore 


+ a - d _ a + sjn- - tP 


Hence the capacity of a double line per cm length, in electrostatic 
units, IS Q € 

P /a + Ja^-dK 
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which formula coi responds to the previous ones In this case we have 
moved the point P along the central line but since the potential 
difference between ^ independent of the path of P, the same 

result IS always obtained, whatever the motion of P From this it 
follows, m general, that the wmk done by the eledm change of a sh aight 

0 S 

hm Oci, when unit mass is moved fiom P to S, is pojtoitimal to log 

To determine the capacity of a double line, taking the earth’s 
influence into account, we substitute for the earth, two equivalent 
conductors A' and B', forming the images of A and B iii the earth’s 
surface If A and B have the charges - Q and + Q, then A' and B' 
will have the charges + Q and - Q respectively 

To obtain the effective capacity of the double line, including the 
effect of the earth, we calculate, as shewn on p 392, the work done 
m moving unit positive mass from the earth to the surface of the 
conductor B The woik done by the charge on B itself is equal to 
(cf Fig 394) 


by charge A 
by charge B' 
and by charge A' 


^log— , 

e 

e 


Smee the dielectric constant is heie equal to 1, the total work eciuals 


^F = 2q ( log ^ - log MS) 
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The capacity of the double line theiefore equals 

0 0242/ 

d 


0 = 


[logio - l0g.„ + (IJ] 


mfd 


(276) 


(d) To determine the capacity of the conductors of a three-ph£Lse 
system, we proceed m the same- way, by moving unit positive mass 
from one conductor to the neutral The work done in this Avay is 
equated to the phase-pressure P,, If conductor I, from which the 
mass IS moved, has the charge /?sina}f, the other two conductors will 
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have chaiges 120°) and <2 sin (toi - 240°) The work done 

(Fig 395a) 18 fcherefoie equal to 


p 2<2 ,, 0,0 2 Q , . 0^0 

f,.- )Iog^_ 
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Neglecting the effect of the earth, the capacity per x)hase of a three- 

phase line IS 0 0242eZ ,, 

U= mfd 


o\e, 


If further, as in the case of overhead lines, the distance a between 
the wires is very great compared with their diameter, the capacity may 
be written with close approximation 


0 0242Z 
log.o(^) 


mfd 


(277) 


The capacity of the mams of a three-phase system can thus be 
considered as three condensers connected in star, each of which has 
the capacity G 

Since three-phase concentric cables introduce dissymmetry into the 
system (and possess a higher capacity), cables for thiee-phase work are 
almost always made stranded Each phase of a concentric cable has a 
different capacity to the others 

With stranded cables the effect of the earth on the capacity of each 
phase must be considered This can be done approximately in a 
simple way. In Fig 396a, the circle A represents the conductor of 
one phase, and the circle J?, the surface of the cable-sheath This 
system, consisting of two eccentric circles, is replaced by inversion by 
AC 2g2 
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a system consisting of the circle which corresponds to itself and the 
straight line We have 




OT^ 

U? 


qr^ 

D ' 


The system consisting of the circle A and the straight line B' is 
again replaced by an equivalent system, consisting of the circle A and 
its image B" with respect to The circle B" has the opposite 
electnc charge to A, that is - C sin a>/ Carrying out this transforma- 
tion for each phase, we obtain Fig 396i Assunung, for the sake of 



Fio aooff. 



Pm 300?; 


simplicity, that Oj coincides with Mj, 0^ with M„, etc, the capacity 
of each phase becomes 


0 0242cZ 

”, jp, , 


log] 


0 bU2d 


mfd 


(278) 


We have thus reduced the capacity of a three-phase cable with 
separate conductors to that of three condensers of capacity G connected 
in star 

(e) In a two-phase system, without connection between the phases, 
it IS found that the two phases are independent of each other as 
regards capacity and conduction, the same formulae thei'efore hold 
as in the case of a single-phase system The capacity of each phase 
of a four-phase system (Fig. 397®) is obtained from the equivalent 
arrangement shown in Fig 397i. For phase I III and phase II IV, 
the capacity is the same, and equals 


a= 


0 0242e^ 
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For an interconnected two-phase system, two concentiic cables are 
frequently used, of which the outer conductors are earthed and serve 



Fin 397rt Fig 8876 


as the middle wire The capacity of such a cable can be determined 
by the above methods. 

(f) As already mentioned, conduction alone is not a measure of the 
losses m cables and conductors Losses are also present in the 
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Iielectric, which are much greater than those due to conduction, and 
ct like an increase of the latter Usually the losses in cables are 
stimated by /issuming some definite power-factor This was given 
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on p. 411 for different cables It is evident that this method can 
only give approximate lesults, since the powei -factor of a cable vanes 
with the temperature, and to a certain extent with the frequency 
Fig. 398 shows the variation of the power-factor as a function of the 
temperature fiom teats earned out by Dr P Human * It might be 
thought that the variation of the power-factor is due to the variation 
of the insulation lesistance This, however, is not the case, for 
the curve ? m Fig 398, giving the insulation resistance, falls very 
lapidly with increasing temperature, while the power-factor does not 
show a corresponding increase, but rises only for the lower tem- 
peratures and then faUs as the temperature increases The -f acfm 
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of a cable, tlieiefme, heais iw dvted 'i elation io its inmlafmi lesisfanc^ In 
addition to a sufficiently high insulation resistance, it is usually 
required of a good alternating current calile that the powoi -factoi at 
temperatures up to 50” 0 must not rise apprecialily ,i1)0a e the value 
measured with the cable cold , also the latio between tlie capacities 
measured with continuous and alternating cuiTents at any tempciatiuo 
must not be very different from unity 

With bare overhead conductors also, the losses are consideralily 
gi eater than those due to conduction The extra losses here are 
due to the passage of current over the insulators, and to the 

* Elektr, Bahiefii und Betnehe, 1906, S. 518. 
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dielectric losses in the msulatora and in the other electric fields In 
damp weather a part of the electricity is also conducted directly by 
the moisture and ram. With high pressures, this latter loss may 
become very large, if the mtical presmi e is exceeded 

Fig 399 shows the relation between the loss of power between two 
wires in air, at distances of 38, 66, 89 and 127 cm apart, and the 
effective alternating pressure, being the results of tests carried out 
by 0 F. Scott and R D Meishon The diameter of the ivires was 
4'1 mm The losses are taken over 1 km double line It is seen here 
that the cntical pressure occurs at about 60,000 volts, since the curves 
bend sharply upwards at this point The losses for other lines can 
be estimated from these cuives A double line of 8 2 mm wires, 
250 cm apart at 100,000 volts pressure, for example, will have approxi- 
mately the same losses as one of 4*1 mm wires, 127 cm apart at 
50,000 volts. 

134. Capacity of Coils m Air and m Iron The capacity relations of 
coils 111 electnc machinery and appai'atus aie \ery complicated It is, 
however, possible to arnve at simple practical formulae, if we calculate 
with the capacity between elements of the conductor, as well as 
between the conductor and the earth 
Theoretically this is not quite fiee fiom 
objection, but since an approximate formula 
IS better than none at all, we shall now 
proceed to obtain such an expression For 
the sake of brevity we shall denote, in the 
following, the expressions deduced on p 390 
for the mutual capacity coefficient by the i 
term “ capacity of a conductor-element 5 ^ 

(a) Firstly, the capacity of a conductor- 
element will be calculated with regard to the 
neighbouring turns In Fig 369 a circular 
coil of flat copper strip is shewn. Such coils 
are frequently used Each element of such 
a coil possesses capacity with regard to all 
the other turns of the coil, but only the 
capacities of the adjacent turns are of im- 
portance If the insulation between the 
turns IS thin compared i^ith the thickness 
of the stiip and has the dielectric constant e, the capacity of an 
element of length 1 cm and breadth b cm equals 

electrostat units = ■ - -1- 1Q~Q mfd , (279) 

4:Tn 113 ; 

in which each element and the adjacent turn is coiisideied as a plate- 
condenser with a thickness of insulation of 'i This foimula for the 
capacity of an element also holds for the case in which the coil is wound 
with flat copper strip on edge If the coil consists of several layers of 
rectangular bais with n turns per layer, as shewn m section in Fig 400, 
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then we estimate first the capacity of an element with regard to the 
adjacent turns in the same layer, which has the value 


“■-it'?.-. 


and then the capacity of unit-length of a layer with legaid to the next 
layer, which is approximately 






10“^^ nifd 


If the coil IS wound as numbered in Fig. 400, the mean pressure 
between two adjacent layers is n times as great as that between two 
adjacent conductors Since, howevei, on the other hand the capacity 

of a conductor ^vith regard to the adjacent layer is only ~ times the 

capacity between two layore, the capacity of an element with regard 
to the next turns can be wntten 


. . (280) 

The capacity with regard to the turns on the other side is naturally 
of the same magnitude. For several coils aruiuged near one another, 
the above formulae for the capacity of an element hold very closely. 
This holds not only for round coils, but also for other shapes, the 
chief requirement for the accuracy of the formulae is that the distances 
and ?2 are small compared with the breadths and These 
formulae can even be used for stator coils with sufficient "accuracy 
Somewhat smaller values are obtained for the capacity with lound 
wires than for rectangular, with equal thicknesses of insulation 
and I3 

(b) The calculation of the capacity pei element between coil and 
earth appears more difficult For this leason we shall here also lestiict 
ourselves to a mean value and put the mean capacity of an element 
with regard to the earth equal to the total capacity of the whole 
winding with regard to earth divided by the total length of winding 
This has the advantage that magnitudes that can be diiectly 
measured are used in the calculation. 

lu a machine with Z slots of periphery U and length /, the capacity 
of the whole winding with regard to earth is 
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,ZUk 




- 10-6 


( 281 ) 


where 7 is the thickness of the slot insulation (1 e. the distance between 
copper and iron) and € its dielectric constant The capacity is not 
much OTeater than that given by the right-hand side of the foimula, 
smee the coil-enda have very little capacity with regard to earth 
With transformer windings and choking-coils, the capacity with 
regal d to earth is more difficult to calculate and depends so much on 
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the shape of the surface, that general formulae are too inaccurate and 
have therefore no value The capacities of these winduigs can be 
calculated m any particular case with some accuracy, however, by using 
the formulae for plate and cylinder condensers 

(c) Losses, like those in the dielectncs of cables, also occur in electric 
mdchines , but still fewer measurements of these are available than of 
the foregoing Skinner measured the dielectric losses in two 6000 K w. 
generators made by the Westinghouse El Mfg Co , Pittsburg, for 11,000 
volts maximum and 26 cycles These values are plotted m Fig 401 


moo Wall 
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Fig 401 

as a function of the test pressure. The lower cui ve A was measured 
on one machine with the winding at a temperature of about 21® C and 
curve B on the other machine with the "winding at about 31° 0. 
At 25,000 volts the maximum loss was 0 021 watts per cm® of 
insulation, and this was not sufficient to raise the temperature of the 
insulation appreciably m 30 minutes 

Dr P Hollitscher * measured the dielectric losses on two machines 
made by the Lahmeyerwerke, Frankfurt, for 600 H P and 400 k w , 
10,000 volts, 60 cycles These are shewn by curves A and B in 
Fig 402 This test shews that the losses increase practically pro- 
portionally to the cube (instead of the square) of the pressure, which 
may be due to a certain extent to a discharge of electricity from the 
coil-ends at higher pressures Dr Hollitscher found further, that 
the losses increase proportionally to the frequency Also the test 
shews that the capacity increases with the pressure, i e with the 
electric field-strength , this corresponds to an increase m the dielectric 
constant The slot insulation of the machines consisted of micanite 


*£J TZ. 1903, S 635 
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tubes, and testa upon these gave the figures shewn in Fig 403 , 
the dielectric constant increasing from 2 8 in one case and 2 2 in the 
other at normal pressure to ^out 5 at double pressure Ou the 
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other hand a variation of frequency shewed no apprecialilo ofiect on 
the dielectnc constant 

Care must also be taken in electric machines and transformers, 
that the electric field-strength is at no place so gieat that the insulating 
material is injured thereby, an effect which may happen even if no 

7 
6 
5 
9 
3 
2 
i 

0 2000 mo 6000 3000 moo 12000 19000 16000 18000 20000 22000Volb 

Fio 408 



appearance of glowing can be seen With transformeis foi veiy high 
pressure, in vmich one winding is made of very fine wire, a well- 
rounded metal plate is often placed betw^eon coil and insulating 
material, to protect the insulation fioni too strong an electric field 
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Besides this, care must be taken m the choice of insulating material 
111 high tens] on machines, to see that they can withstand the mechanical 
forces of attraction between the copper and iron, which form the two 
plates of a condenser For this reason soft materials should always 
be avoided 

Up to the present no insulating material has yet been found which 
can wholly withstand continuously the simultaneous efiects of heat 
and electro-mechanical stresses, as well as the chemical eftect of the 
nitrates formed in high tension machines Most insulating materials 
change their structuie in time , nevertheless, they still come up to the 
requirements, because initially they have been rated very liberally 

136. Telegraph and Telephone Lines. As is well known, the trans- 
mission of signs in telegraphy is effected by means of unidirectional 
currents, obtained from any source The telephonic transmission of 
speech on the other hand makes use of alternating-currents, induced 
in the secondary windings of induction coils The differences in the 
construction of the lines, especially of cables, is due to this difference in 
the kind of cuirent For the same reason the influences of power 
cables on telephone and telegraph lines aie different 

(a) Telegiaph hnas Air-lmes are usually made of galvanised non 
wire of 3 to 7 mm diameter or of 3 mm bronze wire Cables placed 
underground usually contain many wires, and are insulated with eithei 
gutta-percha or ]ute and paper The strands of gutta-percha cables 
are made up of several (up to 14) twisted copper wires 0 7 mm 
diametei, while the wires of cables with fibrous insulation are 1 5 mm 
diameter 

Submarine liables are always made Avith a single core, insulated with 
gutta-percha and heavily armoured against the gi^eat mechanical stresses. 
The resistance of these cables varies between 2 and 6 ohms, the 
insulation resistance between 600 and 1 250 x 10® ohms and the capacity 
between 0 2 and 0 15 mfd, per km length With overhead conductors 
and short cables, which require only veiy small charging cm rents, 
the current at the leceiviug station follows immediately on the closing 
of the circuit by the key, and up to 1000 Avords of fiA^e letters can 
be transmitted per minute With long submarine cables, the charging 
cuirent is so great, that an appreciable time elapses before the cable is 
fully charged, and the rush of current is noticeable at the leceiving 
station With long submarine cables, therefore, the charging AvaA'^es 
are used as signals The uumbei of possible signals, i e ciirrent-Avaves, 
per minute depends chiefly on the capacity and the resistance of the 
cable, and only to a small extent on the conduction and solf-ind action 
As a first approximation the product (i C) of resistance and capacity 
per km length of line seives as a measure of the signalling-speed of 
a telegraph line With undergiound cables the gieatest signalling- 
speed is obtained, Avhen the outside diameter over the insulation of 
each conductor is I 65 times the diameter of the bare conductoi 
Taking mechanical strength into consideration, hoAvever, the outside 
diameter is made 2 to 4 times the bare diameter 
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(b) Tel&phme hues Air-hnes are usually made of silicon-bronze wire 
1 6 to 5 mm m diameter, according to the distance Recently, also, 

for very long lines, double lines are 
frequently used to eliminate external 
disturbances When several double lines 
are fixed to the same poles, they are 
arranged as shewn in Fig 404, os 
suggested by Chnstiani In this way 
adjacent double lines do not induce any 
cuTi’ents in each othei 
Telephone cables consist of many con- 
ductors and are usually insulated ivith 
paper Since the capacity must be as 
small as possible — in modern double-line 
cables it should not be more than 0 05 
mfd per km — the paper is either per- 
forated or arranged in such a way that 
there are air-spaces round the conductors. 
On account of the capacity, the diameter 
of the wire is chosen larger, the longer 
the cable is, and the usual diameter ranges 
from 0 8 to 2 0 mm Telephone cables 
are laid either in iron tubes or cement 
troughs. In order to further eliminate 
the effect of the capacity in very long 
Imes, small induction coils are connected 
in the Imes at certain distances as sug- 
gested by Pupin, or the self-induction 

Fin^Ol-NonlndnotlveArmnffement “ increased by wrapping ifc 

of Telephone Ltnee round With iron wiie The damping of 

an alteinating-current in a long line is 
wher^ the damping-factor 



proportional to 




the length /g of the Ime 


and 

is the time the current takes to traverse 
Hence we have 

where E is the total resistance and G the total conduction of the 
telephone hne, while Ci is the capacity and the self-induction per 
. km length To make at and therefore the damping of the telephone 
currents as small as possible, we must have the following i elation 
between the four constants of the line 
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which IS also the condition for a line free from distortion (p 137) 
Since the self-induction of an ordinary telephone line is smaller than the 
value given by the formula, Pupin^a coils are connected or the line 
IS bound with iron wire, in order to raise the self-induction artificially. 
In this calculation the constants of the line 7^, and measured 
with continuous current, will not serve The frequency of the 
alternating-currents, occumng in telephony, varies over a fairly wide 
range. Usually 1000 cycles per second is reckoned as a mean value, 
and hence the constants of the line are measured at a frequency of 1000 
(c) Effect of pmef! -ai cmts mi telegraph omd telephone lines. If power and 
signalling lines run close together, the heavy currents may disturb the 
weak currents. These disturbances are of dilferent kinds and are 
due either to (1) direct conduction of current, (2) electromagnetic in- 
duction, or (3) electrostatic mduction To avoid direct conduction 
of current, both lines must be carefully insulated With electric 
railways in which the rails serve as return, it is desirable on this 
account to use double lines for parallel telegraph lines, in order 
to avoid as far as possible a transference of cm rent, due to the 
pressure-drop m the rails 

The pressures induced in the low-current lines by the electro- 
magnetic fields of the heavy currents are usually small, and can be 
calculated from the formulae on p 427 To make the E M F ’s induced 
by electromagnetic induction harmless, it is of advantage to cross the 
feeble-current lines on every third or fifth pole 

In general telephone lines are disturbed by static charges These 
can be calculated from the formulae given in Section 134 as the 
product of the electric potential and the mutual capacity of the line 
These charging currents, however, can easily be eliminated from 
telephone lines, by leading them to earth through a special choking-coil 
connected between the two lines. The terminals of the chokiug-coil 
are connected to the two telephone lines and the middle point is earthed 
The choking-coil offeis a high inductive resistance to a current from 
line to line, whilst it provides only a very small inductive resistance 
from the line to earth Such a choking-coil cannot be used for 
telegraph lines, since m this case the current is continuous and can 
therefore pass through the chokiiig-coil to earth without any high 
resistance By using high-pressure continuous current (120 volts) for 
telegraphy, the disturbance from electiostatic charging currents can 
be made almost entirely harmless 
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